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Factor Graph

I A graphical model capturing the
first-order Markov assumptions

I Front-end: constructs the graph using laser-scan-matching or feature
matching

1. Nodes: variables to be estimated: robot poses and landmark positions

2. Edges (called factors): have associated measurement error functions and
information matrices, defining a Mahalonobis norm on the error

I Odometry: eij(xi , xj) = log
(
z−1
ij x−1

i xj
)∨

and Ωij = W−1

I Camera: eij(xi , xj) = zij − h(xi , xj) and Ωij = V−1

I Back-end: performs inference over the graph
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Inference over Factor Graphs
I Inference over the graph: a nonlinear

least-squares problem:

arg max
x

∑
(i ,j)∈E

eij(x)TΩijeij(x)︸ ︷︷ ︸
Fij (x)

I Linearization of the factors Fij(x) leads to a sparse linear system

I Assumptions:
I A “good” initial guess is available
I The error functions are smooth in the neighborhood of the minima

I Iterative linearization:
1. linearize the error functions ildexij(x) around the current guess
2. compute the gradient of the quadratic objective

∑
(i,j)∈E Fij(x), set it

equal to zero, and solve the resulting linear system
3. update the current guess and repeat

I The linearization points can be corrected iteratively via the
Gauss-Newton or Levenberg-Marquardt algorithms 3



Extended Kalman Smoothing via Least Squares
I Linearization trajectory: initial estimate x̂0:T , e.g., from odometry

I Motion model linearization:

xt+1 = f (xt , ut ,wt) ≈ f (x̂t , ut , 0) + Ft(xt − x̂t) + Qtwt wt ∼ N (0,W )

I Observation model linearization:

zt = h(xt , vt) ≈ h(x̂t , 0) + Ht(xt − x̂t) + Rtvt vt ∼ N (0,V )

I Jacobians:
Ft :=

df

dx
(x̂t , ut , 0) Qt :=

df

dw
(x̂t , ut , 0)

Ht :=
dh

dx
(x̂t , 0) Rt :=

dh

dv
(x̂t , 0)

I Error model: x̃t := xt − x̂t and ηt+1 := x̂t+1 − f (x̂t , ut , 0) and
z̃t := zt − h(x̂t , 0)

x̃t+1 + ηt+1 = Ft x̃t + w ′t , w ′t ∼ N (0,

Wt︷ ︸︸ ︷
QtWQT

t )

z̃t+1 = Ht+1x̃t+1 + v ′t+1, v ′t+1 ∼ N (0,Rt+1VR
T
t+1︸ ︷︷ ︸

Vt+1

)
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Extended Kalman Smoothing via Least Squares

I Joint distribution:

p(x0:T , z0:T , u0:T−1) = p0|0(x0)︸ ︷︷ ︸
prior

T∏
t=1

ph(zt | xt)︸ ︷︷ ︸
observation model

T∏
t=1

pf (xt | xt−1, ut−1)︸ ︷︷ ︸
motion model

I SLAM via MAP leads to nonlinear least squares:

arg max
x0:T

log p(x0:T , z0:T , u0:T−1)
linearize around

===========
initial guess x̂0:T

≈ x̂0:T + arg min
x̃0:T

{
‖x̃0‖2

Σ0|0
+

T∑
t=0

‖z̃t − Ht x̃t‖2
Vt

+
T∑
t=1

‖ηt + x̃t − Ft x̃t−1‖2
Wt

}
Mahalonobis Distance

===================
‖x‖Σ:=

√
xT Σ−1x=‖Σ−1/2x‖2

= x̂0:T + arg min
x̃0:T

{
‖Σ−1/2

0|0 x̃0‖2
2 +

T∑
t=0

‖V−1/2
t (z̃t − Ht x̃t) ‖2

2 +
T∑
t=1

‖W−1/2
t−1 (ηt + x̃t − Ft x̃t−1) ‖2

2

}

I Solve the linear least squares problem to obtain x̃0:T

I Update the linearization points: x̂ ′0:T = x̂0:T + x̃0:T

I Repeat by linearizing around x̂ ′0:T
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Sparse Least Squares

I
∥∥∥∥(x1

x2

)
−
(
y1

y2

)∥∥∥∥2

2

= ‖x1− y1‖2
2 + ‖x2− y2‖2

2 for x1, y1 ∈ Rd1 , x2, y2 ∈ Rd2

I Using this we can write the least-squares problem in matrix notation:

‖Σ−1/2
0|0 x̃0‖2 +

T∑
t=0

‖V−1/2
t (z̃t − Ht x̃t) ‖2 +

T∑
t=1

‖W−1/2
t−1 (ηt + x̃t − Ft−1x̃t−1) ‖2

= ‖Σ−1/2
0|0 x̃0‖2 +

∥∥∥∥∥∥∥
 V

−1/2
0 (z̃0 − H0x̃0)

...

