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Bayes Filter (12 D ()

» Motion model:
Xer1 = F(Xe, ug, we) ~ pr(- | @ Q Q

Xt, Ut)

» Observation model: @ Q @

Zr = h(Xn Vt) ~ Ph(' \ Xt)

Xt) -= P\Xt | 20:t, Uo:t—
> Filtering: keeps track of peje(xe) = p(xt | 20:t, Uo:t-1)
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pt+1|t(Xt+1) : (Xt+1 | Zo:t, Uo:t)
> Bayes filter:
nt:—l

—_——

1
e , d
o Pl ) [ b xe o)

Predict: pt+1\t(><r+1)

pt+1|t+1(Xt+1) =

Update
» Joint distribution:
T T
p(xo.7, 20.7, to:7-1) = po-1(x0) [ palze | xe) T prlxe | xeo1, ue-1)
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Nonlinear Kalman Filter
» A nonlinear Kalman filter is a Bayes filter for which:

vV v v Vv

» The prior pdf pg_; is Gaussian

The motion model is tnearinthestateand affected by Gaussian noise
The observation model is Hnear-t-the-state-and affected by Gaussian noise
The process noise w; and measurement noise v; are independent of each
other, of the state x; and across time

» The posterior pdf is forced to be Gaussian via approximation

vvyy

Prior: x; | zo.¢, Uo:t—1 ~ N(Mt\tvzﬂt)
Motion Model: x; 11 = f(x¢, ur, wy), wy ~ N(0, W)
Observation Model: z; = h(x¢, vt), v ~N(0,V)

Challenge: the predicted and updated pdfs are not Gaussian and can no
longer be evaluated in closed form

Moment matching: we can force the predicted and updated pdfs to be
Gaussian by evaluating their first and second moments and
approximating them with Gaussians with the same moments



Nonlinear Kalman Filter Prediction

> Prior state distribution: x; | Zo:t, to:e—1 ~ N (tie|e, L|t)
» Motion model: x;y1 = f(x¢, ur, we), we ~ N (0, W)
> Force a Gaussian predicted pdf: xt11 | 2o:t, to:e ~ N (Hey1fe, Zet1|e)
fregi)e = E[xeq1 | Zo:t, Uoit]
= //f(x, Up, W)P(X; e, Zpje)(w; 0, W)dxdw
z1c+1\t =K [(XtH - ,Ut+1|t) (Xt+1 - Mt+1|t) T | 20:t, UO:t]
=E {Xt+1XrT+1 | Zo:t, UO:t} - Nt+1\tﬂtT+1\t

= // f(x, ur, w)f(x, u, W)T¢(X? |t zt\t)¢(Wi 0, W)dxdw — ﬂt+1\tM;r+1|t



Nonlinear Kalman Filter Update
» Prior state distribution: x;11 | z0:¢, to:t ~ N (fet1)es Zes1t)
» Observation model: zp1 = h(x¢41, Vet1), vir1 ~ N(0, V)

» The Gaussian distribution which approximates the joint distribution of
Xe+1 | Zo:t, Up:t @and zey1 via moment matching is:

Xt41 | Zo:t, Uo:t Perae | [Zer1e Gerage
~N e, S
Zt+1 Mei 1t t+1]|t t+1|t
M1 ' = //h(x, V)¢(X;Mt-&-l\tvzt-&-l\t)‘?ﬁ(‘/;ov V)dxdv
Sty = //(h(X7 V) = mer1e) (0%, v) = mesage) To(x pegajes Tesnje)d(v; 0, V) dxdv

Cepa)e = //(X — pey1)e) (h(x, v) — mt+1‘t)ng5(x; fes1fes Zeg1)e)P(vi 0, V)dxdv
» The conditional Gaussian distribution of x¢y1 | Zt+1, Zo:¢, Up:¢ is then:
Pegifer1 = Hega)e T Kepae(Zerr — Megage)
Yot = Tegafe — Kt+l|t5t—|—1\th7—|-—1|t

-1

Kev1)e = Ceq1)eS1pe



Extended and Unscented Kalman Filters

» The EKF and UKF use different methods to approximate the five
integrals required to implement the nonlinear Kalman filter

» The EKF uses a first-order Taylor series approximation to the motion
and observation models:

df df
F(xe, ug, we) = f(ﬂt\u ut, 0) + [a(ﬂt\n Ut, O)} (xe — Mt\t) + {diw('utlt’ Ut, O)} (we —0)
dh dh
h(xt41, ve1) = h(pegage, 0) + E(Mtﬁ—l\tv 0)| (Xt+1 — Heg1)e) + E(Nt+1\t>0) (vty1 —0)

» The UKF uses a set of sigma points that capture the mean and
covariance of the prior Gaussian pdfs to approximate the integrals via a
sum. This resembles Monte Carlo approximation but the sigma points
are selected deterministically.



