ECE276A: Sensing and Estimation in Robotics
Final Exam Practice Problems Solutions

Problem 1

Consider a camera with position p = [1, 1, 0], roll 0°, pitch 0°, yaw 45°, focal length f = 0.2 m,
image center (¢, c,) = (160.5, 120.5) pixels, scaling (s, sy) = (10, 10) pixels/m, and skew-factor
s; = 0 pixels/m. Suppose that the camera observes a point m = [2, 1, 2]T. What are the pixel
coordinates of m assuming a noise-free perspective projection?

Reminders
0 -1 0
e The rotation from the camera frame to the optical frame is given by ,R,:= |0 0 -1
1 0 0
Problem 2
Assume that we have obtained T' measurement pairs (z,y;) from the linear model:
yt:91$t+¢92, tzl,...,T (1)

Derive estimates of the parameters 6; and 2 such that the following error is minimized (least
squares estimate):

-
E(61,0) = Z(yt — 012y — 62)° (2)

t=1

(a) Define y := [y1,...,yr|" and @ := [01, 02]T. Show that the set of equations (1) can written
in matrix form as:
y = A0

for a suitably defined matrix A
(b) Write the error function in matrix form in terms of y, A, and 6

(c) Compute the gradient of the matrix form error function and solve the least squares estimate
of the parameters 6 by finding the point where the gradient is zero

Problem 3

Inspired by the recent success of deep learning, you use a neural network with one layer to approx-
imate the motion model of your robot:

xpy1 = o(axs + bug) + 1

where a,b € R are the (known) parameters that your neural network learned, n ~ N(0,1) is a
Gaussian motion noise, and o(z) := (1 + e~%)~! is the logistic sigmoid function. You guess that
your robot is located at position pg = 1 and place a Gaussian distribution with covariance 2 on
your guess. You apply control input ug = 2 to your robot and use the extended and unscented



Kalman filters to predict the robot motion. Compute the mean ugxr and covariance Ypxp
of the EKF after the single prediction step and compare those to the mean uyxr and
covariance Yygr of the UKF. Your answer should only involve numbers, the function o, and
the constants a, b.

Reminders

e To approximate the distribution of a random vector s = g(y) for known function g and d-
dimensional random variable y ~ N (u,Y), the unscented Kalman filter chooses mean and
covariance weights:

. 1 — 9O
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A common choice of weights is v(?) = 0 and w(® = 2.

Problem 4

You are using a robot equipped with a camera to localize a chair in your room. The robot is
V3/2 1/2 0
located at position pg = [—1, 1, 0]" with orientation Ry = |—-1/2 +/3/2 0|. In other words,
0 0 1
po and Ry specify the position and orientation of the robot frame of reference at time ¢ = 0 with
respect to the world frame. Assume that the frames of reference of the robot and the camera
10 100] v
0 1 100}
are guessing that your chair is located at py = [1, 1, 0]" and place a Gaussian distribution with
identity covariance on your guess. You rotate your robot 30° counter-clockwise while translating
it by pa = %[\/g —1, V341, 0]". In other words, pa and Ra := R.(30°) specify the position
and orientation of the robot frame of reference at time ¢ = 1 with respect to the robot frame of
reference and time ¢ = 0. You run your chair-detection algorithm on the image received at the new
robot pose and detect the chair at pixel location z = [100, IOO]T. You know that your algorithm
reports detections perturbed by Gaussian noise with zero mean and identity covariance. Use this
measurement and the extended Kalman filter to update your prior guess about the chair’s position.
Compute the updated mean pu and covariance > of the chair position.

coincide. Your camera is calibrated and has an intrinsic calibration matrix K = [

Reminders:

e The pixel coordinates of a point m € R? observed by a camera with position p € R3,
orientation R € SO(3), and intrinsic parameters K € R?*3 are:

z=Kn(,RR"(m—p)) €R?



0 -1 0
where ,R, = [0 0 —1| and 7(x) := xisx € R3
1 0 0

e A rotation of § radians around the z-axis can be represented by a rotation matrix:

cosf) —sinf 0
R.(0) = |sinf cosf O
0 0 1

e The a posteriori covariance of the update step of the Kalman filter is

Sitfer1 = Sesape — S (HE o H + V) HE ),

Problem 5

Suppose that the pose of a moving robot with respect to the world frame is given by the following
function of time t:

cos %r 0 —sin %r t
0 1 0 0
I(t) = sin %T 0 cos %r 2t € SE(@3)

0 0 0 1
1. Find the axis-angle representations of the robot orientation at time ¢ = 1.

