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Filtering Problem

» The Markov assumptions E u a
are used to decompose the @ e @
joint pdf of the states xg. T,

observations zp.1, and

controls ug.7_1

» Joint distribution:

T

.
p(xo-7, 20:7, uo:7-1) = po—1(x0) [ [ pulze [ %) [ prxe | xe-1, ue1)
——

v t=0 T’ t=1 .
prior observation model motion model

» Filtering: keeps track of » Smoothing: keeps track of

Pt\t(Xt) = p(xt | Zo:t, Uo:t—1) Pt\t(XO:t) = p(x0:t | Z0:¢, Uo:t—1)

pt+1|t(Xt+l) = P(Xt+1 | 20:t, Uo:t) Pt+1\t(X0:t+1) = P(Xo:t+1 | 20:¢, Uo:t)
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Bayes Filter Summary

» Prior: x; | zo.¢, Up:t—1 ~ pt|t(')
» Motion model: x;11 = f(x¢, ur, wt) ~ pr(- | xe, ut)
» Observation model: z; = h(x¢, v¢) ~ pp(- | xt)

» Prediction: pt+1|t fPf x|s, Ut)Pt\t( s)ds

Ph(Zt+1|X)Pt+1|t( x)
I Ph(2t+1|5)P:+1\t(5)

> Update: p;iqj¢41(x) =



Kalman Filter

» A Kalman filter is a Bayes filter for which:

> The prior pdf pg|o is Gaussian

» The motion model is linear in the state and affected by Gaussian noise

» The observation model is linear in the state and affected by Gaussian noise

» The process noise w; and measurement noise v; are independent of each
other, of the state x;, and across time

» Prior: x; | zo:t, to:t—1 ~ N (fe|e, Z¢)¢)
» Motion Model:

Xer1 = F(Xe, U, we) := Fxe + Gue + wy,  wy ~ N(0, W)

Xeq1 | Xe, up ~ N (Fxe + Gug, W), F € R&X% G e REXd | ¢ R
» QObservation Model:

z = h(x¢,v¢) == Hxe + v,  ve ~N(0,V)
Zt ’XtNN(HXt, V), HERdedX, VERdZ><dZ



Gaussian Distribution Properties

» Stable distributon: a linear combination aX; + bX, of two independent
copies of a random variable X has the same distribution as ¢X + d up to
location d and scale ¢ > 0 parameters

» The Gaussian distribution is stable, i.e., the space of Gaussian pdfs is
closed under convolution:

/¢(Xi Fs, W)o(s; u, X)ds = ¢ (X; Fu, FrfFT + W)

» The space of Gaussian pdfs is closed under geometric averages (up
to scaling):

[tesnsiss (s (gose) (25w (5s2) |



Gaussian Marginals and Conditionals

» Consider a joint Gaussian distribution:

XA HA\ |Zaa Las

= NN )
* (XB> (MB> [ZATB ZBJ
—_——— ————

o pN

» The marginal distribution is also Gaussian:

xa ~ N(1a, Xaa)

» The conditional distribution is also Gaussian:

xg | xa~N | g+ AT aa(Xa — 11a), 88 — AT aaT AB

-~
Schur complement of X a4



Matrix Manipulation

» The main tools for proving the previous results and for deriving the
Kalman filter are:

» Matrix inversion lemma:
(A+BDC) ' =A1—A'B(D '+ CA'B) ' CA™!
» Matrix block inversion:

A Bl [ (A-BD"l0)t —(A—BD1C)~1BD!
C D| T |-D'C(A-BD7'C)' D4 D C(A-BD-'C)lBD!

» Square completion:

%XTAX +b x+c= % (x+AB) " A(x+A1b) — %bTA‘1b+ c



Information Space

» Natural parameterization of a Gaussian distribution: x ~ G(v,Q)

» Information mean: v =¥ 1

Qan QAB] _ [ZAA ZAB] -
Qls Qss Tip ZsB

» Information matrix: Q2 := {
Qan = (Zaa — TasZppXin) !
Qap = —QuaaXasXgp
Qps = Tpp + TppTAsaaT A8 55

= (ZBB — ZZBZ;}\ZAB)_l



Gaussian Marginal

» Let X4 := x4 — pa and Xg := xg — g and consider:

o= [ () () e )

