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Visual-Inertial Localization and Mapping

» Input: IMU measurements of linear velocity v; € R3 and rotational
velocity w; € R3 and visual features z, € R**Ne (left and right image
pixels) extracted from stereo RGB images
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» Assumption: The transformation o T; € SE(3) from the IMU to the
camera optical frame (extrinsic parameters) and the stereo camera
calibration matrix M (intrinsic parameters) are known.
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Visual-Inertial Localization and Mapping

» Output: the pose v T; € SE(3) of the IMU with respect to the world
frame over time (green) and the world-frame coordiantes of the
landmarks (black) that generated the visual features




Visual Mapping
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Consider the mapping-only problem first

Assumption: the inverse IMU pose T; := WT,_t1 € SE(3) over time is
known

Objective: given the visual feature observations {z;}[_,, estimate the
homogeneous coordinates m € R**M in the world frame of the
landmarks that generated the visual observations

Assumption: the data association 7¢ : {1,..., M} — {1,..., N;}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm

Assumption: the landmarks are static, i.e., it is not necessary to
consider a motion model or a prediction step



Visual Mapping via the EKF
» Prior: m | zo.: ~ N (g, Z¢) with p, € R¥M and ¥, € R3Mx3M
» The covariance is 3M x 3M because only the 3-D part of the

homogeneous coordiantes p, ; is changing via a perturbation 4, € R3:

I3
Pep1j = pej+Dorj D= [OT]
» Observation Model: with measurement noise v; ~ N(0, V)
Zt,i = h(Tj_—, mj) —+ Vi 1= M7T (O T[ Ttmj) —+ V¢

» Projection function and its derivative:
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Visual Mapping via the EKF
» EKF Update: with slight abuse of notation

~1
Ke=XcH/ (HtZthT +1® V) vV
l’l’t—‘rl = l’l’t + DKt (Zt — MT[' (O T/ Ttl’l’t)) I X V =
Y1 = (1 — KeHy) X, v

» We need the observation model Jacobian H; € R*Ne*3M evaluated at p,

» Let the elements of H; € R*NeX3M corresponding to different
observations i and different landmarks j be H;  ; € R4*3

» The first-order Taylor series approximation to observation / at time t
using the perturbation d; ; of the position of landmark j is:

z;;i = Mm (O T T: (/J“t,j + Dét,j))
ﬂ

~Mr (0T Tepej) +M Jq

(oTiTenerj) 0Ty TeD by

/
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Visual Mapping via the EKF (Summary)
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Prior: g, € R*M and ¥, € R3Mx3M

Known: calibration matrix M, extrinsics o T; € SE(3), (inverse) IMU
pose T; € SE(3), dilation matrix D, new observation z; € R4 Ne
Compute the predicted observation based on w, and known
correspondences:

2ej:=Mn (oTiTepy ) €RY fori=1,...,N,
Compute the Jacobian of z; ; with respect to m; evaluated at e j:

M‘;—z (O T, Ttuw—) o T T:D if observation i corresponds to

Hij:= landmark j at time t
0 c R¥3 otherwise
Perform the EKF update:
-1
Ke = ToH (ththT e v) vV
I®V .=

Meyp1 = My + DK; (Zt - 2t)
Zt+1 = (I - Kth)zt



Visual-Inertial Odometry

» Now, consider the localization-only problem

» Assumption: the homogeneous coordiantes m € R**M in the world
frame of the landmarks are known

» Objective: given the IMU measurements {u;}/]_ o with vy == [v/], w/]T

and the visual feature observations {z;}[_,, estimate the inverse IMU

pose T := WT,}1 € SE(3) over time

» Assumption: the data association 7 : {1,..., M} — {1,..., N}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm



Visual-Inertial Odometry via the EKF
> Prior: Ti|zo.t, Uo:e—1 ~ N (fhe)e, Te)e) With pay, € SE(3) and Ty, € RO*O

> The covariance is 6 x 6 because only the six degrees of freedom of p,,
are changing via a perturbation &; € R®:

Hip1: = €Xp (ft) By = (I + ft)ﬂt|t

» Motion Model: with time discretization 7 and noise w; ~ N'(0, W)

Ter1 = exp ((7(—ue + we))") Te e [:j

» Note that u; is negative above since T; is the inverse IMU pose:

wTs = wTsls
—5Tw = (8Tw) (W TB) (8Tw) =Cg(8Tw)