2. Find the quaternion representations of the robot orientation at time t = 1 and of the inverse
of this orientation.

3. Compute the linear and the angular velocity of the robot with respect to the robot frame and
with respect to the world frame at time ¢ = 1.

4. Let pw = (9,0,0) be a point with coordinates specified in the world frame. Compute the
coordinates pg of the point py in the robot frame at time ¢t = 1.

Problem 6

Let T' € SE(3) be the pose of a camera in the world frame. In other words, T' specifies a transfor-
mation from the camera optical frame to the world frame. Suppose that the camera is calibrated
so that K = I € R3*3. Let m € R* be the homogeneous world frame coordinates of a landmark
observed by the camera. Consider a camera observation model based on a spherical perspective pro-
jection function so that the homogeneous coordinates of the projection of m in the optical frame
are:

q € R

2=, (T"'m) € R’ m() =

Determine the Jacobian J € R3*% of the pixel observation z € R? with respect to the six degrees
of freedom of the camera pose T € SE(3).



Problem 7

Consider a system with an unknown state x € R. The system is equipped with a sensor, whose
measurements z; € R will be used to estimate . Suppose that the observation model describing

the sensor is:
Zt = ’Ut\/i

where v; is a multiplicative measurement noise, which follows a Gaussian distribution A(0, 1) with
zero mean and variance 1. Assume also that the prior distribution of x is Inverse Gamma with
shape a > 0 and scale 8 > 0.

1. Derive a closed-form expression for the update step of the Bayes filter applied to this system

2. What is the distribution of x given measurements zg, ..., 2?7
Reminders:
e The normal distribution with mean p and variance o2 has pdf p(z) = \/23r7 exp (— (:'32_0 ‘;)2>
for x € (—00, 00).
e The inverse gamma distribution with shape o > 0 and scale 8 > 0 has pdf p(z) = F[zZ) x % Lexp

for x € (0, 00).
e The gamma function is defined as I'(z) := fooo r*~le~dz and if z is a positive integer, then

I'(z) =(z— 1)L

Problem 8

Complete each of the following statements with one sentence, possibly containing mathematical
expressions.

1. Gaussian Naive Bayes models the joint distribution p(y, x) of an example x € R? and its label
ye{l,...,K} as:

2. The space of 3 x 3 skew-symmetric matrices is defined as:

3. Let (z,y,2) € R3 be a point in the optical frame of a monocular camera. The 3D-to-2D
perspective projection operation transforms (z,y, z) to:

4. The prediction step of the Bayes filter is:

5. Consider a joint Gaussian distribution of the form:

()2 () b ot )

The distribution of x conditioned on z is:



Problem 9

Consider a rigid body with position p € R? and orientation R € SO(3) in the world frame. Let
m € R3 be the body-frame coordinates of a point attached to the rigid body. Suppose that the body
is undergoing pure rotation (no translation) with constant angular velocity w € R? (body-frame
coordinates).

1. What are the coordinates of the point m in the world frame at time ¢7

2. Suppose that a range sensor with position a € R? and quaternion orientation q in the world
frame is measuring the squared distance z(¢) to the point m at time ¢ without any noise.
What is the observation model for this range sensor? Simplify the relationship between z(t)
and m as much as possible before moving on to the next part.

3. Determine the derivative of the range measurement z(¢) with respect to time t.

4. Determine the derivative of the range measurement z(¢) at time ¢ with respect to the three
degrees of freedom @ € R? of the initial body orientation R = exp(8).

Problem 10
Consider a Kalman filter applied to a discrete-time system with motion model:
Tyl = %mt + wy, wy ~ N(0,a?), (3)
and observation model:
2t = oy + vy, vy ~ N(0,0?). (4)

Suppose that the noise terms w; and v; are independent of each other, independent across time,
and independent of the system state x;.

1. What is the predicted state variance o at time t + 1 as a function of the predicted state

2
t+1]¢

variance oy, , at time t?

2
He—
2. Denote the function above by afH't = f(at2|t71). Does the function f have a fixed point? In

other words, what is the solution o2, to the equation 02 = f(0%)?

3. What is the Kalman gain corresponding to 02, when a = b? What is the Kalman gain
corresponding to o2, when a = 2b? Based on these computations, describe intuitively the
behavior of the Kalman filter when the motion noise increases relative to the measurement
noise.