1 1/, y ) ) i )
= W / exp <—2 (XA-\,_QAAXA +2%4 Qag%s + X;QBBXB)> dxg

Sq.Comp. 1q,. _ - . _ .
% ,L;/exp <2 [(XB + QB}BQZBXA)TQBB(XB + QBEQZ\—BXA)
—)?ATQABQEEQZB)?A + )?IQAA)?A}) dxg

J pxp,X)dx=1 ; oo <_1)~<T21)?A>
Z;j:QAA*QABQEéQ;\rB (271')%|ZAA‘1/2 2 A “AA

= [xa ~ N (114, Tan) |




Gaussian Conditional

L1 e TE ()
p(xa | xg) = Plxa:x) _ /@yl
p(xs) 1 o 30m—wB) Tga(x—1B)
(2m)™|Zpsl

_ 1 o (=) TE (e pn) (x5 —118) TE g (x5 —15))

(2m)"[x|/|x B8]

» Consider the exponent:
oT o | T o L oTOT o , =T Y
XA QAAXA + XA QABXB + XB QABXA + XB QBBXB — XB ZBBXB
oT . oT 1. cTe—1vT 1.
= X, QaaXa — 2X4 QAAZABZBBXB + Xg ZBBZABQAAZABZBBXB

= (%a — ZasXpp%8) " Qaa(%a — TasXp5%8)

=|xa | xg ~ N <MA + T asTpg(xB — 118), Taa — ZABZEEZ/T\B)
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Kalman Filter

» A Kalman filter is a Bayes filter for which:

> The prior pdf pg|o is Gaussian

» The motion model is linear in the state and affected by Gaussian noise

» The observation model is linear in the state and affected by Gaussian noise

» The process noise w; and measurement noise v; are independent of each
other, of the state x;, and across time

» Prior: x; | zo:t, to:t—1 ~ N (fe|e, Z¢)¢)
» Motion Model:

Xer1 = F(Xe, U, we) := Fxe + Gue + wy,  wy ~ N(0, W)

Xer1 | Xes e ~ N(Fxe + Gug, W), F € R&X% G ¢ REXd |y ¢ RAX
» QObservation Model:

zt = h(x¢, ve) == Hxt + vt,  vi ~ N(0, V)

zt | xe ~ N(Hxt, V), HeR%*% V¢ Réxd
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Kalman Filter Prediction

pt+1|t(X) = /Pf(X | s, Ut)Pt\t(S)dS = /¢(X? Fs + Guy, W)¢(5?Mt|ta zt|t)d$
1 T\/—1
= Kee [ exp _§(X — Fs — Gu)" W™ (x — Fs — Guy) p X
1 Tz—l
exp _5(5 - Mt|t) t|t(5 - Mt|t) ds
= /q,t‘t/exp {f% (sT(FT WF + E,0)s — 2(Zgpmee + FTWH(x = Gue)) s + .. ) } ds
Sq.Comp.

P(x; Fpugje + Guy, th\tFT + W)

Inv.Lemma

Pey1je(x /¢ x; Fs + Gue, W)(s; pe)e, Le|e)ds
= o(x; Fﬂt\t + Gut, th|tFT + W)
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Kalman Filter Prediction (easy version)
» Motion model with given prior:
Xt+1 = FXt —+ GUt =+ We, W¢ ~ N(O, VV)7 Xt ~ N(:U’t|t7 Zt|t)

» Since w; and x; are independent and the Gaussian distribution is stable,
we know that the distribution of x;y1 is Gaussian: N (pte41)e, Les1)e)

» We just need to compute its mean and covariance:

g1t = E[Fxe + Gue + wi] = FE[x¢] + Gue + E[wy] = Fpuye + Guy

independence

Z1_*-}-1|15 = Var [FXt + Guy + Wt] Var [FXt] + 0+ Var [Wt]

