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Bayes Filter

» Markov Assumptions:
> Motion model: given x;, u;, the state x;,; is independent of the history
X0:t—1» Z0:t—1, UQ:t—1-

Xt41 = f(xhuhwt) ~ Pf(' | X¢, Ut)

» Observation model: given x;, the observation z; is independent of the
history Xo:.t—1, Zo:t—1, Uo:t—1:

z; = h(x¢,ve) ~ pa(- | xt)
» Prior: py(x¢) == p(xt | zo:t, Uo:t—1)
» Prediction: pt+1|t fpf x|s, ut)pt|t( s)ds

Ph(Zt+1|X)Pt+1\t(X)
J pr(zey1ls)pesae(s)ds

» Update: p;qj;11(x) =



Kalman Filter

» A Bayes filter with the following assumptions:
» The prior pdf p;|; is Gaussian
» The motion model is linear in the state x; with Gaussian noise w;
» The observation model is linear in the state x; with Gaussian noise v;
» The motion noise w; and observation noise v; are independent of each
other, of the state x;, and across time

> Prior: x; | zo.r, Uo:t—1 ~ N (peje, Teje)
» Motion Model:

Xer1 = F(Xe, U, W) := Fxe + Guy +wye,  wy ~ N(0, W)

Xer1 | Xe,ur ~ N(Fxe 4+ Gug, W), F € R&X% G e R&*d Py ¢ Rx*d
» Observation Model:

2y = h(x¢,ve) := Hxe +ve,  ve ~ N(0, V)
Z; ‘ Xt’\-’./\/‘(l"l)(t7 V), HERdedX, VGRdedz



Matrix Manipulation

» The following results are necessary for deriving the Kalman filter:
> Matrix inversion lemma:

(A+BDC) ' =A1— A1B(D'+ CA'B) ' CA™!
» Matrix block inversion:

A Bt (A— BD-1(C)1 —(A-BD-1C)~1BD"1
C D| T |-DlC(A-BD71C)'! D !'+4DIC(A-BD1C)BD?

(D—CA-1B)-1

A B

> .
Schur complement: det ([C D

}) = det(A) det(Sa) = det(D) det(Sp)

» S, =D—-CA !B
» Sp,=A—BDC

» Square completion:

1
“x"Ax+b'x+c=

10T _ 1 _
5 (x+A7'b) A(x+A lb)fEbTA 'b+c

N~



Gaussian Distribution

» Gaussian random vector X ~ N(u,X)
» parameters:
> mean p € R?
> covariance ¥ € S¢, (symmetric positive definite matrix)

> odf o(x- — 1 L1y TS 1y
pdf: §(x; 1, X) 1= o exp (=3 (x — ) T2 (x — 1))
> expectation: E[X] = [ x¢(x; u, L)dx = p

> (co)variance: Var[X] = E [(x ~E[X]) (X — E[X])T] -y



Information Form of the Gaussian Distribution

» An alternative Gaussian parametrization: X ~ G(v,Q)
» parameters:

> information mean v := ¥y € R
> information matrix: Q :=¥"! € S%,

» pdf: obtained using square completion:

o(x; v, Q) = d(;r()s? exp <; (xTQx —2wTx+ VT91V)>

1
o exp (—QXTQX + VTX>

> expectation: E[X] = Qv

> (co)variance: Var[X] =Q!



Covariance and Information Matrix Relationship

» The matrix block inversion relates the elements of Q and X

-1
Qan QAB] 1 FAA ZAB]
) [QXB Qpp s BB

» The blocks are related via:

Qan = (Taa — LasZppXap) "

Qag = —QaaZasXgp
Qps = Tpp + TppTasaaTAsT 55

= (Z88 — ZagZaaZas) "
» The determinants are related via:

det(X) = det(X
det(Q2) = det(Q

AA
AA



Gaussian Marginals and Conditionals

» Consider a joint Gaussian distribution:

XA Ha 2 AA ZAB:|
X = ~N ,
<XB> ((NB) [ZXB Y BB )
N —~ T
m

» The marginal distributions are also Gaussian:
xa ~ N(pa, Lan) xg ~ N(pg, XeB)

» The conditional distributions are also Gaussian:

xg | x4 ~ N(HB + Y AT an (xa — 1a) T — ZXBZZ}\ZAB>

Schur complement of X 54

Xa | xg ~ N(NA + T as¥pp (X6 — pg), Taa — ZABZEéz—lA—B)

~
Schur complement of Xgg



Gaussian Marginal

» Let x4 :=xa4— g €R" and Xg := xg — g € R™ and consider:

