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Visual-Inertial Localization and Mapping
I Input: IMU measurements of linear velocity vt ∈ R3 and rotational

velocity ωt ∈ R3 and visual features zt ∈ R4×Nt (left and right image
pixels) extracted from stereo RGB images

I Assumption: The transformation OTI ∈ SE (3) from the IMU to the
camera optical frame (extrinsic parameters) and the stereo camera
calibration matrix M (intrinsic parameters) are known.

M :=


fsu 0 cu 0
0 fsv cv 0
fsu 0 cu −fsub
0 fsv cv 0


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Visual-Inertial Localization and Mapping
I Output: the pose WTI ∈ SE (3) of the IMU with respect to the world

frame over time (green) and the world-frame coordiantes of the
landmarks (black) that generated the visual features
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Visual Mapping

I Consider the mapping-only problem first

I Assumption: the inverse IMU pose Tt := WT−1I ,t ∈ SE (3) over time is
known

I Objective: given the visual feature observations {zt}Tt=0, estimate the
homogeneous coordinates m ∈ R4×M in the world frame of the
landmarks that generated the visual observations

I Assumption: the data association πt : {1, . . . ,M} → {1, . . . ,Nt}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm

I Assumption: the landmarks are static, i.e., it is not necessary to
consider a motion model or a prediction step

4



Visual Mapping via the EKF

I Prior: m | z0:t ∼ N (µt ,Σt) with µt ∈ R4×M and Σt ∈ R3M×3M

I The covariance is 3M × 3M because only the 3-D part of the
homogeneous coordiantes µt,j is changing via a perturbation δt,j ∈ R3:

µt+1,j = µt,j + Dδt,j D =

[
I3
0T

]
I Observation Model: with measurement noise vt ∼ N (0,V )

zt,i = h(Tt ,mj) + vt := Mπ (OTITtmj) + vt

I Projection function and its derivative:

π(q) :=
1

q3
q ∈ R4 dπ

dq
(q) =

1

q3


1 0 −q1

q3
0

0 1 −q2
q3

0

0 0 0 0
0 0 −q4

q3
1

 ∈ R4×4
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Visual Mapping via the EKF
I EKF Update: with slight abuse of notation

Kt = ΣtH
T
t

(
HtΣtH

T
t + I ⊗ V

)−1
µt+1 = µt + DKt (zt −Mπ (OTITtµt))

Σt+1 = (I − KtHt)Σt

I ⊗ V :=

V . . .

V


I We need the observation model Jacobian Ht ∈ R4Nt×3M evaluated at µt

I Let the elements of Ht ∈ R4Nt×3M corresponding to different
observations i and different landmarks j be Hi ,j ,t ∈ R4×3

I The first-order Taylor series approximation to observation i at time t
using the perturbation δt,j of the position of landmark j is:

zt,i = Mπ
(
OTITt

(
µt,j + Dδt,j

))
≈ Mπ

(
OTITtµt,j

)︸ ︷︷ ︸
ẑt,i

+M
dπ

dq

(
OTITtµt,j

)
OTITtD︸ ︷︷ ︸

Hi,j,t

δt,j

6



Visual Mapping via the EKF (Summary)
I Prior: µt ∈ R4×M and Σt ∈ R3M×3M

I Known: calibration matrix M, extrinsics OTI ∈ SE (3), (inverse) IMU
pose Tt ∈ SE (3), dilation matrix D, new observation zt ∈ R4×Nt

I Compute the predicted observation based on µt and known
correspondences:

ẑt,i := Mπ
(
OTITtµt,j

)
∈ R4 for i = 1, . . . ,Nt

I Compute the Jacobian of ẑt,i with respect to mj evaluated at µt,j :

Hi ,j ,t =


M dπ

dq

(
OTITtµt,j

)
OTITtD if observation i corresponds to

landmark j at time t

0 ∈ R4×3 otherwise

I Perform the EKF update:

Kt = ΣtH
T
t

(
HtΣtH

T
t + I ⊗ V

)−1
µt+1 = µt + DKt (zt − ẑt)

Σt+1 = (I − KtHt)Σt

I ⊗ V :=

V . . .