Perturbed Pose Kinematics
» Consider what happens with the pose kinematics
T=(CT
if the pose is expressed as a nominal pose T € SE(3) and small
perturbation & € se(3):

A

T = exp(§) T

and the twist is expressed as a nominal twist ¢ € R% and a small
perturbation w € R®:
(=(¢+w
» The perturbed kinematics T = fT can be broken into nominal and
perturbation kinematics:
nominal : '_I' = A'I_' A
¢ L@ v RE%6
.A ¢ = 0 & €
perturbation : ¢ =({+w
» This is useful to separate the effect of the noise w; from the motion of

the deterministic part of T;. See Barfoot Ch. 7.2 for details.
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EKF Prediction Step

» Using the perturbation idea from the previous slide, converted to
discrete time, we can re-write the motion model in terms of nominal
kinematics of the mean of T; and zero-mean perturbation kinematics:

us :=

A,

Hip1)e = €Xp (—7d) K N AT
|: t t:| c ]R6><6
Wt

A _
i)t = €Xp (—Tut) Seje + 7w

» EKF Prediction Step:

~ Vi
Hip1)r = €Xp (—=70¢) |t ug = w
t

A ANT
Yo = E[ﬁtﬂ‘tﬁzﬂ‘t] = exp (—Tut) Yy exp (—Tut> + 72w
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Adjoints
» The adjoint of T = [OR;- 1] € SE(3) is
_ _|R BR 66
T=Ad(T) = [0 R] eR
> Ad(SE(3)) :={T =Ad(T) | T € SE(3)} is a matrix Lie group

» The adjoint of £ = [OOT g} € se(3) is

A

(@) =€ = [y 5] e

~

> ad(se(3)) :={P =ad(¢
associated with Ad(SE(

) € RO*6 | £ € s¢(3)} is the Lie algebra
3))
A
» The relationship between & and T is specified by the exponential map:
A

T = exp (g) S IHEDE)  TiE) = TTR(E) = Tr(—€)



Pose Lie Groups and Lie Algebras
Lie algebra Lie group

4% 4 ¢ ese(3) P, TeSE®3)

|ad |Ad

6x6 & cad(se(3) —25 T € Ad(SE(3))
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Rodrigues Formula for the Adjoint of SE(3)

» The exponential map is surjective but not injective, i.e., every element
of Ad(SE(3)) can be generated from multiple elements of ad(se(3))

A A A
» Rodrigues Formula: using (£)° +2(|6]/2(¢)® + ||0]|*¢ = 0 we can

obtain a direct expression of 7" € Ad(SE(3)) in terms of { = [z] € RO:

e (£) < [P0 O eolB] S 1

n=0
3sin|6] — 0] cos ||e||> ) (4 ~|lo]sin 6] - 4cos||e||) -
=1+ ( £+ (€)
276 e
sin|e|—||e||cos|e|) - (2—||0||sin|e|—2cos||0||> "
+ &)+ £
( E ©) 26| ©)
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EKF Update Step

» Prior: Tei1|zo:t, Uoit ~ N (g Zea1)e) With pyyq), € SE(3) and
Yinpe € ROx®

» Observation Model: with measurement noise v; ~ N(0, V)
ziy1; = h(Tey1,mp) + vey1 == Ma (o Ty Teyam;) + vy

» The observation model is the same as in the visual mapping problem but
this time the variable of interest is the inverse IMU pose T¢;11 € SE(3)
instead of the landmark positions m € R**M

> We need the observation model Jacobian H; y; € R*Nex6 \yith respect
to the inverse IMU pose, evaluated at p1; ),
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EKF Update Step

> Let the elements of Hy ); € R*Nex6 corresponding to different
observations i be H; 1), € R**®

» The first-order Taylor series approximation of observation i at time t + 1
using the IMU pose perturbation &; )¢y is:

Ziy1; = Mnm (O T;exp (£t+1|t+1> Ht+1\tmj)
~ Mm (O T (/ +é\t+1|t+l) Ht+1\tmj)

©
= M~ (o Titerqemi+oTi (Ht+1|tmj) §t+l|t+1>

dr
dq

2401 .
t+1,i Hi tr1)e

©
~ Mn (O TINt+1|tmj) +M (O TIHt+1|tmj) ol <Nt+1|tmj) Eer1fer1

where for homogeneous coordiantes r € R* and £ € se(3):