Solutions

Problem 1

To compute the pixel coordinates of m, we need the camera projection function, the camera intrinsic
parameters, and the camera extrinsic parameters. The camera intrinsic parameters are given by

the matrix:
_suf sif cu 2x3
K= { 0 sof CU] e R



The camera extrinsic parameters are its position p = [1, 1, 0] and orientation:

cosf —sinf 0
R.(0) := |sinf cosf O
0 0 1

where § = 45° is the yaw angle in radians. The projection function 7 : R? — R? is defined as
m(x) = %x. Given all this information, the pixel coordinates z can be obtained by transforming
m from the world frame to the camera frame, then to the optical frame via ,R,, then projecting it
to the image plane via 7, and finally to the image array via K. In detail:

z=Kr <ORTRZ(9)T (m — P))
0 1 07 [va2 Va2 o) 1

:[(2) g 138'?% 0 0 —1||-v2/2 v2/2 o] [0
: 1 0 0 0 0 1| \2
_[2 0 160.5]7r ‘/ZQ _( 162.5 )
0 2 1205 V2/2 120.5 — 4v/2

Problem 2

(a) Let x € R" be a vector with elements z; and 1 € RT be a vector with elements equal to 1.
The equations in (1) can be written in matrix form as follows:

y = A0 = [x 1] (7]
so that A := [x 1] e RTx2

(b) The error function can be written as follows:
y1 — Oz — 605\ ||°
B(6) = s = lly — 46]3 = (y — 46) ' (v — 46)
yr —bhzr — 02/ ||,
(c) Taking the gradient of E(0) with respect to € and setting it equal to zero leads to:
0=VeE(0)=—-AT(y—A40) = AT40=ATy.

The above equation can be solved in closed-form as follows:

—1 T LT 1 T 17 !
o= (ara) = ([1e] o 0) [y - e e ]
Problem 3

The prior distribution over the robot state is xo ~ N (o, 00), where ug = 1 and X9 = 2. The
noise distribution is 7 ~ N (0, W) where W = 1. The derivative of the sigmoid function is ¢/(z) :=
o(x)(1 —o(x)). The Jacobian of the motion model with respect to the state, evaluated at pyq is:

d
A = —o(az + bug) = ao’(a + 2b)
dx T=H0



The posterior distribution approximated by the EKF is:

uErr = o(a+ 2b)
Seprr = AS0AT + W = 2d%0(a + 2b)%(1 — o(a+ 2b))% + 1

The sigma points chosen by the UKF are {1,1 — /2,1 + v/2}. The posterior distribution approxi-
mated by the UKF is:

2d
puxr =3 000 (s +2b) = %a(a(l V) 42 + %a(a(l +V3) + 2b)
=0
2d '
EUKF = Zw(l) (O’(ayi + 2b) — ,MUKF)2 + W
=0
= 2(o(a+20) — puxr)® + % (ot~ v2) +25) — poxr) + % (oa(L +v2) + 2b) — ) +1

Problem 4

The rotation matrix corresponding to the 30° counter-clockwise rotation is:

V3/2 —1/2 0
Ra=|1/2 V3/2 0
0 0 1

The robot pose after moving with translation pa and rotation Ra is:

Vv3/2 1/2 0] [V3-1 -1 0
P:ROPA+P0:§ —1/2 V32 o [V3+1|+ [ 1 |=[2
0 0o 1 0 0 0
Vv3/2 1/2 0] [V3/2 —-1/2 0
R=RoRa=|-1/2 /3/2 0| | 1/2 3/2 0| =1I;
0 0 1 0 0 1

The measurement model of the camera with position p, orientation R, and intrinsic parameters K,
observing a point m € R? is:

z=h(m)+v:=Kr(,R.R" (m —p)) +v,

where v ~ N(0, I2) is the measurement noise. The Jacobian of the canonical projection function
m(x) is:

dr 1 I3 0 —X1
df =3 0 r3 —I2
* Blo o o0

o d . dm T T
H:=——h(mo) =K (ORTR (uo*p)) oty R
1 0 100] dr 0 -1 0 1 0 -1 0 -1 =1 0
=lo1 10l [ 9 M 00 —li=1y ¢
TA\l1 0o o0 0 1 0 0



The Kalman gain for ¥¢ = I3 is:

1 -1 01713 o1t -1/3 0
L=SH"(HSoH'+ L) '=H"(HH" +I,)"! = =|-1/3 0
0 0 -1 0 2
0 -1/2
The updated mean of the chair position is:
1 -1/3 0 100
p=no 2o ntu) = (L) + <173 0 | (({00) = KRR (a9 )
100
0 0 -1/2
1 -1/3 0 100 1 0 100 0 -1 0 1
=[(1|+]|-1/3 o wol) “lo 1 wol™l o 0 1] {1
0 | 0 —1/2 1 0 0 0
1 -1/3 07, 4/3
=(1]+|-1/3 0 <0>: 4/3
0 | 0 -1/2 0
The updated covariance of the chair position is:
-1/3 0 121 o 2/3 —-1/3 0
Y=%y—-LHYy=1I3— |-1/3 0 [O 0 _1:|I3: -1/3  2/3 0
0 —1/2 0 0 1/2

Problem 5

The position p(t) € R? and orientation R(t) € SO(3) of the robot with respect to the world frame
are:

t CoS tg 0 —sin tg
p(t)=10 R(t) = 0 1 0
2t sin tg 0 cos tg

1. Find the axis-angle representations of the robot orientation at time ¢t = 1.

The axis-angle representation @ € R? of the robot orientation at time ¢ = 1 can be obtained
via the logarithm function:

- er(RA) -1\ = o 1 [He—lfasp g0
10| = arccos — 5 )=3 6] = 2sm 6] Riz— Rz | = |—1
Ro1 — Ryo 0

2. Find the quaternion representations of the robot orientation at time t = 1 and of the inverse
of this orientation.

V3 V3

2 2

S(Z) 10 -1 _-_160
19 = |_1 Q =4= |1
SID(T T 2 2
0

3. Compute the linear and the angular velocity of the robot with respect to the robot frame and
with respect to the world frame at time ¢ = 1.



The rotation kinematics for a body-frame twist ¢(t) € RS satisfy:
T(t) = T(t)¢(1)

Hence, at time 1:

cos 0 sing cos§+2sing| [—Fsing 0 —Fcosg 1
A P 0 1 0 0 0 0 0
C1)=7(1) lT(l): —sinZ 0 cosZ 2cosZ —sinZ TcosT 0 —ZsinZ 2
3 3 3 3 3 3 3 3
0 0 0 1 0 0 0 0
00 -2 $+V3
0 0 O 0
- V3
% 0 0 1-%
0 0 O 0

T X
so that the body-frame twist is { = [% +v3 0 1-— § 0 -2 0} € RS, The first three

components of the body-frame twist represent the linear velocity of the robot body frame
with respect to the world frame as viewed in the robot body frame. To verify this, note that
the world-frame coordinates of the first-three components of the body-frame twist are:

3T V3 1

R(1) 0 =10l =p1)
13 2
which is equal to the linear velocity of the body frame origin in the world frame. Similarly,
0 0
RO |-5) = |3
0 0

which is equal to the rotational velocity of the body frame origin in the world frame.

The above observation holds in general, so that the body-frame twist is the linear velocity and
rotation velocity of the robot body frame origin with respect to the world frame as viewed in
the robot body frame. The angular and linear velocities of the body frame with respect to
the body frame are, of course, zero regardless of which frame they are viewed in.

4. Let pw = (9,0,0) be a point with coordinates specified in the world frame. Compute the
coordinates pgr of the point py in the robot frame at time ¢ = 1.

cos% 0 si% 8 4—/3

n
pr=R1) (pw—-p(1)=| 0 1 0 0= 0
— sin% 0 cos % -2 43 -1

Problem 6

Consider a small perturbation & € R® to the camera pose T' € SE(3) so that
N1 . .
s <<exp(€)T) m) = s (T_1 exp(—é)m) Sz (T_1 (I - £) m)

= s (T_lm - T_1§m> = (T"'m — T~ 'm®¢)

dmg
Sl

~ms (T~ 'm) T7'm) T 'm® ¢

-

J



Thus, the Jacobian of the pixel observation z with respect to the six degrees of freedom of the
camera pose 7T is:

d
J— _ams (T’lm) T71m® c R3%6
dq
where %% (q) = 1 (a3 — aq7) € B

Problem 7

Consider a Gaussian random vector y ~ AN (u,Y). The distribution of an affine transformation
y:=Ay+bofyis N (Au + b, AZ‘,AT). This can be shown by computing the mean and covariance:

E[y] = AE[y] + b= Ap+b

— —

AE [(y = ) (y - )] AT = azaT

Based on the above derivation, the distribution of z; | « is N'(0, z) with associated pdf ¢(z;0,x).
The prior of z is Inv-Gamma(a, ) with associated pdf v~!(x;«, 8). The Bayes filter update step

Pl | 20) o plzo | D)p(x) = d(z0; 0, 2)7 (x: 0, )