V


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Visual-Inertial Odometry

I Now, consider the localization-only problem

I Assumption: the homogeneous coordiantes m ∈ R4×M in the world
frame of the landmarks are known

I Objective: given the IMU measurements {ut}Tt=0 with ut := [vTt , ω
T
t ]T

and the visual feature observations {zt}Tt=0, estimate the inverse IMU
pose Tt := WT−1I ,t ∈ SE (3) over time

I Assumption: the data association πt : {1, . . . ,M} → {1, . . . ,Nt}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm
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Visual-Inertial Odometry via the EKF

I Prior: Tt |z0:t , u0:t−1 ∼ N (µt|t ,Σt|t) with µt|t ∈ SE (3) and Σt|t ∈ R6×6

I The covariance is 6× 6 because only the six degrees of freedom of µt|t
are changing via a perturbation ξt ∈ R6:

µt+1|t = exp
(
ξ̂t

)
µt|t ≈ (I + ξ̂t)µt|t

I Motion Model: with time discretization τ and noise wt ∼ N (0,W )

Tt+1 = exp
(
(τ(−ut + wt))∧

)
Tt ut :=

[
vt
ωt

]
I Note that ut is negative above since Tt is the inverse IMU pose:

W ṪB = WTB ζ̂B

−B ṪW = (BTW )
(
W ṪB

)
(BTW ) = ζ̂B (BTW )

9



Perturbed Pose Kinematics
I Consider what happens with the pose kinematics

Ṫ = ζ̂T

if the pose is expressed as a nominal pose T̄ ∈ SE (3) and small
perturbation ξ̂ ∈ se(3):

T = exp(ξ̂)T̄

and the twist is expressed as a nominal twist ζ̄ ∈ R6 and a small
perturbation w ∈ R6:

ζ = ζ̄ + w

I The perturbed kinematics Ṫ = ζ̂T can be broken into nominal and
perturbation kinematics:

nominal : ˙̄T = ˆ̄ζT̄

perturbation : ξ̇ =
f

ζ̄ξ + w

f
ζ :=

[
ω̂ v̂
0 ω̂

]
∈ R6×6

I This is useful to separate the effect of the noise wt from the motion of
the deterministic part of Tt . See Barfoot Ch. 7.2 for details.
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EKF Prediction Step

I Using the perturbation idea from the previous slide, converted to
discrete time, we can re-write the motion model in terms of nominal
kinematics of the mean of Tt and zero-mean perturbation kinematics:

µt+1|t = exp (−τ ût)µt|t

ξt+1|t = exp
(
−τfut

)
ξt|t + τwt

f
ut :=

[
ω̂t v̂t
0 ω̂t

]
∈ R6×6

I EKF Prediction Step:

µt+1|t = exp (−τ ût)µt|t ut :=

[
vt
ωt

]
Σt+1|t = E[ξt+1|tξ

T
t+1|t ] = exp

(
−τfut

)
Σt|t exp

(
−τfut

)T
+ τ2W
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Adjoints

I The adjoint of T =

[
R p
0T 1

]
∈ SE (3) is:

T = Ad(T ) =

[
R p̂R
0 R

]
∈ R6×6

I Ad(SE (3)) := {T = Ad(T ) | T ∈ SE (3)} is a matrix Lie group

I The adjoint of ξ̂ =

[
θ̂ ρ
0T 0

]
∈ se(3) is:

ad(ξ̂) =
f
ξ =

[
θ̂ ρ̂

0 θ̂

]
∈ R6×6

I ad(se(3)) := {Φ = ad(ξ̂) ∈ R6×6 | ξ̂ ∈ se(3)} is the Lie algebra
associated with Ad(SE (3))

I The relationship between
f
ξ and T is specified by the exponential map:

T = exp

(
f
ξ

)
= I +

f
ξJL(ξ) JL(ξ) = T JR(ξ) = JR(−ξ)
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Pose Lie Groups and Lie Algebras

T = Ad
(

exp(ξ̂)
)

︸ ︷︷ ︸
T

= exp
(
ad(ξ̂)