© .
£r = ro [S] = [)6/ _05] e R4*®
16



EKF Update Step

>

>

Prior: p, 1), € SE(3) and ¥, q), € R®®

Known: calibration matrix M, extrinsics o T) € SE(3), homogeneous
coordinate landmark positions me R**M new observation Zi41 € R4>Ne

Compute the predicted observation based on p; ), and known
correspondences:

2t+1,i = M (o T/“t+1|tmj) for i = ]., ey Nt

Compute the Jacobian of ;1 ; with respect to T;y1 evaluated at Hoiil)e

dr © 4x6
Hity1e = Md7q (O TlMt+1|tmj> ol (Nt+1\tmj) € R™
Perform the EKF update:
T T -1
Ketaje = X1 Hepe (Ht+1\tzt+1ltHr+1\t +1® V) Hy 1t
A A — .
Hep1)e+1 = EXP ((Kt+1|t(zt+1 - Zt+1)) ) Hiii)e Ht+1‘t

HNt+1,t+1‘t
17

zt+1\t+1 = (/ - Kt+1|th+1|t)zt+l|t



SE(3) Geometry Review
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SO(3) Identities and Approximations

» Lie Algebra so(3)

6 =-6
66 =0

(AB)" =0 (tr(A) —A) —ATH  Aec RS
0 = 07 (9%) I b e R3
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SO(3) Identities and Approximations

» Lie Group SO(3)
R=op(8) =3 10" =1+ (“”“’”)m (1_C050”>92ml+9

— nl 16]] 161>
~ > 1 A\ N ~
R :RT:exp(—e) :;ﬁ (—0) ~1-8
det(R) =1
tr(R) = 2cos |6 + 1
RO =6
RO = 6R
(Rm)" = RmRT m ¢ R®
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SO(3) Identities and Approximations

» Jacobian of SO(3)
Jd@:l+<1_wﬂm09+<mn_“wmvg

1612 19]13
- 1, 1+ cos |6 1 .0
)y =1~ _ -
Ji(0) / 20+< o2 2HgHsinWHa I —
exp ((6 +060)") ~ exp ((JL(0)56)") exp (@)
R:I+9ﬂw)
Ji(68) = RJL(-6)

—
I\J\ =
Q>> >
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SE(3) Identities and Approximations
> Lie Algebra se(3)
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SE(3) Identities and Approximations

» Lie Group SE(3)

T e (£) - [exp (6) WW]

0 1

ol s (L=cos|OIN o, (N6 =sin]l6\ s, 2
=2 —ivé (gt e s (Mgt e m et
1 5\ |exp(—0) —exp(-0)U(O)p] =1/ 2" _, 3
T —exp<—£)— . ) (1) 1_;)”!(—4) ~—¢
det(T) =1
tr(T) = 2cos 0] + 2
TE=ET
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SE(3) Identities and Approximations

» Lie Group Ad(SE(3))
exp 9 (Ju(8)p)" exn(
T=ad(T ( ) |: exp (6)

3sin [|0]] — [|0]| cos |16

)]

4 — [|0||sin |0]| — 4cos [|0]]

N X
=2t = '*( 26 >“<

2|6

2||‘9H3

B exp exp (49)
TE=¢ T£:€T
(T¢)" =TT (TO=TETH CeRe

(SmHBII HBIICOSH@II) G 6] sin[[6]] — 2cos ||6]

2|6*

{exp —exp )( 1(6 p)? ioni(*A)n

exp ((T¢)") = Texp (4) T exp ((7’{)) T exp (g) 71

(Tm)® = Tm®71
((Tm)®) " (Tm)” =77 (m) "7

) bimise
=
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SE(3) Identities and Approximations
» Jacobian of SE(3)

_[J(8) Qu(g)
4~ |0 sin|6] - 4cos||e\|) ) <4H0H ~5sin]0] + 6] cosnen) 2

=1+ +
( AGE : GE ¢
2 |0]|sin]6]] - 2cos|\0u> 3 <2||9\| ~ 3sin]|0]] + ]| cos uen) 2

+ +
< 28] ¢ 206]5 ¢

1
2
Ji(

I+

Q

¢
)7t —J(0)” 1QL(§)JL(9)

(7]
+

el — SlnH¢9II) YUY
PRSP (8p + p
( (s (

-
Que) = 30+
(12 - 2es ol -2
(

+

[ >(9 +pb” —30p0)

2|[0]| —3sin[|0]| + [1€]| cos [[1\ (452 , #2an
T (epe +0 pe)

+

T=1+E0(8) TOE=ENE) T = TI(=E)



