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Block Diagram

» The Laplace transform converts an LTI ODE in the time domain into a
linear algebraic equation in the complex domain

» Transfer function: a description of the input-output relationship of a SISO
LTI ODE system as a ratio of the output-to-input Laplace transforms with
zero initial conditions:

Y(s)

G(s) =
(s) U(s)
» The transfer functions of system elements can be represented as blocks in a

block diagram to obtain a powerful algebraic method to analyze complex
LTI ODE systems

| Reference Feedback v Process w

Figure: A block diagram for a feedback control system



Block Diagram

» Block: represents input-output relationship of a system component either in
the time domain (LTI ODE) or in the complex domain (transfer function)

u(t)

X =Ax+Bu

y=Cx+Du

y(®) U(s)

G(s)

Y(s)

—

» Block diagram: interconnects blocks to represent a multi-element system

D(s)
R(s) £ E(s) Z(s) +,1{ U(s)
F(s) U
B(s)
H(s)

G(s)

Y(s)

» Summing point: adds or subtracts two or more signals



Block Diagram Transformations

» A block diagram can be simplified using equivalent transformations

» Parallel connection: if two or more elements are connected in parallel, the
total transfer function is the sum of the individual transfer functions:

——-—.X(S) Fs)+G(s)—&

» Series connection: if two or more elements are connected in series, the total
transfer function is the product of the individual transfer functions:

X(S) Y(S) — X5) " Fis)Gs) Y(s)




Block Diagram Transformations
» Feedback connection: if two or more elements are connected in a feedback
loop, the total transfer function is the ratio of the forward transfer function
to 1 plus the product of the forward and backward transfer function.

R(s) + E(s) Y(s)
G(s)

R(s) G(s) Y(s)
1+ G(s)H(s)

H(s)

> Forward path: Y(s) = G(s)E(s)
» Feedback path: E(s) = R(s) — H(s)Y(s)

» Equivalent transfer function:

Y(s)=G(s)[R(s) = H(s)Y(s)] = [+ G(s)H(s)] Y(s) = G(s)R(s)

= Y(s) = |:1+G(S)H(S):| R(s)



MATLAB Block Diagram Functions

> SYS = tf(NUM,DEN): creates a continuous-time transfer function SYS with
numerator NUM and denominator DEN:

1

dcmotor = t£(200,[1 1]);

> SYS = series(SYS1,5YS2): series connection of SYS1 and SYS2:

fwdsys = series(tf(200,[1 1]1), tf(1,[1 8]1)); ‘

1

> SYS = parallel(SYS1,SYS2): parallel connection of SYS1 and SYS2

fwdsys = parallel(tf(200,[1 1]1), t£(1,[1 81)); ‘

1

> SYS = feedback(SYS1, SYS2, sign): feedback connection of SYS1 and SYS2:

fbksys = feedback(series(tf(200,[1 1]1), t£f(1,[1 8])),tf(1,[0.25 11)) ‘

1




Table 2.5 Block Diagram Transformations

Transformation Original Diagram Equivalent Diagram

1. Combining blocks in cascade X, X, X3 X; X,

[N

. Moving a summing point
behind a block

w

. Moving a pickoff point
ahead of a block

IS

. Moving a pickoff point
behind a block

[

. Moving a summing point
ahead of a block

o

Eliminating a feedback loop

it 2017 Parson Ecuction, A Righs Resrva



Example: Block Diagram Reduction

» Consider a multi-loop feedback control system:

Hy(s)|«

|

R(s)

— (5)

» Apply equivalent transformations to eliminate the feedback loops and obtain

the total transfer function of the system ;((3

10



Example: Block Diagram Reduction

11y(s)
Gyls)

R(s)

Gy(5)Gy(s)
1= G3(s)G4()H,(s)

R(s)

[«

(b)

G(5)G3(5)G () ¥ R(s) G(5)G(8)G()Gy(s) Y(s)
1= G5(9)G4(9H (5) + Gy (9)G5(5)Hyls) 1 — G3()G4(HH,(5) + Go(8)G3(HA(5) + G1(5)G5(5)2G35(8)G y(8)H(5)

115(s) |

©) ()

‘Copyright ©2017 pearson Education, All Rights Reserved
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Outline

Signal Flow Graph and Mason’s Gain Formula
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Signal Flow Graph

> Signal Flow Graph: a graphical representation of a control system
consisting of nodes connected by branches