Extended Kalman Filter Prediction
> Let F; = %(,uﬂt, ut,0) and Q; := %(,ut‘t, ut, 0) so that:
f(Xe, ur, we) = F(pgfes Ue, 0) + Fe(xe — ftge) + Qewe
» Then, the predicted mean and cov can be computed in closed form:

Hey)e = // (f(#t\n Ut, 0) + Fe(x — puge) + QtW) (X; e, Lee)P(w; 0, W)dxdw

= f(/’bt\tv ue,0) + Fe (/X¢(X?Mt|t7 Zt\t)dx - Mt|t> + Qt/ w(w; 0, W)dw

)

8 T
P '~‘// (F(eefer ve, 0) 4+ Fe(x—paeje) + Qew) (£ (pseje, e, 0)+ Fe(x— i)+ Qew) * d(x: prege, Teje)p(w; 0, W) dxdw
- M+1\t#tT+1\t

= f(ﬂtm Utvo) (/(X - ﬂt|t)T¢(X;Ht\tvzt\t)dX> F,:T + F: (/(X - #t\t)¢(xiﬂr\:7zr\t)dx> f(#r\t-, Ut,O)T

+ Ft </(X - ﬂt\t)(x - l‘«t\t)T¢(X3 Mt|tazt|t)dx> FtT +Q: (/ WWT¢(W?Oa W)dW> QtT

= tht\tFtT + QtWQtT



Extended Kalman Filter Update
> Let Hyyq = %(HH—I\UO) and Ryy1 = %(utH“,O) so that:
h(xt11, ver1) = h(iut—i—llta 0) + Her1(xer1 — Mt+1|t) + Rey1veta

» The joint distribution of x;11 and z;;1 can be computed in closed form:

Mey1)e = // h(x, v)p(x; //‘tJrl\t:ZtJrl\t)d)(V;Ov V)dxdv ~ h(#tﬂ\tvo)

5t+1\t = //(h(X> v) — mt+1|t)(h(X7 v) — mt+1\t)T¢(Xi Hetafts Zt+1|t)¢(V? 0, V)dxdv

~ ‘ Ht+1zt+1|th-Crl + Rey1 VRtTH

Ct+1\t = //(X - Mt+1|t)(h(xa v) — mt+1\t)T¢(Xi Ht41)ts Zt+1|t)¢(V? 0, V)dxdv

~ T
~ Zt+1\tHr+1

» The conditional Gaussian distribution of x;y1 | zt41 is then:

Pegtfe1 = Hegt)e + Keprje(Zerr — mega)e)
_ T
Z1:+1\1:+1 = Zt+1|t - Kt+1|t5t+1\th+1|t

. -1
Key)e i= Ct+1|t5t+1\t 8



Extended Kalman Filter

Prior:

Motion model:

Obs. model:

Prediction:

Update:

Kalman Gain:

xt | zo:t, Uo:t—1 ~ N(Mt|t7 zt\t)

Xt+1 = f(Xtv Ug, Wt)a Wi ~ N(O’ W)

df df
Ft = a(/”‘ﬂtv ut70)7 Qt = W(Mtlt’ Ut,O)

z = h(x¢,v¢), ve ~N(0,V)
dh dh
Ht = a(:u’ﬂtfl?O)v Rf = E(/’Lt‘tfho)
s f(:ut|t> ut, 0)
Zf+1|t = tht‘tFtT + QtWQtT

Pertjert = Hepr)e T Kepae(Zerr — b(pege, 0))
Zt+1|r+1 = (- Kt+l|th+1)Zt+l|t

~1
Kega)e i= Zt+1|t"'/tT+1 (Ht+lzt+1|tH1_:,-—i-1 + Rey1 VR )



Unscented Transform

» The unscented transform (Julier et al., 1995, 2000) is a numerical
method for approximating the joint distribution of a Gaussian random
variable y € R? and a nonlinear transformation g of it:

s (1)~ ((2) 5 &)

» Choose a set of 2d + 1 sigma points using the i-th columns of the

square root VT of the covariance ¥ = \/f\/fT (note: VI is
lower-triangular and can be obtained, e.g., via Cholesky factorization):

YO — . y(i)zui\/idJr)\[\/f], i=1,...,d

1

A:=0a?(d+k)—d, (a, k) : determine sigma points spread, e.g.,
a €[0.0001,1],k=0
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Unscented Transform

» The sigma points capture the shape of the original distribution of y well

and can be propagated through the nonlinear function g to estimate the
mean and covariance of the transformed variable