)
︸ ︷︷ ︸

f
ξ

ξ =

[
ρ
θ

]
∈ R6

= Ad

(
exp

([
θ̂ ρ
0T 0

]))
= exp

(
ad

([
θ̂ ρ
0T 0

]))
= Ad

([
exp(θ̂) JL(θ)ρ
0T 1

])
= exp

([
θ̂ ρ̂

0 θ̂

])
=

[
exp(θ̂) (JL(θ)ρ)∧ exp(θ̂)

0 exp(θ̂)

]
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Rodrigues Formula for the Adjoint of SE (3)

I The exponential map is surjective but not injective, i.e., every element
of Ad(SE (3)) can be generated from multiple elements of ad(se(3))

I Rodrigues Formula: using (
f
ξ)5 + 2‖θ‖2(

f
ξ)3 + ‖θ‖4

f
ξ = 0 we can

obtain a direct expression of T ∈ Ad(SE (3)) in terms of ξ =

[
ρ
θ

]
∈ R6:

T = exp

(
f
ξ

)
=

[
exp(θ̂) (JL(θ)ρ)∧ exp(θ̂)

0 exp(θ̂)

]
=
∞∑
n=0

1

n!
(
f
ξ)n

= I +

(
3 sin ‖θ‖ − ‖θ‖ cos ‖θ‖

2‖θ‖

)
f
ξ +

(
4− ‖θ‖ sin ‖θ‖ − 4 cos ‖θ‖

2‖θ‖2

)
(
f
ξ)2

+

(
sin ‖θ‖ − ‖θ‖ cos ‖θ‖

2‖θ‖3

)
(
f
ξ)3 +

(
2− ‖θ‖ sin ‖θ‖ − 2 cos ‖θ‖

2‖θ‖4

)
(
f
ξ)4
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EKF Update Step

I Prior: Tt+1|z0:t , u0:t ∼ N (µt+1|t ,Σt+1|t) with µt+1|t ∈ SE (3) and

Σt+1|t ∈ R6×6

I Observation Model: with measurement noise vt ∼ N (0,V )

zt+1,i = h(Tt+1,mj) + vt+1 := Mπ (OTITt+1mj) + vt+1

I The observation model is the same as in the visual mapping problem but
this time the variable of interest is the inverse IMU pose Tt+1 ∈ SE (3)
instead of the landmark positions m ∈ R4×M

I We need the observation model Jacobian Ht+1|t ∈ R4Nt×6 with respect
to the inverse IMU pose, evaluated at µt+1|t
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EKF Update Step
I Let the elements of Ht+1|t ∈ R4Nt×6 corresponding to different

observations i be Hi ,t+1|t ∈ R4×6

I The first-order Taylor series approximation of observation i at time t + 1
using the IMU pose perturbation ξt+1|t+1 is:

zt+1,i = Mπ
(
OTI exp

(
ξ̂t+1|t+1

)
µt+1|tmj

)
≈ Mπ

(
OTI

(
I + ξ̂t+1|t+1

)
µt+1|tmj

)
= Mπ

(
OTIµt+1|tmj + OTI

(
µt+1|tmj

)�
ξt+1|t+1

)
≈ Mπ

(
OTIµt+1|tmj

)
︸ ︷︷ ︸

ẑt+1,i

+M
dπ

dq

(
OTIµt+1|tmj

)
OTI

(
µt+1|tmj

)�
︸ ︷︷ ︸

Hi,t+1|t

ξt+1|t+1

where for homogeneous coordiantes r ∈ R4 and ξ̂ ∈ se(3):

ξ̂r = r�ξ

[
s
λ

]�
=

[
λI −ŝ
0 0

]
∈ R4×6
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EKF Update Step
I Prior: µt+1|t ∈ SE (3) and Σt+1|t ∈ R6×6

I Known: calibration matrix M, extrinsics OTI ∈ SE (3), homogeneous
coordinate landmark positions m∈ R4×M , new observation zt+1∈ R4×Nt

I Compute the predicted observation based on µt+1|t and known
correspondences:

ẑt+1,i := Mπ
(
OTIµt+1|tmj

)
for i = 1, . . . ,Nt

I Compute the Jacobian of ẑt+1,i with respect to Tt+1 evaluated at µt+1|t

Hi ,t+1|t = M
dπ

dq

(
OTIµt+1|tmj

)
OTI

(
µt+1|tmj

)�
∈ R4×6

I Perform the EKF update:

Kt+1|t = Σt+1|tH
T
t+1|t

(
Ht+1|tΣt+1|tH

T
t+1|t + I ⊗ V

)−1
µt+1|t+1 = exp

((
Kt+1|t(zt+1 − ẑt+1)

)∧)
µt+1|t

Σt+1|t+1 = (I − Kt+1|tHt+1|t)Σt+1|t

Ht+1|t =

 H1,t+1|t
...

HNt+1,t+1|t


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SE (3) Geometry Review
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SO(3) Identities and Approximations

I Lie Algebra so(3)

θ̂ =

θ1θ2
θ3

∧ =

 0 −θ3 θ2
θ3 0 −θ1
−θ2 θ1 0


θ̂
T

= −θ̂
θ̂θ = 0

(Aθ)∧ = θ̂ (tr(A)I − A)− AT θ̂ A ∈ R3×3

θ̂φ̂ = φθT −
(
θTφ

)
I φ ∈ R3

θ̂
2k+1

=
(
−θTθ

)k
θ̂
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SO(3) Identities and Approximations

I Lie Group SO(3)

R = exp
(
θ̂
)

=
∞∑
n=0

1

n!
θ̂
n

= I +

(
sin ‖θ‖
‖θ‖

)
θ̂ +

(
1− cos ‖θ‖
‖θ‖2

)
θ̂
2 ≈ I + θ̂

R−1 = RT = exp
(
−θ̂
)

=
∞∑
n=0

1

n!

(
−θ̂
)n
≈ I − θ̂

det(R) = 1

tr(R) = 2 cos ‖θ‖+ 1

Rθ = θ

Rθ̂ = θ̂R

(Rm)∧ = Rm̂RT m ∈ R3

exp
(
(Rm)∧

)
= R exp (m̂)RT

20



SO(3) Identities and Approximations

I Jacobian of SO(3)

JL(θ) = I +

(
1− cos ‖θ‖
‖θ‖2

)
θ̂ +

(
‖θ‖ − sin ‖θ‖
‖θ‖3

)
θ̂
2 ≈ I +

1

2
θ̂

JL(θ)−1 = I − 1

2
θ̂ +

(
1 + cos ‖θ‖
‖θ‖2

− 1

2‖θ‖ sin ‖θ‖

)
θ̂
2 ≈ I − 1

2
θ̂

exp
(
(θ + δθ)∧

)
≈ exp

(
(JL(θ)δθ)∧

)
exp

(
θ̂
)

R = I + θ̂JL(θ)

JL(θ) = RJL(−θ)
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SE (3) Identities and Approximations

I Lie Algebra se(3)

ξ̂ =
ˆ[ρ
θ

]
=

[
θ̂ ρ
0T 0

]
∈ R4×4 f

ξ = ad(ξ̂) =

f[
ρ
θ

]
=

[
θ̂ ρ

0 θ̂

]
∈ R6×6

f
ζξ = −

f
ξζ ζ ∈ R6

f
ξξ = 0

ξ̂
4

+
(
mTm

)
ξ̂
2

= 0 m ∈ R3(
f
ξ

)5

+ 2
(
mTm

)(f
ξ

)3

+
(
mTm

)2 f
ξ = 0

m� =

[
s
λ

]�
=

[
λI −ŝ
0T 0T

]
∈ R4×6 m} =

[
s
λ

]}
=

[
0 s
−ŝ 0

]
∈ R6×4

ξ̂m = m�ξ mT ξ̂ = ξTm}
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SE (3) Identities and Approximations

I Lie Group SE (3)

T = exp
(
ξ̂
)

=

[
exp

(
θ̂
)

JL(θ)ρ

0T 1

]

=
∞∑
n=0

1

n!
ξ̂
n

= I + ξ̂ +

(
1− cos ‖θ‖
‖θ‖2

)
ξ̂2 +

(
‖θ‖ − sin ‖θ‖
‖θ‖3

)
ξ̂3 ≈ I + ξ̂

T−1 = exp
(
−ξ̂
)

=

[
exp

(
−θ̂
)
− exp

(
−θ̂
)
JL(θ)ρ

0T 1

]
=
∞∑
n=0

1

n!