- XA\ . (Ba) |Xaa ZABD d
o= [ () () [53 Eoe] ) oo
= % / exp (—} <i£QAAiA + 2)?XQAB)N(B +ngBBiB>) diB
(2m)"2" det(X)1/2 2
Sq. Comp. 1 / ( 1r,. 1 AT =~ T ~ 1 AT =~
£ P exp | —= |(Xg + Q5aa5%Xa) Qs(X5 + QapQasXa
(27r)+Tdet(Z)1/2 5 [( s652aB%A) ( s5$2aB%A)
7;(IQABQEEQXB)~(A + ;(XQAA)?A]) dXg
» Note that:
> [ d(%ei —QppQigka, Qgg)dis = 1
> Toa = Qaa — Qa0
> det(X) = det(Taa) det(Q53)
1
— ;exp (—liTZ*liA) /qﬁ(ig-—Q’l %a, Qpp)d%s
(27)2 det(T aa)/2 2 ATAA ! ABTA7"BB
:>‘XA NN(I"'Av):AA)‘




Gaussian Conditional

p(xa | xg) =

1

p(XA, XB) . (2m)mtm det(X)

o2 (x—p) TZ 7 (x—p)

p(xg) 1

(2m)™ det(Xp5)

—1
e*%(xB*HB)TzBB(XB*HB)

1 o () TE 2 ) —(x5— 1) TE i (x5 —p1g))

V/(2m)7 det(T)/ det(>p5)

» Consider the exponent:

cTo = LoTo o LToT o LT o oTs-1c
XAQAAXA + XAQABXB + XBQABXA + XBQBBXB — XBZBBXB

ST oA ST -1z sTy—15T -1z
= XAQAAXA — QXAQAAZABZBBXB + XBZBBZABQAAZABZBBXB

=

(%a — ZasZpp%e)  Qaa(%a — TagTgp%s)

xa | xg ~ N (MA + X AT pp(xe — HB) Taa — ZABZEEZ£B>

10



The Gaussian Distribution is Stable

» Stable distributon: a linear combination aX; + bX, of two independent
copies of a random variable X has the same distribution as ¢X + d up to
location d and scale ¢ > 0 parameters

» The Gaussian distribution is stable

» Since addition of random variables corresponds to convolution of their
pdfs, the space of Gaussian pdfs is closed under convolution:

/ o(x; Fs, W)d(s; u, X)ds = ¢ (x; Fu, FLFT + W)

» The space of Gaussian pdfs is also closed under geometric averages
(up to scaling):

[tersiss (s (L) (Srm) (g) |

11



Kalman Filter

» A Bayes filter with the following assumptions:
» The prior pdf p;|; is Gaussian
» The motion model is linear in the state x; with Gaussian noise w;
» The observation model is linear in the state x; with Gaussian noise v;
» The motion noise w; and observation noise v; are independent of each
other, of the state x;, and across time

> Prior: x; | zo.r, Uo:t—1 ~ N (peje, Teje)
» Motion Model:

Xer1 = F(Xe, U, W) := Fxe + Guy +wye,  wy ~ N(0, W)

Xer1 | Xe,ur ~ N(Fxe 4+ Gug, W), F € R&X% G e R&*d Py ¢ Rx*d
» Observation Model:

2y = h(x¢,ve) := Hxe +ve,  ve ~ N(0, V)

z; | x; ~ N(Hxs, V), HeR%=x% v e RdExd:

12



Kalman Filter Prediction

Pt+1\t(x) = / pr(x s, Ut)Pt\t s)ds = /(15 (x; Fs + Guy, W)g(s; it Zt\t)ds

= /exp{ — Gu))TWH(x— Fs — Gut)} x
T )9x et et t t
(2m) % /det(W) det(Xy

1 _
Kt exp{—E(s—Ht‘t)th‘:(s—um)}ds

1
:Ht‘t/exp{fi (sT(FTW T h)s - 2%y g+ FTWS (fout))Ts+...>}ds

Sq.Comp.

P(x; Frege + Guy, th\t"'— + W)

Inv.Lemma

Pt+1|t(x) = /¢(X; Fs+ Guy, W)¢(5;Mt|ta Zt|t)ds
= @(x; Fpye + Guy, th\tFT + W)

13



Kalman Filter Prediction (easy version)

» Motion model with given prior:
Xep1 = Fxe+ Gue+we,  we ~ N(O, W), xe ~ N (g, Tope)

» Since w; and x; are independent and the Gaussian distribution is stable,
we know that the distribution of x;11 is Gaussian: N(ut+1|t, Yit1)e)

» We just need to compute its mean and covariance:

Bep1je = E[Fxe + Gue +wi] = FE[x;] + Gut + E[we] = Fpy, + Guy

independence

Yipae = Var [Fx; + Gug + wy] Var [Fx:] + 0 + Var [wy]

