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Bayes Filter

() ® 0.
» Motion model:
s = F(xe, e, we) ~ pr(- | xeur) T )@

» Observation model:

zy = h(X¢,ve) ~ ph(‘.| Xt) @ Q

» Prior: py.(x:) := p(X¢ | 20:¢, Uo:t—1)
» Prediction: p, (x) = fpf x| s, Ut)Pt|t(5)

Ph(zt+1‘X)Pt+1|t( x) _ Ph(zt+1‘X)Pt+1\t(X)
> Update: pt+1‘t+1( x) = p(ze+1lzo:e,u0:e) [ pu(zes1ls)pesaje(s)ds




Kalman Filter

» A Bayes filter with the following assumptions:
» The prior pdf p;|; is Gaussian
» The motion model is linear in the state x; with Gaussian noise w;
» The observation model is linear in the state x; with Gaussian noise v;
» The motion noise w; and observation noise v; are independent of each
other, of the state x;, and across time

> Prior: x; | zo.r, Uo:t—1 ~ N (peje, Teje)
» Motion Model:

Xer1 = F(Xe, U, W) := Fxe + Guy +wye,  wy ~ N(0, W)

Xer1 | Xe,ur ~ N(Fxe 4+ Gug, W), F € R&X% G e R&*d Py ¢ Rx*d
» Observation Model:

2y = h(x¢,ve) := Hxe +ve,  ve ~ N(0, V)
Z; ‘ Xt’\-’./\/‘(l"l)(t7 V), HERdedX, VGRdedz



Nonlinear Kalman Filter
> A Bayes filter with the following assumptions:

vV v v Y

>

vvyy

v

The prior pdf py; is Gaussian
The motion model is fineartn—thestatexr with Gaussian noise w;

The observation model is tinearin—thestatex with Gaussian noise v;
The motion noise w; and observation noise v; are independent of each

other, of the state x;, and across time
The predicted and updated pdfs are forced to be Gaussian via
approximation

Prior: x| zo:t, uo:t—1 ~ N (fe)er Zo)t)
Motion Model: x;11 = f(x¢,us, W),  we ~ AN(0, W)
Observation Model: z; = h(x¢,v:), vy ~ N(0, V)

Challenge: the predicted and updated pdfs are not Gaussian and can no
longer be evaluated in closed form

Moment matching: we can force the predicted and updated pdfs to be
Gaussian by evaluating their first and second moments and
approximating them with Gaussians with the same moments 4



Moment Matching

> Let y = f(x) be a nonlinear transformation of x ~ N (u, X)
» The mean and (co)variance of y are:

m = Ely] = [ F(x)o(x; 1, )
S=E|(y-Eb)(y-EN)'| =E|yy'| - EWIEN"
_ / FX)F(x) T d(x; 1, T)dx — mmT
> The covariance of x and y is:
€= E [(x ) (v~ ED'| = [ x£(0)76(x; 1, E)x — pam”
> The joint distribution of x and y can be approximated by a Gaussian:

()~ ((4)-& )

» The approximate distribution of x conditioned on y is:

x|y~N(p+CS 7y —m),z—csCT)



Nonlinear Kalman Filter Prediction
» Prior: x; | zp:t,Ug:r—1 ~ N(pt|t, Yiie)
»> Motion Model: x; 1 = f(x¢, uz, wy), w; ~ N (0, W)
» Force a Gaussian predicted pdf via Moment Matching:
Xt+1 | Zo:t, Uo:t ~ N(Mt+1|ta zt+1|t)
Pep1)e = E[xer1 | zo:e, vo:e]

://1"(x,u,g,w)gb(x;uth,zt‘t)qﬁ(w;o7 W)dxdw

T

Yo =E {(XH—I - Nt+1|t> (xt+1 - Nt+1\t> | zo:t, uO:t]

=K [lexH_l | Z0:¢, uO:ti| - Ht+1|t“t+1\t

= //f(X7Ut>W)f(X7Ut7W)T¢(X?Nt\taZt|t)¢(W?0a W)dxdw — I‘I’t+1\t’~l‘;r+1|t

6



Nonlinear Kalman Filter Update

>

>

>

Prior: x;y1 | Z0o:t, Uo:t ~ N(Ht+1|t7 Zt-|-1\t)
Observation model: z;,1 = h(x¢41,Vet1), Ver1 ~ N(0, V)

The Gaussian distribution which approximates the joint distribution of
X¢+1 and z¢41 conditioned on zg.¢, ug:: via moment matching is:

(Xt+1 | zo:t, Uo:t> N ((Hf-‘.m) [ztﬂ\t Ct+1|t:|>
~ ) T
Ziy1 | Z0:t, Uo:t Mgt Ct+1|t 5t+1\t
My == / /h(x7 V)¢(X?Nt+1|tvzt+l|t)¢(v?0» V)dxdv
Sty = //(h(x,v) - mt+1|t)(h(x7 v) — mt+1\t)T¢(x? Hepi)e zt+1\t)¢(v? 0, V)dxdv