= ! exp <—Z(2]> B z % Lexp <—B>
V2rx 2z ) T'(«a) x

et (L (5112))
[(a)v2r Pz 270

We can see that after normalization, this will look like another Inverse Gamma distribution, x |
zg ~ Inv-Gamma (a + %, 8+ %23) Applying the update step repeatedly preserves the posterior
distribution as Inverse Gamma:

.
T+1 1
x | zo.r ~ Inv-Gamma (a + T+, B+ 3 tzg zf)

Problem 8

1. Gaussian Naive Bayes models the joint distribution p(y, x) of an example x € R? and its label
y € {1,....K} as: p(ya;) = p(y; 0)p(x|y;w), where p(y = k;0) = ) and p(x|y = k;w) =
[Tim1 p(zly = ks w) = TTimy ¢(@rs pa, oy)-

2. The space of 3 x 3 skew-symmetric matrices is defined as: s0(3) = {)E e R¥>3|x € R3}.

3. Let (z,y,2) € R3 be a point in the optical frame of a monocular camera. The 3D-to-2D
perspective projection operation transforms (z,vy,z) to: (fz/z, fy/z), where f is the focal
length.

4. The prediction step of the Bayes filter is: pyi11¢(x) = [ pr(x|[s, us)py(s)ds, where pr(x;11|x¢, )
is the motion model.

5. Consider a joint Gaussian distribution of the form:

()2 () i o))

10



The distribution of x conditioned on z is: N(p + K(z — n),X — KHY), where K =
SHT(HZHT + V)~ L
Problem 9

1. The body position and orientation at time ¢ are p and Rexp(tw). The coordinates of m in
the world frame are m(t) = Rexp(tw)m + p.

2. The observation model of the range sensor is:
2(t) = m(t) - all} = (m(t) —a) (m(t) - a) (5)
The observation model can be simplified to:
z(t)=m'm+2(p—a) Rexp(t&)m+ (p—a)' (p — a) (6)

3. The derivative of z(t) with respect to ¢t is:

%z(t) =2(p—a)'R L;i exp(tcb)} m )
=2(p —a)' Rexp(tw)wm
4. Using a left perturbation 1 = J1,(0)d0 with respect to R = exp(é), we have:
2(p —a) " exp(P)Rexp(t&)m ~ 2(p — a) ' Rexp(t&)m + 2(p — a) ¢ Rexp(tw)m ()
=2(p—a)' Rexp(t&)m — 2(p — a) | [Rexp(tw)m]" .
Thus, the derivative of the range measurement z(¢) at time ¢ with respect to 0 is:
—2(p—a)" [Rexp(tw)m]" J.(9) (9)

Alternatively, using a right perturbation ¢ = Jr(0)d60 with respect to R = exp(é), we have:

2(p —a) Rexp(e)) exp(t@)m ~ 2(p — a) " Rexp(t&)m + 2(p — a) | Ry exp(t&)m

= 2(p—a) Rexp(tw)m — 2(p — a) ' R [exp(t&)m]" . (10)
The derivative is the same:
—2(p — a) ' R [exp(t@)m]" Jr() = —2(p — a) " [Rexp(tw)m]" RJIr(6) a1)
= —2(p —a)' [Rexp(tw)m]" J(0)
Problem 10
1. The update step for the variance of the Kalman filter with H = 1 and V = b? is:
Ut2|t = Jt2|t71 - Ut2|t71(0t2|t71 + b2)_10t2|t71 (12)
The prediction step for the variance of the Kalman filter with F' = % and W = a? is:
atzﬂ‘t = ia,ﬁt + a? (13)
Thus, the function f that relates Uf 1t tO 03‘ g 18
T

11



2. The solution o2, to o = f(o) satisfies:

4(0% — a®) (02 +b%) = b0’

o
4o+ 4b*0? — 4a*cl — 4a*b? — b2l =0
4o+ (307 — 4a2)02, — 4a%0? = 0 (15)
1
k= ((4a2 — 3b%) & \/(4a2 — 30%)% + 64a2b2)
3. When a = b:
21 14 /65
0% =+ ~Ve5bt = A+ V652 g a2 (16)
8 8 8
The Kalman gain is Ko, = 02‘77%172 ~ 113~ 0.53.
When a = 2b: )
13b° 517
02 = — 7 Tzﬁ ~ 4.20b (17)
The Kalman gain is K., = LSO O

02462 T 520
As the motion noise increases relative to the measurement noise, the Kalman gain K increases
and the filter puts more emphasis on the measurements rather than the motion predictions.
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