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Visual-Inertial Localization and Mapping

» Input:
» IMU data: linear accleration a; € R and rotational velocity w; € R3
» Camera data: visual features z; € R**M: (left and right image pixels)

» Assumption: The transformation o T; € SE(3) from the IMU to the
camera optical frame (extrinsic parameters) and the stereo camera
calibration matrix M (intrinsic parameters) are known.

s, 0 c, 0 f = focal length [m]
M 0 fss, oo O su, Sy = pixel scaling [pixels/m]
ofsy, 0 ¢, —fsyb Cu, ¢, = principal point [pixels]

0 f5 o 0 b = stereo baseline [m]



Visual-Inertial Localization and Mapping

» OQutput:
> IMU pose w T; € SE(3) in the world frame over time (green)
» World-frame coordinates of the point landmarks m € R3*M™ that
generated the visual features z, (black)




Visual Mapping

» Consider the mapping-only problem first

» Assumption: the inverse IMU pose U; := WT,_t1 € SE(3) is known

» Objective: given the visual feature observations zy. 7, estimate the
homogeneous coordinates m € R**M in the world frame of the
landmarks that generated the visual observations

. m
» Homogeneous coordinates: m := [1}

» Assumption: the data association 7¢ : {1,..., M} — {1,..., N;}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm

» Assumption: the landmarks are static, i.e., it is not necessary to
consider a motion model or a prediction step



Visual Mapping via the EKF

» Prior: m | zo.; ~ N (g, Z¢) with p, € R3M and ¥, € R3MX3M

> Observation Model: with measurement noise v, ; ~ N (0, V)
z¢j = h(Us, mj) + v = Mm (O T, Utmj) + Ve

» Projection function and its derivative:

10 -2 90
dr 1101 -2 0

= — R4 —_— = — q3 €R4X4
m(q) 59 dq(q) sloo o o
00 —% 1

a3
» All observations (stacked as a 4N; vector) at time t with notation abuse:

74
ze=Mr(oTiUm)+v; vi~N(0,/@V) I®V:=



Visual Mapping via the EKF

» EKF Update:

-1
Ke = T H, (ththT e v)

et = pet Ko (zt ~ M (oTi Utut)>
N— —

Zt

Zt+1 = (/ - Kth)zt

» Z; is the predicted observation based on the landmark position estimates
. at time t

E R4Nt x3M

» We need the observation model Jacobian H; evaluated at p,

> Let the elements of H; € R*V*3M corresponding to different
observations i and different landmarks j be H; ;; € R4*3



Stereo Camera Jacobian

» Consider a perturbation dp, j for the position of landmark ;:
Mj = e+ Opty

> Projection Matrix: P = [/ 0]

» The first-order Taylor series approximation to observation / at time t
using the perturbation dp, ; is:

Zt,i = M']T (O T/ Ut(l’l’t,j + 5“1‘,_/)) + Vt7,‘
= Mn (o T,U; (Htj + PTfsl,Lt,j)) + Vi i
drm
d7q (O T[ Ut&t,j) OT/ UtPT (S[Jzt,] + Vt,i

Vv
i Fe,ij

~ M (O T, Utgw.) M




Visual Mapping via the EKF (Summary)
» Prior: p, € R3M and ¥, € R3Mx3M

» Known: calibration matrix M, extrinsics o T) € SE(3), inverse IMU pose
U; € SE(3), projection matrix P, new observation z; € R4*Ne

» Predicted observations based on p, and known correspondences m:
2;;:=Mnm (OTIUth’J-) eR* fori=1,...,N;
» Jacobian of Z;; with respect to m; evaluated at K

/\/I“;—;r (O T, Utﬁtj) oT1U:PT if observation i corresponds to

H:ij = landmark j at time t
0 c R**3 otherwise
» Perform the EKF update:
Ke = SoH, (HtZthT e v)_l vV

Pep1 = pe + Ke (2t — 2¢) foV =
Zt+1 — (I - Kth)Zt 8



Lie Group Probability and Statistics

» The elements of matrix Lie groups do not satisfy some basic operations
that we normally take for granted