Cey1)e == //(x — “t+1lt)(h(x» v) — mH_l‘t)Tqﬁ(x; Hegafes T 1)e)d(v; 0, V)dxdv
The conditional Gaussian distribution of X¢4+1 | Zt11, Zo:t, Up:¢ is then:
Heitjes1 = Begaje + Kepe(Zerr — megage)
Zt+1\t+1 = zt+1|t - Kt+1|t5t+1\thT+1|t

L -1
Kega)e := Ct+1|t5t+1\t 7



Extended and Unscented Kalman Filters

» The EKF and UKF use different methods to approximate the five
integrals required to implement a nonlinear Kalman filter

» The EKF uses a first-order Taylor series approximation to the motion
and observation models around the state and noise means:

df df
o) st 0,0+ | G e 0] = ) + | 50 e 0) e~ 0)

dh dh

A1, 9e02) Al 21 0) | G 0t00)| (ce1 = i) | Gl (1 —0)

» The UKF uses a finite set of sigma points to approximate the prior
Gaussian pdfs and convert the integrals to a sum. This resembles Monte
Carlo approximation but the sigma points are selected deterministically.



Extended Kalman Filter Prediction
> Let F; = %(um,ut,O) and Q; = %(uﬂt,ut,ﬂ) so that:
f(xe, ue, We) & F(pyes ue, 0) + Fe(xe — pyje) + Qewe

» Then, the predicted mean and cov can be computed in closed form:

Hey1e = // (f(ﬂth&, ue, 0) + Fe(x — Nt\t) + QtW) B(x; He|ts Zt\t)(b(W; 0, W)dxdw

= f(l'l’t|t’ ue,0) + F (/ x¢(x; its Tye)dx — I'l’t|t) + Qt/wqﬁ(w; 0, W)dw
= f(/'l’t|t7 U, 0)

.
Tt [ (000006, 00+ Filx o)+ Qow) (£l e 0+ il pe)+ Qo) 60 s g w0, W)

.
~ HepafeHepa)e

= (g 0) ([ 1) o0 e )i ) 7 e ([ = oo g T ) e, 0)7
+ F: (/(x = By (x = ) TO(X; gt zﬂ,)dx> Fl+ Q. (/ ww " ¢(w; 0, W)dw) Qr

= Ft):t\tFtT + QrWQ;r



Extended Kalman Filter Update
> Let Hpyq = %(utﬂ‘t,O) and Ryqq1 = %(qu“,O) so that:

h(xe1,ver1) = A(eia)e 0) + Hepr(Xerr — Bega)e) + Revaven

» The joint distribution of x;;11 and z;11 can be computed in closed form:

mesei= [ [ BxIO0 R Ten o450, V)dxdy = W .0)
S1r+1|1r = //(h(x,v) - mt+1\t)(h(X:V) - mt+1\t)T¢(X; Hiia)es zt+1\t)¢(v? 0, V)dxdv

~ ‘ He1Tes1eHis + Resa VR

Cepafe = //(X - l'l't+1|t)(h(x7 v) — mt+1|t)T¢(X; Heri)t Zt+1\t)¢("? 0, V)dxdv

~ T
~ Zf+1|th+1

» The conditional Gaussian distribution of x¢11 | zs41 is then:
Biia)e+1 = Bepa)e + Kt+1\t(zt+1 - mt+1|t)
o T
Zt+1\t+1 = Zt+1|t - Kt+1|t5t+1\th+1|t

- -1
Kt+1|t = Ct+1|t5t+1‘t 10



Extended Kalman Filter

Prior:

Motion model:

Obs. model:

Prediction:

Update:

Kalman Gain:

Xt | 20:t, Uo:t—1 ~ N(/J’t|t7 Zt|t)

Xt+1 = f(Xn Ut,Wt)7 Wi ~ N(07 W)

df df
F: = a(ut‘t,ut,ﬂ), Q: = diw(u’ﬂtv ut70)
Z; = h(Xt, Vt)7 Vi~ N(O? V)

dh dh
H; = a(ﬂﬂt—lao)a R := E(/J’ﬂtfl?o)
HPip1)e = f(Nt|ta Ug, 0)

Y= tht\tFtT + QWQ!