» The mean and covariance of s = g(y) are estimated using the sigma

pointsy(o)zuand y("):,u:t\/d—k)\[\/f], i=1,...,d:

2d

. A L
my =Y wmg (0 wim = 2 wim = yoi=1,2
u 2 g(J) )v 0 d+ ) i 2(d+ )’ : e 2d

Su= i W,-(c) (g (y(i)) - mu) <g (y(i)> - mu) T7 Wéc) = ﬁ +(1-a®+p)

e.g., « € [0.0001,1], 8 € {0,2}

2d

Cu= ; ) <y(i) _ u) (g (y(")) - mU) " W) = ﬁ., i=1,...,2d

11



Unscented Kalman Filter Prediction

» Prior: x; | zo:t, Up:t—1 ~ N(Mt\tazﬂt)
» Motion Model: x; 1 = f(x¢, ur, we), wy ~N(0, W)

()= () () - () = vamaa [V5 f]

» Prediction: fora =1, k=0, A=0,and 5 =2

2(dx+dw) )
:u’t+1|t - Z W ( t|t7ut7W(,)>
(dx+dw
_ Z Wc)( ( oy W()), )(f()(() Wm), )T
t+1|t ts Het1t t)e > Ut Heti)e
» Weights:
wim =o,  wm™ 1 i=1,...,2(dx+ dy)
0 ? I (dx+d ) ) ) X w
() _ (c) _ L -
Wy~ =2, W, _2(dx+dw)’ i=1,...,2(dy + dw)
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Unscented Kalman Filter Update
» Prior: xtt1 | Zo:t, Uo:t ~ N(Mt+1|ta Zt+1|t)
» Observation Model: z;11 = h(x¢+1, vit1),  Vver1 ~ N(0, V)

(0) ()
X L1 X M1t VExiie O
t+1)t | — [ M+l t+1t | — +1| / +1]
( 128 > < 0 ) 7 ( > ( 0 ) (6 ab) { V1,

P

Pegt|er1 = Her1je + Kegaje(ze41 — mt+1 t))
> Update: | | | |
zt+1|t+1 = Zt+1\t Kt+1|t5t+1|t +1|t

> Kalman Gain: K, = Ct+1|t5_

t+1|t
2(dx+dy)
mt+1|t - Z W ( t+1‘t7v(l))
2(dx+d

Sttt = Z w/e ( ( t-i-)l\t’v(i)) - mt+1|t) (h (Xt(+)1|t7v(i)) - ’"t+1\t)T
2(dx+dv)

Come= > W (2, meae) (h (AL V) = meire)
i=0
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Unscented Kalman Filter (additive noise)
Prior Xt+1 ‘ 20:t, Uo:t ~ N(Mt+1|t7 zt+1|t)
Motion model  x¢11 = f(x¢, ut) + we,  we ~ N (0, W)
Obs. model Zt+]_ = h(Xt+]_) + Vi+1, Vigl N(O, V)

K1)t = Z W(m)f ( (‘ )’ Ut) ) Xt(‘?:) = Ht|ts Xt(‘? = M|t +Vdx +A [\/ Z1:\1: ;

Predict
- T
Yo = Z VV,'(C) ( (Xt(‘t), Ut) - Mt+1\t> (f (Xt(|lt)7 Ut) - Mt+1|t) + W
i=0
Peg1jerr = feyije T Kepaje(Zerr — megage)
Update

— T
Zt+1|t+1 - Zt+1|t Kt+1|t5t+1\th+1|t

Kerae = Cepn)eSe e
2dy

. .
Mep)e = Z W < m\t) Xt(+)1\t Hertle Xy = Hesne Vo A [\/mer :

Sey)e = 22 VVi(C) (h (Xt(+)1\t> mt+1|t) (h (Xt(fl‘t) - mt+1\t> ! +V

i=0

Kalman gain

t+1|t = Z W(C) (Xt(irl‘t Ut+1\t> ( (Xt(+)1|t> mt+llt> !

14
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Applying a nonlinear transformation to
the random variable on the left results
in a new random variable (right)

EKF: Linearization-based approxima-
tion to the transformation formed by
calculating the curvature at the mean
(solid) and true covariance (dashed).