» We need a different way to define random variables because matrix Lie
groups are not closed under the usual addition operation:

X=un+e€

e ~N(0,X)

» ldea: define random variables over the Lie algebra, exploiting its vector
space characteristics:

perturbation distribution

50(3) R = exp(&)p e~ N(0,%)
s0(3) O ~log(n)” + J(log(n)¥)e R =exp(d)

SE3) T — exp(&)s e ~ N (0,E)
se(3) O~ log(p)’ + Jt(log(k))e T =exp(f)



Lie Group Probability and Statistics
» SO(3) and SE(3) Random Variables:

R = exp(&)p T =exp(&)p
where p is a ‘large’ noise-free nominal rotation/pose and € ~ N(0,X) is
a ‘small’ noisy component in R3 or R®

» Note that € = log (RuT)V and € = log (T;fl)v

» Assuming € has most of its mass on ||¢|| < 7, the pdf of R can be
obtained using Change of Density with dR = |det(J.(€))|de:

v\ T v
p(R) = \/(27r)iT(Z) exp (—; (Iog (R;ﬂ) ) T 1log (RuT) ) m

» The choice of i and ¥ as the mean and variance of R are justified:

/Iog (RMT)V p(R)dR =0
/Iog (RNT>V (Iog (R;LT)V>T p(R)dR =El[ee'| = X
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Example: Rotation of a Random Rotation Variable

> Let @ € SO(3) and @ € R3. Then:
Qexp(@)QT = exp (Q@QT> = exp ((QO)A)

» Let R € SO(3) be a random rotation with mean p € SO(3) and
covariance ¥ € R3%3,

» The random variable Y = QR € SO(3) satisfies:
Y = QR = Qexp(&)p = exp ((Qe)") Qu

E[Y] = Qu
Var[Y] = Var[Qe] = QX Q"
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Visual-Inertial Odometry

>

>

Now, consider the localization-only problem

We will simplify the prediction step by using kinematic rather than
dynamic equations

Assumption: linear velocity v; € R3 instead of linear acceleration
a; € R3 measurements are available

Assumption: the world-frame landmark coordinates m € R3*M are
known

Assumption: the data association 7¢ : {1,..., M} — {1,..., N;}
stipulating which landmarks were observed at each time t is known or
provided by an external algorithm

Objective: given the IMU measurements ug.7 with u; == [v}, w/;]"
and the visual feature observations zg.1, estimate the inverse IMU pose
U := w T, } € SE(3) over time

12



Visual-Inertial Odometry via the EKF
> Prior: Ut|zo:r, uo:e—1 ~ N (fe)e, Tepe) With pry), € SE(3) and ), € RO*6

» The covariance is 6 x 6 because only the six degrees of freedom of
U: € SE(3) are changing

> Motion Model: with time discretization 7 and noise w; ~ N(0, W)

Urr1 = exp (—7' ((ue + Wt))A) Ut u; = [:’t] € R®

t
» Note that u; + w; is negative above since U; is the inverse IMU pose
» Let the IMU pose in continuous time be \, T;(t) = T(t) = U~(t):
T=Ta TU=I TU+TU=0
U=-UTU=-U(Ta)U=—-aU
Ut+1 = eXp(—Tﬁt)Ut
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Pose Kinematics with Perturbation

» Consider what happens with the pose kinematics
T=—(0+wW)T

if the pose is expressed as a nominal pose p € SE(3) and small
perturbation dp € se(3):

T = exp(éﬁ)u ~ (I + 5Au> 7

» Substituting the nominal 4+ perturbed pose in the kinematic equations:

<5L>u+(/+6ﬁ)u:—(ﬁ+m(l+5ﬁ)u
(5L)u+5ﬁﬂ+ﬂ=—ﬁu—Wu—ﬁéﬁu—Mo
p=—tp  (op) p— Spip = —up — 60jup