Feitjer1 = Bep)e T Kepa)e(zer1 — h(eg1)6: 0))
Zt+1|r+1 = (/- Kt+l|th+1)Zt+l|t

“1
Kega)e i= Zt+1|tH1I|-1 (Ht+lzt+1|tH1_Ii-1 + Re1 VRIH)

11



Unscented Transform

» The unscented transform (Julier et al., 1995, 2000) is a numerical
method for approximating the joint distribution of a Gaussian random
variable x € RY and a nonlinear transformation f of it:

- ()-x((5):[Z )

» Choose a set of 2d + 1 sigma points using the i-th columns of the
square root VT of the covariance ¥ = \/f\/fT:

x© = x(quMWH[ﬁ], i=1,....d

» /T is lower-triangular and can be obtained via Cholesky factorization
» « € (0,1] and k > —d determine the sigma points spread

» The sigma points capture the shape of the original distribution of x
12



Unscented Transform

» Each sigma point x("). is associated with a mean weight v() and a
covariance weight w(?)
» Choose v(0) =1 —

m <1 and W(O) 2 V(O)

> Let v = w) = 15¢% for j=1,...,2d

» Let x(© =y and x(i):uiq/ﬁ [\/f]_for i=1....d

» The weighted sigma points are used to approximate the integrals that
determine the mean and covariance of y = f(x):

2d
Ely] ~m = Z v £ (x()
i=0

2d T
Covly,y]~ S = Z w() (f(x(i)) - m) (f(x(i)) - m)
i=0

2d
Covfey] = €= 3w (x) — ) (F(x) —m)

i=0

13



Unscented Kalman Filter Prediction
» Prior: x; | o:t, Uo:t—1 ~ N(Ht|ta Zt|t)
» Motion Model: x; 1 = f(x¢,ur,we), wy ~ N(0, W)

» Sigma Point Weights:
1—vO

V(O) < 1 W(O) Z V(O) V(i) = W(I) = — i=1

2(dy + dw)
» Sigma Points:

E?t) _ [ Mt £|1 _ [ M)t + (dx+dW)
w(© 0 )’ w() 0 1 — (0

» Prediction:
2(dx+dw)
Hepa)e = Z V(')f( i&,ut,w(’))
i=0
2(dx+dw)

Yo = Z wl?) (f (xg‘z,ut,w(.)) - #t+1\t) (f( gll,ut,w(‘)) - Ht+1\t)T

i=0



Unscented Kalman Filter Update

» Prior: ;11 | Zo:t, Uo:t ~ N(Nt+1|t7zt+1\t)
» Observation Model: z;1 = h(x¢11,Ver1), Vi1 ~ N(0, V)
» Sigma Points:

Xgl‘t _ Mttt E‘ll\t — (M) o (dy +dy) VZerye O
V(O) 0 ’ V() 0 17V(0) 0 \/VI.

Hip1t41 = Ht+1|t+Kt+1|t(Zt+1 mt+1|t))

» Update:
Zt+1|t+1 = Zt+1\t t+1|t5t+1|t t+1|t

> Kalman Gain: Ky, = Ct+1|t5t+1|t

2(dx+dy) _
M1 = Z v(")h<x£21‘t7v(i)>

2(d’x:fdv) | :
S 3 w0 (0 (8 ) ) (3 () i)

2(;::)dv)

Ct+1|t = Z@ wl ( Ell\t Ht+1|t> (h (Xﬂm,v(i)) - mt—~-1|1&)T 15



Unscented Kalman Filter (additive noise)

Prior Xe11 | 206, U0:e ~ N (Bgq)er Tegafe)
Motion model  x;11 = f(X¢,ue) +we,  wy ~ N(0, W)
Obs. model zt+1 = h(X¢t41) + Ver1, Ver1 ~N(0, V)

Mgl = Z @ < Xieo U ) ngg = Ht|ts Xgil =Myt \/ ﬁ [\/Z—ﬂt}l
Predict .
= S0 (o) ) ¢ (1) ) 5
i=0

Miia)e+1 = Mepa)e + Kt+1\t(zt+1 - mt+1|t)
Update

zt+1|t+1 = Z1r+1|1r Kt+1|t5t+1\tK t+1t

Kalman gain = Ky = Ct+1|t5t+1|t

2dy
i dx
Mg = Z viDp ( (tll\t) X(ti)l‘t = Hiyi)ts xgll\t = Mg £ \/% [\/m:
i=0
2d, ) )
Sev1e = Z w() (h (Xgl\t) - mt+1\t> (h (Xgm) - mt+1\f>T +V

i=0
2dy

Cer1je = Z w?) (Xgm - Nr+1\t> <h (&m) - "‘t+1|t)T

i=0

16
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Applying a nonlinear transformation to
the random variable on the left results
in a new random variable (right)

EKF: Linearization-based approxima-
tion to the transformation formed by
calculating the curvature at the mean
(solid) and true covariance (dashed).

UKF: Unscented transform approxi-
mation to the transformation formed
by propagating sigma points through
the nonlinearity and estimating the co-
variance from them (solid) and true
covariance (dashed).