(
−ξ̂
)n
≈ I − ξ̂

det(T ) = 1

tr(T ) = 2 cos ‖θ‖+ 2

T ξ̂ = ξ̂T
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SE (3) Identities and Approximations

I Lie Group Ad(SE (3))

T = Ad(T ) = exp

(
f
ξ

)
=

exp
(
θ̂
)

(JL(θ)ρ)∧ exp
(
θ̂
)

0 exp
(
θ̂
) 

=
∞∑
n=0

1

n!

f
ξ
n

= I +

(
3 sin ‖θ‖ − ‖θ‖ cos ‖θ‖

2‖θ‖

)
f
ξ +

(
4− ‖θ‖ sin ‖θ‖ − 4 cos ‖θ‖

2‖θ‖2

)
(
f
ξ)2

+

(
sin ‖θ‖ − ‖θ‖ cos ‖θ‖

2‖θ‖3

)
(
f
ξ)3 +

(
2− ‖θ‖ sin ‖θ‖ − 2 cos ‖θ‖

2‖θ‖4

)
(
f
ξ)4 ≈ I +

f
ξ

T −1 = exp

(
−

f
ξ

)
=

exp
(
−θ̂
)
− exp

(
−θ̂
)

(JL(θ)ρ)∧

0 exp
(
−θ̂
)  =

∞∑
n=0

1

n!

(
−

f
ξ

)n

≈ I −
f
ξ

T ξ = ξ T
f
ξ =

f
ξT

(T ζ)∧ = T ζ̂T−1
f

(T ζ) = T
f
ζT −1 ζ ∈ R6

exp
(
(T ζ)∧

)
= T exp

(
ζ̂
)
T−1 exp

(
f

(T ζ)

)
= T exp

(
f
ζ

)
T −1

(Tm)� = Tm�T −1(
(Tm)�

)T
(Tm)� = T −T

(
m�
)T

m�T −1

24



SE (3) Identities and Approximations
I Jacobian of SE (3)

JL(ξ) =

[
JL(θ) QL(ξ)

0 JL(θ)

]
= I +

(
4− ‖θ‖ sin ‖θ‖ − 4 cos ‖θ‖

2‖θ‖2

)
f
ξ +

(
4‖θ‖ − 5 sin ‖θ‖+ ‖θ‖ cos ‖θ‖

2‖θ‖3

)
f
ξ
2

+

(
2− ‖θ‖ sin ‖θ‖ − 2 cos ‖θ‖

2‖θ‖4

)
f
ξ
3

+

(
2‖θ‖ − 3 sin ‖θ‖+ ‖θ‖ cos ‖θ‖

2‖θ‖5

)
f
ξ
4

≈ I +
1

2

f
ξ

JL(ξ)−1 =

[
JL(θ)−1 −JL(θ)−1QL(ξ)JL(θ)−1

0 JL(θ)−1

]
≈ I − 1

2

f
ξ

QL(ξ) =
1

2
ρ̂ +

(
‖θ‖ − sin ‖θ‖
‖θ‖3

)(
θ̂ρ̂ + ρ̂θ̂ + θ̂ρ̂θ̂

)
+

(
‖θ‖2 + 2 cos ‖θ‖ − 2

2‖θ‖4

)(
θ̂
2
ρ̂ + ρ̂θ̂

2 − 3θ̂ρ̂θ̂
)

+

(
2‖θ‖ − 3 sin ‖θ‖+ ‖θ‖ cos ‖θ‖

2‖θ‖5

)(
θ̂ρ̂θ̂

2
+ θ̂

2
ρ̂θ̂
)

T = I +
f
ξJL(ξ) JL(ξ)

f
ξ =

f
ξJL(ξ) JL(ξ) = T JL(−ξ) 25