=E [F <xt — ut‘t) (xt — Mt|t>T FT] + W
=FL.FT + W

14



Kalman Filter Update

P(zt41 [ X)Pesa)e(X) _ H(ze+1; HX, V)O(X; pegajes Teqafe)
p(zes1 | 2o, u0:e) [ G(zer1; Hs, V)O(S; egajer Ter)e)ds
_ d(zev1 HX, V)O(X; peyaje, Tegafe)

© d(zerns Hpve e, HY i qeHT + V)

Pt+1\t+1(x) =

Ketrl 1 _ 1 3
= 7]:1 exp {_E(thrl - Hx)TV I(Zt+1 - Hx)} exp {—E(x - ut+1\t)TZt+ll|t(x — Ht+1|t)}

Rt+1

1 — _
B Ne+1 P {_5 (XT(HTV H+ Zfﬂlt)x +2(H V21 + ztjl\t“tﬂlt)Tx . ) }
Sq. Comp.

¢<x;(HT\/ H s L ) T H V e + 5 ) (HTVTTH AT ) )

Inv. Lemma

® (X; Mep)e + Kt+1\r(zt+1 - H/J'tJrl\t)v (I - Kt+l|tH)Zt+l|t)

> Kalman gain: Kyq)e =S¢ qeH T (HEepq HT + V)7

15



Kalman Filter Update (easy version)

>

Observation model with given prior:
Zir1 = Hxep1 + viga, Vgl ~ N(07 V)7 Xt41 ~ N(ut+1|t7 Zt+1|t)

The joint distribution of x¢+1 and z;41 is Gaussian:

<Xt+l) ~ N <( Higa)e ) [th—i-Ht Ct—i—lLtr ])
Zty1 Hupene) ' Ct+1\t HYipeH +V

T
Ct+1|t =E [(Xtﬂ - Ht+1|t> (Zt+1 - HNt+1|t> }

=E th—&-l - H't+1|t) ((xt+1 - H't+1|t)THT + VL—l” = zt-}—l\tHT
The conditional distribution of X¢+1 | Zt41 is then also Gaussian:

Xe+1 | Zep1 ~ N (/’l‘t+1|t + T eeH (HE e + V) N (zer1 — Hpe o),

Zt—‘rl\t - zt+l\tHT(Hzt+l\tHT + V)71H2t+1\t)

16



Kalman Filter Summary

Motion model:
Observation model:

Prior:

Prediction:

Update:

Kalman Gain:

Xey1 = Fxe + Guy +we,  we ~ N(0, W)
Z; = HXt + Vi, Vi ~ N(O, V)
X¢ | Z0:t, UQ:t—1 ~~ N(“’t|tvzt|t)

Piae = Froge + Gue
Zt+1|t = th‘tFT + W

Meiaje+1 = Mepa)e + Kt+1\t(zt+1 - Hﬂt+1|t)
Zt+1|t+1 = (/ - Kt+1\tH)Zt+1|t

-1
Kiy1)e == Zt+1|tHT (Hzt+1|tHT +V)

17
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Kalman Filter Comments

» The normalization factor in the update step (Bayes rule) is Gaussian:
P(zes1 | 2ot gie) = / p(ze+1 | $)p(s | Zo:e, toue)ds

= /¢(Zt+1? Hs, V)o(s: ey a)e, Teta)e)ds

= ¢(ze11; Hitep1)e HE 1) H + V)

» Innovation: the term ryy 1 := 2441 — Hut+1|t used to correct the mean
in the update step

» The innovation r;1; conditioned on the past information zg.+, ug.; has
the same covariance as p(z:+1 | zo:t, Uo:t):

Efrer1 | 2o, uoe] = HHt+1|t - HNt+1|t =0
E |’t+1|’tT+1 | 20:t, Uo:t| = Hzt+1\tHT +V

» Kalman gain: the matrix K, |; scales the innovation r41 by its
covariance and determines how much to trust it in the update
22



Kalman Filter Comments

>

>

Efficient: polynomial in measurement and state dim: | O(d237® 4 d?)