17



Noisy Pendulum Tracking

» Consider a simple pendulum consisting of a mass
m hanging from a string of length L and fixed at
a pivot point P

» The differential equation for the pendulum
motion can be obtained using Newton’s second
law for rotational systems which relates the net
external torque 7 (position x force) to the
product of the moment of inertia / = mL? and
the angular acceleration 6(t):

mg cosf

7= —mglsinf(t) = ml%i(t) = 6(t)= —%sin@(t) + o ow(t)
noise~N(0,q)

» The model can be converted into a state-space model with state
x(t) := (6(t),w(t)) ", where w(t) := 0(t) as follows:

i (50) = Lo oeo] = [ o



Discrete-time Model

» Motion model: a simple discretization of the pendulum state-space
model with sampling period 7 leads to:

(01 0 + Twy
Xt+1_<wt+1 = wt—T%sith +w;, we~N|[0,q

3

w

Nﬁm‘”ﬁw

f(Xt,Wt)
» Observation model: consider estimating the angle 6; and the velocity

w; of the pendulum using measurements of its deviation from rest
position, i.e.,:

Zy = Lsin(@t) + Vi, Ve ~ N(O, V)
(xt,ve)
h Xt,Vt

19



Extended Kalman Filter

0
. i N
> Prior: x¢ | zo:t ~ N (e, Zeje) With gy = [,u:’t]

» Motion Model Jacobian:

1 T
Fe = |:—7'% cosuf‘t 1] Qe :

-~

» Prediction:

0 w
'U’t|t +T'u’t|t
u = f(py4,0) = .
t+1|t ( t|t ) [/‘ﬁt . 7_% sin Mflt

Yo = tht\tFtT + Q: WQ:

20



Extended Kalman Filter

>

6
'u’t—i-1|t]

Prediction: xri1 | 2o:t ~ N (Hyp1)es Zega)e) With prepq) = [,uw
t+1|t

Observation Model Jacobian:

— 0 —
Heyr = |Lecospiy y, 0 Rep1:=1
i ._ (1,0
Innovation: ry y; == zri1 — Lsm(utﬂlt)
Measurement /innovation covariance: S|, == Ht+1Zt+1‘thT+1 +V

: : T
State-measurement cross-covariance: >, :H,

. _ T -1
Kalman gain: K, ;= Zt+1\th+1St+1|t

Beijer1 = Ber1)e T Kepa)eher)e
Update: t+1]t+ t+1|t +1[tht+1]

Zt+1|t+1 = Zt+1\t - Kt+1|th+1Zt+1\t
21



EKF Performance

» 1=0.001,g=03,g=0981,L=1 V=064
» Prediction at 1000 Hz, update at 20 Hz

EKF RMSE=0.46

7

Angle [rad]

Angular velocity [radfs]

22



Uscented Kalman Filter Prediction

» Prior: x; | zp.t ~ J\/’(um, zt|t)

» Sigma points:

0 i dx )
x£|t) = Kyt xg‘l = MKyt + 1,0 [\/zqt E i=1,...,2d

> Predictiog{:j
Hip1)e = Z V(i)f(xgil, 0)
i=0

2dx

. i i T
Zt+1\t = Z w( (f(xgﬂ, 0) - Nt+1|t) (f(Xgﬂa 0) - Nt+1|t> + W
i=0

23



Uscented Kalman Filter Update
» Sigma points:

0 i dx .
X§+)1|t = Pei1)es XE.lm = Beqafe T/ m {\/ zt+1|t}l_v i=1,...,2dx

> Expected measurement: m; q; = Z ()h( gll‘t’())
i=0

» Innovation: r,y; = Ze1 — M)
> Measurement/innovation covariance:

Sev1r = Z w ( ( Xt ) - mt+1\t> (h (XEL;)_]_“’O) - mt+1\t)T +V

» State- measurement cross-covariance:

Cevrje = % w!? (Xgil\t - “t+1lt) (h (X£21|t’ 0) - mt+1|t)T
0

=

> Kalman gain: K, = Ct+1\t5t+1|t

Kegt)er1 = Begife T Kegprelreri)e
» Update: | | | |

_ T
zt+1|t+1 - Zt-s—l\t - Kt+1|t5t+1\th+1|t 24



UKF Performance

» 1=0.001,g=03,g=0981,L=1 V=064
» Prediction at 1000 Hz, update at 20 Hz

5 UKF RMSE=0.63

1

Angle [rad]

2

i \yf\j\/\\j \\/\/ \/ | \/

0 5 10 15

Angular velocity [rad/s]
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UKF vs EKF Predicted Covariance

- pior e ((5) [ 2, 22))

» One prediction step with parameters 7 =1, g =981, L =1

Prior Distribution Sampled Posterior Distribution

True
a=1,b=2
a=1.41,b=0