UKF: Unscented transform approxi-
mation to the transformation formed
by propagating sigma points through
the nonlinearity and estimating the co-
variance from them (solid) and true
covariance (dashed).
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Noisy Pendulum Tracking

» Consider a simple pendulum consisting of a mass
m hanging from a string of length L and fixed at
a pivot point P

» The differential equation for the pendulum
motion can be obtained using Newton’s second
law for rotational systems which relates the net
external torque 7 (position x force) to the
product of the moment of inertia / = mL? and
the angular acceleration 6(t):

mg cosf

7= —mglsinf(t) = ml%i(t) = 6(t)= —%sin@(t) + o ow(t)
noise~N(0,q)

» The model can be converted into a state-space model with state
x(t) := (0(t),w(t))T, where w(t) := (t) as follows:

i (50) = Lo oeo] = [ o



Discrete-time Model

» Motion model: a simple discretization of the pendulum state-space
model with sampling period 7 leads to:

W41 Wt — T% sin Gt

0 0 z z
Xt+1:(t+1>:|: et T ]—i—wt, wy ~ N O,q[f’z ]

f(xe)

» Observation model: consider estimating the angle 6; and the velocity
wy of the pendulum using measurements of its deviation from rest
position, i.e.,:

Zy = Lsin(et) + Vi, Ve N(O, V)
(xt)
h Xt

17



Extended Kalman Filter

» Jacobians of the motion and observation model for x = (6, w)":

Flx) = {_Tﬁlcos ) ﬂ H(x) = [Lcosd 0]

» Prior: x; | zp:¢ ~ N(Mt|t,zt|t)

0 w
'ut|t +T'ut|t
w o 8 0
Frje = T SIN Hyy

Zt+1|t = F(Nt|t)zt\tF(Mt|t)T + W

pr— f pr—
» Prediction: Heje ('utlt) [

18



Extended Kalman Filter

> Innovation: v,y == zt11 — Lsin(,u(zﬂlt)

» Measurement/innovation covariance:
5t+1|t = H(Mt+1|t)zt+1|tH(Mt+1|t)T +V

» State-measurement cross-covariance: Zt+1|tH(,ut+1|t)T

> Kalman gain: K = zt+1\tH(Mt+1\t)T5;L11|t

Per1e+1 = Hertle T Kep1)eVera)e

» Update:
Yorjerr = Zegae — KeprjeH(Heg1)e) Tega)e

19



EKF Performance

» 1=0.001,g=03,g=0981,L=1 V=064
» Prediction at 1000 Hz, update at 20 Hz

EKF RMSE=0.46

7

Angle [rad]

Angular velocity [radfs]
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Uscented Kalman Filter Prediction
» Prior: x; | z9.t ~ N(ut|t,zt|t)

» Sigma points with parameter A = a?(dy + k) — dy determining the
sigma point spread (usual choice: o € [0.0001,1], k =0, 8 € {0,2})

0 i .
Xt(|t) = M|t Xt(‘t) = W)t = (d« + ) [\/Zm E i=1,...,2dy

A - 1
w0 — wi = = 1. 2d,
dy + A’ Ade )y T b2
A , 1
w© _ 1-a2 wi) = =1,...,2dy
Cc dx+)\+( (6% "‘ﬂ)) Cc 2(dx+)\)7 ) )
» Prediction:
&) g (D)
Het1le = Z Wn'f (Xt|t)
i=0
&) (i) (i) T
Zf+1\t = Z We (f <Xt‘t) - Nt+1\t) (f (Xt‘t) - Mt+1\t> + W
i=0
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Uscented Kalman Filter Update

| 2

Sigma points:
0 i .
Xt(+)1‘t = Kyt th_)l‘t = Het1ft +/(de +A) [\/ Zt+1\t y i=1,...,2dx
2dx . .
Expected measurement: m; 1, = Z W,g;)h ()(t(jr)l‘t)
i=0

Innovation: vy ;= Ze41 — My

Measurement /innovation covariance:

Sevaie= 52 WE ( (30y) = mecai) (n () — mega) v
State-measurement cross-covariance: .

Ceqae = Z,?EB wl) <Xt(jr)1‘t - Mt+1\t) (h (Xt(—li-)1|t) - mt+1|t>

. _ -1
Kalman gain: K, q; = Ct+1\t5t+1|t

Pegt)e41 = Hep1le + Kep1)eVesa)e
Update: -
zt+1|t+1 = Zt+1\t - Kt+1|t5t+1\th+1|t
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UKF Performance

» 1=0.001,g=03,g=0981,L=1 V=064
» Prediction at 1000 Hz, update at 20 Hz

5 UKF RMSE=0.63

1

Angle [rad]

2

i \yf\j\/\\j \\/\/ \/ | \/

0 5 10 15

Angular velocity [rad/s]
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UKF vs EKF Predicted Covariance

- pior e ((5) [ 2, 22))

» One prediction step with parameters 7 =1, g =981, L =1

Prior Distribution Sampled Posterior Distribution

True
a=1,b=2
a=1.41,b=0