» Node: a junction point representing a signal variable as the sum of all signals
entering it

» Branch: a directed connection between two nodes with an associated
transfer function

» Path: continuous succession of branches traversed in the same direction

» Forward Path: starts at an input node, ends at an output node, and no
node is traversed more than once

» Path Gain: the product of all branch gains along the path

» Loop: a closed path that starts and ends at the same node and no node is
traversed more than once

» Non-Touching Loops: loops that do not contain common nodes

13



Block Diagram vs Signal Flow Graph

(b) Signal Flow Graph
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Mason’s Gain Formula

» A systematic method for reducing a signal flow graph to a single transfer
function

» The transfer function T%(s) from input X;(s) to any variable X;(s) is:

Xi(s) _ 24 PL(s)A](s)

Ti(s) = Xi(s) A(s)

where:
> PJ(s): gain of the k-th forward path between Xi(s) and X;(s)
> A(s): graph determinant
> AZ(S)Z graph determinant with the loops touching the k-th forward path
between X;i(s) and Xj(s) removed

> The transfer function T"(s) from non-input X,(s) to variable X;(s) is:

roigs) = 2906) _ X)) _ THs) X Pr()A(s)
X(5)  XalS)X() T TG) T S PEIA(S)
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Mason’s Gain Formula

> Pg(s): gain of the k-th forward path between Xj(s) and Xj(s) = product of
gains along the path

» L,(s): gain of the n-th loop = product of gains along the loop
> A(s): graph determinant
A(s)=1- Z(individual loop gains)
+ Z H(gains of all 2 non-touching loop combinations)
- Z H(gains of all 3 non-touching loop combinations)

=1 La(s)+ Y La(s)Lm(s) = D Ln(8)Lm(s)Lp(s) + - -
" nont,c7>ur::7hing non,‘lgn:éﬁing

> AZ(S): graph determinant with the loops touching the k-th forward path
between X;(s) and X;(s) removed
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Mason’s Gain Formula Example 1

R R

o NN—— AV 0
AN M +

e e L |
VI(S) Vz(S) R C PamS Vg(s)
- — o

(a)

» Consider a ladder circuit with one energy storage element
> Determine the transfer function from Vj(s) to V3(s)

» The current and voltage equations are:

hs) = F(A(s) ~ Va(s)  h(s) = £ (Vals) ~ Va(s))
Va(s) = R(k(s) ~ h(s)) Vs(s) = 2 hls)
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Mason’s Gain Formula Example 1

G 11(3')
NG N

= W

Li($)=—GR=—1 La(s) =— GZ(s)

Lys)=—GR=—1

—> V3(s)

(©)

Copyright 2017 Pearson Ecucaton, Al Rigis Reserved

> Admittance: G = % > Impedence: Z(s) = &
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Mason’s Gain Formula Example 1

> Forward path: Pi(s) = GRGZ(s) = GZ(s) = #=
> Loops: Li(s) = —GR = -1, Ly(s) = —GR = -1, L3(s) = —GZ(s)
> Cofactor: all loops touch the forward path: A;(s) =1
» Determinant: loops L;i(s) and L3(s) are non-touching:
A(s) =1 —(Li(s) + La(s) + Ls(s)) + Li(s)Ls(s) =3+ 2GZ(s)

Transfer function:

v

e Va9 P GZ(s)  1/GRO)
© Va(s)  A(s)  3+2GZ(s) s+2/(3RC)
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Mason’s Gain Formula Example 1

G ’;QJ Z(s)

Vi(s)

> Determine the transfer function from /1(s) to h(s)

» Instead of re-drawing the signal flow graph, we can use:

h(s)  h(s)/Vi(s) G 1 s

h(s)  h(s)/Va(s) G2+ GZ(s)) 2+ GZ(s) 2s+1/(RC)

» One forward path from V;(s) to h(s) with gain GRG = G and cofactor 1

> One forward path from Vi(s) to h(s) with gain G and cofactor
1= (Lo(s) + Ls(s)) = 2+ GZ(s)



Mason’s Gain Formula Example 2

G(s)

Gs(s)

Gyls)
Y(s)

R(s) O

—Hy(s)

» Determine the transfer function E((:; using Mason's gain formula

» Forward paths from R(s) to Y(s):
Pi(s) = Gi(s)Ga(s) G3(s) Ga(s) Gs(s) Ge(s)
Pa(s) = Gu(s) G2(s) Gr(s) Ge(s)
P3(s) = G1(s)Ga(s) G3(s) Ga(s) Ga(s)
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Mason’s Gain Formula Example 2