=B [F (x¢ — o) (xe — ) FT| +W
=FL FT+ W
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Kalman Filter Update

p(zt41 | X)pt+1|t(X) _ P(ze 415 Hx, V)¢(X;ﬂt+l|tvzt+1\t)
P(Zt+1 | 20:t, Uo:t f ¢(zt+1; Hs, V)¢(5; Hit1)e zt+1|t)d$

pt+1|t+1(X) =

__ Kt41 1 1 .

= exp {*E(Ztﬂ Hx) TV Y(zpq — Hx)} exp {*E(X = Hes1)e) Ty (X = Hesage)
K 1 ) i

B 77;: oP {75 (XT(HTV H Zf+1\t)x + (HTV “zep1 + ZtJrll\rNt+1lt)TX +.. >}

Sq.Comp. B B B N
== 0 (i (HTV I H+ 1 ) HTV Rz + Ty e, (HTV I H 4+ 50 )7

Inv.Lemma

¢ (x; pregje + Kepr)e(zer1 — Hpege), (1 = Kega e H) zt+1|t)

> Kalman gain: Kqyq) = Zoyq)eHT (HEeqqeHT + V)7
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Kalman Filter Update (easy version)

» Observation model with given prior:

Zer1 = Hxer1 + vet, Verr ~ N(0, V), o1 ~ N(Beg)er Zeqa)e)

» The joint distribution of x;11 and z;1 is Gaussian:
(Xt+1> ~ N << Kyt > [Zt—i-lt * })
Zt41 Huperae )’ T Hzt+1|tHT +V
T
* = [(Xt+1 — pres1)e) (ze41 — Hpvegae) }
=E [(le - Mt+1|t) ((Xt+1 - Ht+1\t)THT + VtE—l)} = Zt+1|tHT

» The conditional distribution of x¢;1 | zr+1 is then also Gaussian:

seer | zers ~ N (Besage + TesneHT (HEeaieHT + V)™ zern = Hitesnpe),

zt+1|t - zt—i—l\tHT(Hzt-i—l\tHT + V)_let—i-l\t)
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Kalman Filter (discrete time)

Prior: Xt | Z0:t, Uo:t—1 ~ N (fhefer Zefe)
Motion model: Xe+1 = Fxe + Guy + we,  wy ~ N(0, W)

Observation model:  zz = Hx; + v, v¢ ~ N (0, V)

Peg1)e = Froge + Gue

Prediction: T
Zt+1|t = th\tF + W
) Ht41)t+1 = Heg1)e T Kt+1|t(zt+1 - H,Ut-i-l\t)
Update:
Zt+1|t+1 = (/ - Kt+1\tH)Zt+1|t
Kalman Gain: Kesae = Zeaq)eHT (HE o1 HT + V)7
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Predict

Update
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Predict

Update
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Predict
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Information Filter

» Uses the natural Gaussian parameterization x ~ G(v, Q) where
v=YYlpand Q=x1

» Uses the matrix inversion lemma to convert the Kalman filter covariance
equations to their information matrix counterparts

Prior: Xt | Z0:t, U0:t—1 ~ G(Ve|es Qy)e)
Motion model: Xer1 = Fx¢ + Guy + we,  wy ~ G(0, W1)
Observation model: z; = Hx; +v:, v ~G(0,V™1)

. Virle = (I_Ct|t)F_TVt|t
Prediction: T 1 T AT
Qt—‘rl‘t - (I_Ct|t)F Qf‘tF (I_Ctlt)+Ct|tW Ct‘t

Information Gain: Coe=F TQuF Y (FTQu F 1t + W_l)_1

T\/-1
Verljerl = Verae + H V2

Update: o
Qt—i—llt—l—l:Q1.*-~-1|1.*7LH V7—H 21



Kalman-Bucy Filter (continuous time)

Prior: x(0) ~ N (1(0),2(0))
Motion model: x(t) = Fx(t) + Gu(t) + w(t)

Observation model:  z(t) = Hx(t) + v(t)

Mean: L(t) = Fu(t) + Gu(t) + K(t) (z(t) — Hu(t))
Covariance: Y (t) = FE(t) + Z(t)FT + W — K(t)VKT (1)
Kalman Gain: K(t)=2(t)HTv1
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Kalman Filter Comments

» Efficient: polynomial in measurement and state dim: ‘ O(d?37° + d?)