2 ~ A~ A
o= —up 6p:6uﬁ—ﬁ5u—\fv:(—ﬁ6u) - W
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Pose Kinematics with Perturbation

» Using T ~ (/40 ) p, the pose kinematics 7 = — (i + W) T can be

split into nominal and perturbation kinematics:

A

U= [w ] € RO*®

& <

nominal : = —au

perturbation : dp = —ﬁ&u +w

0

» |n discrete-time with discretization 7, the above becomes:

nominal :  p, ;= exp (—7l¢) p,

perturbation :  dp,,q = exp (—Tﬁt) Opry + Wy

» This is useful to separate the effect of the noise w; from the motion of
the deterministic part of T;. See Barfoot Ch. 7.2 for details.
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EKF Prediction Step

» Using the perturbation idea from the previous slide, converted to
discrete time, we can re-write the motion model in terms of nominal
kinematics of the mean of T; and zero-mean perturbation kinematics:

Hip1)e = €Xp (—7ay) K|

A
Ofbeyq|e = €XP <—Tut) Opte)e + Wt
» EKF Prediction Step with w; ~ A(0, W):
Hiip1r = €Xp (—7hy) Iyt
T A ANT
Zt+1|t = E[5Nt+1|t6ﬂt+1\t] = exp (_Tut) Zt|t exp <_7'Ut> + W
where

V¢ 6 A G\Jt V¢ 4x4 A ‘:’t ‘A’t 6x6
us = ceR®> 0; = eR u; = ~ | €R



EKF Update Step

» Prior: Uri1|zo:t, Uo:t ~ N (g Ze1)e) With peyq), € SE(3) and
Yipe € RO*0

» Observation Model: with measurement noise v; ~ N(0, V)
ze11i = h(Uep1, mj) +veq1i o= M7 (0 TiUspim;) + veyri

» The observation model is the same as in the visual mapping problem but
this time the variable of interest is the inverse IMU pose U;t1 € SE(3)
instead of the landmark positions m € R3*M

> We need the observation model Jacobian H; y; € R*Nex6 \ith respect
to the inverse IMU pose U, evaluated at ft; ),
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EKF Update Step

> Let the elements of Hy 1) € R*M*® corresponding to different
observations i be H; . 1|; € R#x6

» The first-order Taylor series approximation of observation / at time t + 1
using an inverse IMU pose perturbation dft; 1441 is:

zp41,i = Mm (o T exp <5ﬁt+1|t+1) Ht+1|tmj) +Veri

~ M’]T (O T[ (l + 6/}'l‘t+1‘t+1) l-“t+1‘tmj) + Vt+17,'
©
= Mn (o Tiegqemi+oT (Mt+1\tmj) 5Ht+1|t+1) + Vit

dm o}
~ Mm (O TINt+1\tmj> + qu (O TINt+1\tmj> oTi (Nt+1|tmj> Opbep1jer + Versi
—_—_—

i .
4L Hi t1)e

where for homogeneous coordinates s € R* and £ € se(3):

A_ S®_ l S R4X6
e-se [1] =l o]

18



EKF Update Step

>

>

Prior: p, 1), € SE(3) and ¥, ), € R®*®

Known: calibration matrix M, extrinsics o T; € SE(3), landmark
positions m € R3*M new observation z;; € R**N:

Predicted observation based on p, |, and known correspondences 7:

301 = Mr (o T,um,tmj) fori=1,...,N,

Jacobian of z; 1 ; with respect to U;y1 evaluated at Fiy1)e

dm O p4x6
Hiti1e = Mdiq (O Tl#t+1|tmj) ol (”t+1\tmj> € R™
Perform the EKF update:
T T -t
Keraje = L1y Hep)e (Ht+1\tzt+1|th+1\t +1® V) Hl,t+1\t
Hit1)t41 = €Xp ((Kt+1|t(zt+1 - it+1))/\) Hiq1)e HH‘l\t = :

H
Yortperr = (I = KegpajeHege) T e Ne,t+1]t
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