Rs) O

» Loop gains:

Ly(s) = —Ga(s)Ga(s) Ga(s) Gs(s)Ha(s),  La(s) = —Gs(s)Ge(s)Ha(s),

Ls(s) = —Gs(s)Ha(s), La(s) = —Gr(s)Ha(s) Ga(s)

Ls(s) = —Ga(s)Ha(s), Le(s) = —Gi(s) Ga(s) Ga(s) Ga(s) Gs(s) Ge(s) Ha(s)
) (s) (s)

L7(s) = —Gi1(s) Ga(s) G7(s) Ge(s) Hs(s), Lg(s) = —Gi1(s)Ga(s) Gs(s) Ga(s) Gs(s)Hs(s)
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Mason’s Gain Formula Example 2

G(s)

G (s) Gy(s)

Rs) O

—Hy(s)

> Cofactors: Ay(s) = Asz(s) =1 and Ay(s) =1 — Ls(s)
» Determinant: Lg does not touch L4 or L7 and L3 does not touch Ly4:
A(s) =1 — (Li(s) + La(s) + Ls(s) + La(s) + Ls(s) + Le(s) + L7(s) + Ls(s))
+ (Ls(s)La(s) + Ls(s)L7(s) + L3(s)La(s))
» Transfer function:

P1(s) + Px(s)As(s) + Ps(s)

T(s) = A(s)

23



Mason’s Gain Formula Example 3

Gy(s) = C(s)

> Determine the transfer function from R(s) to C(s)

» Forward paths:

Pl(S) = G1(S)GQ(S)G3(S) P2(5) = G4(S)

» Loops:
Li(s) = —Gi1(s) Ga(s) Hu(s) La(s) = —Ga(s) G3(s) Ha(s)
L3(s) = —G1(s) Ga(s) Gs(s)Hs(s) La(s) = —Ga(s)Hs(s)
Ls(s) = Ga(s)Hi(s)Ga(s)Ha(s)
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Mason’s Gain Formula Example 3

Hy(s) k

> Cofactors: both forward paths touch all loops: Aj(s) = Ay(s) =1

» Determinant: all loop pairs are touching:
A(S) =1- (Ll(S) + LQ(S) + L3(S) + L4(S) + L5(5))

» Transfer function:

C(s) _ Pu(s) + Pa(s) _ Gi(s)Ga(s)Gs(s) + Ga(s)
R(s) A(s) A(s)
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Parameter Sensitivity
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Parameter Sensitivity

» Feedback control is useful for reducing sensitivity to parameter variations in
the plant transfer function G(s)

R(s) +_ E(s) Y
) F(s) G(s) ©)

B(s)

H(s)

» Closed-loop transfer function:

_Y(s) _ G(s)F(s)
TG) = Ris) = 15 G(s)F()HS)

> Suppose that G(s) undergoes a change AG(s) so that the true plant model
is G(s) + AG(s)

» What is the change AT(s) in the closed-loop transfer function T(s)?



Parameter Sensitivity

» Since T(s) and G(s) might have different units, parameter sensitivity is
defined as a percentage change in T(s) over percentage change in G(s)

» Parameter sensitivity: ratio of the incremental change in the overall system
transfer function to the incremental change in the transfer function of one
component:

SI(s) = dT(s) G(s) | . AT(s)/T(s)
¢ dG(s) T(s) - AG(s)/G(s)

> Parameter sensitivity should be small to allow robustness to changes in G(s)

» Conversely, the parameters of the transfer functions of elements with high
sensitivity should be estimated well because minor mismatch may have a
significant effect on the overall system transfer function. These are the
system elements we should be careful about.