» Optimal: under linearity, Gaussianity, and independence assumptions
with respect to the mean square error (MSE):

E [th - Nt|t||%] = tr(zt\t)

» To deal with unknown models we can use EM to learn the dynamics
model (F, G, W) and the measurement model (H, V)

» Given data D := {zy.7, up.7—1}, apply EM with hidden variables xg.7:
> E step: Given initial parameter estimates
K= {F), G Wk HK v} calculate the likelihood of the
hidden variables via the Kalman fllter/smoother
» M step: Optimize the parameters via MLE to obtain #(x*1) which explain
the posterior distribution over xg.1 better

» Most robotic systems are nonlinear!
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Gaussian Mixture Filter
» Prior: x; | zo:t, Uo:e—1 ~ Peje(Xx) = D at|t¢) (Xtv”thgﬁ))
» Motion model: x;11 = Fx; + Guy + wy,  wy ~ N(0, W)
» Observation model: z; = Hx; + v¢, v ~ N(0, V)
» Prediction;
Priaje(x) = / (x| s, ue)pee(s ds—zat,t pr(x |'s,u)o (sl EW)) ds

= Zam (x: Fulf) + Gu, Fzg‘?FT +w)
» Update:
phlzear | Wpraal) _ Olens B V) Dol o (Do w0
p(ze+1 | 20:t, Uo:t) [ ¢ (ze41; Hs, V) Ej+1\td) (s-p&’lllt,ig’lnt) ds
( "t+1\t‘/)(zt+1 Hx, V)& (X ”Ei)m z(t:)ur) ¢ (Zt+1 H/‘£+)1\th2£:)1\rHT+ V))
a Z ¥, 0 (zm- Hud)  HED, HT + v) ) P (zt+1; Hl, o HES) HT + v)

(k) (k) T
Hmo (z,+1 Hl, o HES) HT + v) 0 4 9 ) k) e
72 > ( Hu Y s HT+V) DX pregere T K1y (Zeen =iy ), ( t+1|r ) r+1\t
Jo‘t+1\t Zt+1 Al g0 P2t

Pt+1\r+1( )=

-1

i KU () ()
> Kalman Gain: K{) =T, HT (HZ{ HT + V) N



Gaussian Mixture Filter

k
> pdf: x; ’ 20:t, Uo:t—1 ~~ Pt\t Zat\t <Xt /’Lt|t’zg|t)>
k
» mean: Kt = E[Xt \ 20:t, UO:t—l] = /Xpt|t dX - Zaﬂt /‘§|t)

. . T T
> cov: z1:|t =K [XtXt \ 20:t, UO't—l} = He|tlye

k) k k
/xx Pee(X)dx = pigjefrg), = Zam (Zﬁ‘t +u§|t)(u§‘t)) ) — [hejel)e

» The GMF is just a bank of Kalman filters; sometimes called Gaussian
Sum filter
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Gaussian Mixture Filter

» If the motion or observation models are nonlinear, we can apply the EKF
or UKF tricks to get a nonlinear GMF

» Additional operations are needed when strong nonlinearities are present
in the motion or observation models:
> Refinement: introduces additional components to reduce the

linearization error
» Pruning: approximates the overall distribution with a smaller number of
components (e.g., using KL divergence as a measure of accuracy)

» More details:
» Nonlinear Gaussian Filtering: Theory, Algorithms, and Applications: Huber
» Bayesian Filtering and Smoothing: Sarkka
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Rao-Blackwellized Particle Filter

» The Rao-Blackwellized (marginalized)
particle filter is applicable to :
conditionally linear-Gaussian models: :

1

(A%)d

X1 = B0 + AN+ GROIw) ™ 7

th+1 ftI(X?) A{“(X:)th G!(X:)th e
H . n
2 = hy(x?) Ct(Xf)Xl{ v Nonlinear states: x;

Linear states: x/

» ldea: exploit linear-Gaussian sub-structure to handle high dim. problems

I _n / n n
P (Xt,Xo;t | 20:t, UO:t—l) =p (Xt | 20:t, UO:t—17X0:t> p(XO:t | 20:t, UO:t—l)

Particle Filter

Kalman Filter
Nt\t

_ (k) n . (k) I, (k) (k)
- Zat\t6 (XO:t' mt\t) ¢ (Xt' 'ut|t ’ Zt\t)
k=1
» The RBPF is a combination of the particle filter and the Kalman filter,

in which each particle has a Kalman filter associated to it -