V
−1/2
T (z̃T − HT x̃T )


∥∥∥∥∥∥∥

2

2

+

∥∥∥∥∥∥∥
 W

−1/2
0 (η1 + x̃1 − F0x̃0)

...

W
−1/2
T−1 (ηT + x̃T − FT−1x̃T−1)


∥∥∥∥∥∥∥

2

2

= ‖Σ−1/2
0|0 x̃0‖2 +

∥∥∥∥∥∥∥
V
−1/2
0 H0

. . .

V
−1/2
T HT


 x̃0

...
x̃T

−
V

−1/2
0 z̃0

...

V
−1/2
T z̃T


∥∥∥∥∥∥∥

2

2

+

∥∥∥∥∥∥∥∥∥∥


W
−1/2
0 F0 −W−1/2

0

W
−1/2
1 F1

. . .

. . . −W−1/2
T−1

W
−1/2
T−1 FT−1


 x̃0

...
x̃T

−
W

−1/2
0 η1

...

W
−1/2
T−1 ηT


∥∥∥∥∥∥∥∥∥∥

2
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Sparse Least Squares

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



Σ
−1/2
0|0

V
−1/2
0 H0

. . .
. . .

V
−1/2
T HT

W
−1/2
0 F0 −W−1/2

0

W
−1/2
1 F1

. . .

. . . −W−1/2
T−1

W
−1/2
T−1 FT−1


︸ ︷︷ ︸

J

 x̃0
...
x̃T

−



0

V
−1/2
0 z̃0

...

...

V
−1/2
T z̃T

W
−1/2
0 η1

W
−1/2
1 η2

...

W
−1/2
T−1 ηT


︸ ︷︷ ︸

b

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

2

2

= ‖Jx̃0:T − b‖2
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Sparse Least Squares

I Via linearization, we managed to reduce the SLAM problem to:

arg max
x0:T

log p(x0:T , z0:T , u0:T−1)
linearize around

===========
initial guess x̂0:T

x̂0:T + arg min
x̃0:T

‖Jx̃0:T − b‖2
2

I The matrix of Jacobians J is sparse

I JT J is the information matrix of the joint Gaussian distribution of
x0:T | z0:T , u0:T−1

I Setting the gradient to zero leads to the Normal equations:

JT Jx̃0:T = JTb

I Can be solved via Cholesky decomposition of JT J

I A more efficient and robust way, which avoids having to compute the
information matrix JT J (which also squares the condition number), is
QR factorization
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Solution via QR Factorization

I QR factorization: J = Q

[
R
0

]
∈ Rm×n

I The number of variables (nodes) is n
I The number of constraints (factors) is m
I R ∈ Rn×n is the upper triangular square root information matrix

since RTR = JT J
I Q ∈ Rm×m is an orthogonal matrix
I Solution via QR factorization:

‖Jx̃0:T − b‖2
2 =

∥∥∥∥Q [R0
]
x̃0:T − b

∥∥∥∥2

2

=

∥∥∥∥QTQ

[
R
0

]
ildex0:T − QTb

∥∥∥∥2

2

=

∥∥∥∥[R0
]
x̃0:T −

[
b′1
b′2

]∥∥∥∥2

2

= ‖Rx̃0:T − b′1‖2
2 + ‖b′2‖2

2︸ ︷︷ ︸
residual

I Since R is upper triangular, simple back-substitution can be used to
compute x̃∗0:T — leading to a least squares estimate for the complete
robot trajectory as well as all landmarks x0:T conditioned on all
measurements z0:T , u0:T−1 9



Factor Graph SLAM Summary

I The factor graph view of SLAM leads to a nonlinear least squares
problem

I Assuming an initial estimate of the robot trajectory and landmark poses
is available (e.g., from odometry and triangulation of 2-D image
features), we can use the Gauss-Newton algorithm to solve the nonlinear
least squares problem

I Gauss-Newton iterates between linearizing the system and solving the
resulting linear equation to update the pose-landmark estimates

I Assuming a Gaussian distribution for the constraints is not always the
best choice in the presence of outliers. A heavy-tailed distribution can
be used for outlier rejection

I Loop closure: observing previously seen landmarks generates
constraints between non-successive robot poses
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