28



Return Difference

» Hendrik Bode was interested in measuring the effect of
feedback on a specific element in a closed-loop control
system

» Bode defined return difference as an impulse input
U(s) =1 at a system element minus the loop transfer
function L(s) back to the element:

p(s) =1—L(s)

» Return difference computation:
> open the feedback loop immediately prior to the element of interest

> compute the transfer function L(s) = 238 from the element input A:(s) back

to the cut connection Ax(s)

> the return difference is p(s) =1 — L(s)

29



Return Difference Example 1

R(s) + E(s) Az(s)I IA1(S)
F(s) | G(s)

Y(s)

B(s)

H(s)

> Return difference with respect to G(s)

> Cut the loop immediately prior to G(s)

» Compute the loop gain: L(s) = 2?8 = —G(s)H(s)F(s)

» Return difference: pg(s) =1 — L(s) =1+ G(s)H(s)F(s)

30



Return Difference Example 2

As(s) A(s
s e G

H(s) [«

> Return difference with respect to Gp(s)
> Cut the loop immediately prior to Gp(s)

» Compute the loop gain via Mason's formula:

L(s) = Gi(s)Ai(s) _ —H(s)Ga(s)Gh(s)
A(s) 1 — H(s)Gs(s)Ge(s)

» Return difference:

H(s)Ga(s)Gu(s) _ 14 H(s)Ga(s)(Gb(s) — Ge(s))

pa(s) = 1= L) =14 T e 6.5) ~ 1= H(s)Ga(s) ()

31



Return Difference Example 3

J G,(s)

4

Do

H,(s) I/r

> Return difference with respect to Gy(s)
> Cut the loop immediately prior to Gy(s)

» Compute the loop gain via Mason's formula:

_ 7G2(S)H1(S)Gl(5) — 62(5)63(5)/'/2(5) — Gz(S)G3(S)H3(S)Gl(S) + Gz(S)Hl(S)G4(S)H2(S)

L) 1+ Ga(s)Hs(s)

> Return difference: pg,(s) =1 — L(s)

32



Parameter Sensitivity is Inverse Return Difference
» How is parameter sensitivity related to return difference?

R(s) + E(s) Y(s)
F(s) G(s)

B(s)

H(s)

In a system with a single feedback loop, parameter sensitivity Sg(s) of the plant
transfer function G(s) is equal to the inverse of the return difference pg(s). J

Se(s) = dT(s) G(s) d ( G(s)F(s) ) G(s)

~dG(s) T(s) dG(s) \1+ G(s)F(s)H(s)) T(s)

_ F(s) G(s) _ 1

(14 G(s)F(s)H(s))2 T(s) 1+ G(s)F(s)H(s)
1 1

T 1-L(s)  pals) 2



Example: Feedback OpAmp Sensitivity

» Feedback amplifier with input voltage R(s), o) . v
feedforward gain k, feedback gain 3, and output
voltage Y(s) \E/

» Transfer function: T(s) = ;((z)) = ﬁ

» Return difference wrt to OpAmp gain k: py =1 — kj3

> Sensitivity wrt to OpAmp gain k: S = ﬁ = i
> Sensitivity wrt §: S] = gTTa mlkkﬁ) (1—k;/<)2 = lfiﬁ

» When k ~ 103 and 3 ~ —0.1, then S ~ 0 and SﬁT ~—

» When designing an OpAmp, the forward gain k can be arbitrary but we need
to be careful with the design of S because it affects the response almost
one-to-one
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Canonical Feedback Control Architecture

» Transfer function:
_Y(s) _
T(S) = W = T4(5) +

T1(s)G(s) T3(s) "
1— G(s)Ta(s)

> Sensitivity of T(s) with respect to G(s):

dT 1 N GT,  TiTs
dc ~ 'P\1-G6T, T (1-GN)?) (1-GT)?
5 GdT G(1— GTy) T, T3
SG = — 0 =
TdG T4(1—GTo)+ T1T3G (1 — GTo)?
GTiTs

© Tu(1-GT)2+ T1T3G(1 — GT>)

- (1 —1GT2> (1 ¥ Ta(1- G1T2)/(GT1 T3)>



Canonical Feedback Control Architecture

» Transfer function:
_Y(s) _
T(S) = W = T4(5) +

T1(s)G(s) Ts(s) *@
1— G(s)Ta(s)

> Sensitivity of T(s) with respect to G(s):

1 1
5200 ) )
«G)={1- G(s)Ta(s) ) \1+ Ta(s)(1 = G(s) Ta(s))/(G(s) Ta(s) T3(s))
> Note that G(s) does not affect T4(s) in the transfer function. Consider only
the portion that G(s) affects:

oy T1(s)G(s) T3(s)
T(s) = 11— G(s)T:(s)

> Letting T4(s) = 0 in SZ(s) shows that SZ'(s) is the inverse of the return

difference:
1 1

T1-G()Ta(s) oL (s)

SG/(S)
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