Optimal: under linear, Gaussian, and independence assumptions with
respect to the mean square error (MSE):

E [ lxe = preell3] = tr(Eep)

To deal with unknown models we can use EM to learn the motion
model (F, G, W) and the observation model (H, V)

Given data D := {z¢.7,up.7-1}, apply EM with hidden variables xq.7:
» E step: Given initial parameter estimates
0 = {FK) G Wk H® VK] calculate the likelihood of the
hidden variables via the Kalman filter/smoother
> M step: Optimize the parameters via MLE to obtain 6
the posterior distribution over xq.7 better

(k+1) which explain

Most robot systems are nonlinear!
23



Information Filter

» Uses the information form x ~ G(v, Q) where v = ¥ 1y and Q = £ 1

» Converts the Kalman filter equations to their information form
counterparts via the matrix inversion lemma

Motion model:
Observation model:

Prior:

Prediction:

Update:

Xer1 = Fx: + Guy +wy,  we ~ G(0, W)
z; = Hx; + v, ve~G(0,V1)

Xt | Zo:t, Uo:t—1 ~ GV, Qeye)

Verte = Qe (FQ;‘tluﬂt + Gut)

Quaje = (FOLFT + W>71

t|t

_ Ty-1
Vertjerl =Verie +H V2o
Ty/-1
Qii1je41 = Qe +H VT H

24



Kalman-Bucy Filter (continuous time)

Motion model: x(t) = Fx(t) + Gu(t) + w(t)

Observation model:  z(t) = Hx(t) + v(t)

Prior: x(0) ~ N(ps(0), X(0))

Mean: f1(t) = Fu(t) + Gu(t) + K(t) (2(t) — Hpu(t))
Covariance: Y(t) = FX(t)+ Z(t)F" + W — K(t)VK T (t)
Kalman Gain: K(t) = ()HT V!

25



Gaussian Mixture Filter

»> Motion model: x;,1 = Fx; + Gu; +w;, w; ~ N(0, W)
» Observation model: z; = Hx; + vy, vt ~ N(0, V)
. k
» Prior: x; | zo.r,Up:t—1 ~ pt|t(xt) = 4 atltgb (xt'“ﬂt)’ Z£|t))
» Prediction: .
Pey1e(x) = /pf(x | 's, u¢)pye(s)ds = Z ug‘kt) /(/)(x; Fs+ Guy, W)é (s; “ET‘A ):(tft)) ds
k

=3l (x Fulf) + Gue, FEWFT + w)
k

» Update:
Ph(Zer1 | X)Peraje(x) _ ¢ (ze11; Hx, V)Zk"‘t+)1\t¢ (X “(r:)uwz(r:)u:)

P(zest | 200 U0:) [ g(z,,q; Hs, V) (;’lmo (s;u&)m ZEQIH) ds

Z ( r+1\t¢’(zt+1 Hx, V) (x “E?nwz(r?ut) " ¢ (Zt+1? H”ii)uﬁ HZE?IHHT + V))
- 3000 (zm; Hud)  HED) | HT 4 v) P (zm; Hu),  HED HT ¢ v)

(k) 1y, (0 (k) g1
_ Oev11¢9 (’f“’ iy HE et + V) QIO CHA Y (kB s
U) ] 4) 4) olx I"’t+1\t+ t+1\t(zf+1 “t+1\t)’( t+1[t ) t+1t
k Q1)@ (zf+1' Hpye Zrﬂ\:H + V)

pt+1\t+1(x) =

(k) (k) (k) !
> Kalman Gain: K(y ==, HT (HZ!), HT + V) N



Gaussian Mixture Filter

> The GMF is just a bank of Kalman filters with weights o(¥) scaled by
the observation model in the update step

» The GMF is also called the Gaussian Sum Filter

k
» pdf: x; | 2o:r, o1 ~ prje(x Zat|t¢<xt’“t\t)’z(t|t))

> mean: p, = E[x | zo:t, uo:e-1] = /XPtt )dx = Zaﬂt “t|t

. . o T T
» covariance: Zt|t =FE [xtxt | zo.¢, uo;t,l] — ut‘tuﬂt

k k
= /xprt|t(x)dx - p‘t\t”‘ﬂt Zaﬂt ( t|t + N£|t)(l‘§\t)) ) - Ht|thT\t

27



Rao-Blackwellized Particle Filter

» The Rao-Blackwellized (marginalized)
particle filter is applicable to :
conditionally linear-Gaussian models: :

1

(A%)d

X1 = B0 + AN+ GROIw) ™ 7

th+1 ftI(X?) A{“(X:)th G!(X:)th e
H . n
2 = hy(x?) Ct(Xf)Xl{ v Nonlinear states: x;

Linear states: x/

» ldea: exploit linear-Gaussian sub-structure to handle high dim. problems

I _n / n n
P (Xt,Xo;t | 20:t, UO:t—l) =p (Xt | 20:t, UO:t—17X0:t> p(XO:t | 20:t, UO:t—l)

Particle Filter

Kalman Filter
Nt\t

_ (k) n . (k) I, (k) (k)
- Zat\t6 (XO:t' mt\t) ¢ (Xt' 'ut|t ’ Zt\t)
k=1
» The RBPF is a combination of the particle filter and the Kalman filter,

in which each particle has a Kalman filter associated to it -



