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Visual-Inertial Localization and Mapping

» Input:
» IMU: linear acceleration a; € R? and rotational velocity w; € R3
> Camera: features z;; € R* (left and right image pixels) for i = 1,..., N;

» Assumption: The transformation o T; € SE(3) from the IMU to the
camera optical frame (extrinsic parameters) and the stereo camera
calibration matrix M (intrinsic parameters) are known.

fs, 0 ¢, 0 f = focal length [m]
M 0 fs, o O Su, Sy = pixel scaling [pixels/m]
o |fsy 0 ¢, —fsub cu, ¢, = principal point [pixels]

b = stereo baseline [m]



Visual-Inertial Localization and Mapping

» OQutput:
> World-frame IMU pose w T; € SE(3) over time (green)
> World-frame coordinates m; € R® of the j = 1,..., M point landmarks

(black) that generated the visual features z; ; € R*




Visual Mapping

» Consider the mapping-only problem first

» Assumption: the IMU pose T; := T} € SE(3) is known

N : . T
> Objective: given the observations z; := [z}, --- z[y] € R* for
: . T
t=0,..., T, estimate the coordinates m := [mlT e m,\T/,] € R3M

of the landmarks that generated them

» Assumption: the data association A; : {1,..., M} — {1,..., N}
stipulating that landmark j corresponds to observation z; ; € R* with
i = A¢(j) at time t is known or provided by an external algorithm

» Assumption: the landmarks m; are static, i.e., it is not necessary to
consider a motion model or a prediction step



Visual Mapping via the EKF
> Observation Model: with measurement noise v ; ~ N(0, V)

ze;=h(Te,m)) +vej =M (oTy T, 'my) + vy

: m;
» Homogeneous coordinates: m; := [ 1’}

» Projection function and its derivative:
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» All observations, stacked as a 4/; vector, at time t with notation abuse:

v
ze=Mr(oTiTy'm)+ve v~ N(0,/®V) IRV =



Visual Mapping via the EKF
» Prior: m | zo.; ~ N(pty, £¢) with p, € R3M and ¥, € R3MX3M

» EKF Update: given a new observation z;,; € RVt

_ T T -1
Kiy1 =XiHpy (HeileHey +1QV

Heyp1 = My =+ Kt+1 <2t+1 — Mm (O TI Ti,:i-lll“l’t)>

~~

Zi1
Y1 = (I — Key1He1)Ze

> Z;41 € R*Nei1 s the predicted observation based on the landmark
position estimates p, at time ¢

R4Nt><3M

» We need the observation model Jacobian H:;1 € evaluated at

, with block elements Hyi1;; € R**3:

g N(Terromy)| i A() =1,
Hii1ij = M=y j
0, otherwise.



Stereo Camera Jacobian

» Consider a perturbation dp, j € R3 for the position of landmark j:
M = e+ Ophe
> Projection Matrix: P = [/ 0] € R®** such that m; = Pm;
» The first-order Taylor series approximation to observation / at time t
using the perturbation dp, ; is:
Zi41, = Mm (o T Tt:rll (e + 5ll't,j)) +Veg,i

= Mnr (o T A (Ew’ + PT5,ut,j)) + Vg1
ﬂ
dq

241, Hey1,ij

~ M (oTiTohm, ) + Mo (oTiTEhm,) o TITEAP Sty +vesa,




Visual Mapping via the EKF (Summary)

>

>

Prior: g1, € R3M and ¥, € R3M*3M

Known: calibration matrix M, extrinsics o T; € SE(3), IMU pose
Ti+1 € SE(3), new observation z;11 € R4Ne+1

Predicted observations based on p, and known correspondences A;1:
5 . -1 4 .
Foi1; = Mnr (o T, Tt+1gtJ) ER*  fori=1,...,Neps
Jacobian of z; 1 ; with respect to m; evaluated at K
1 -1 . . .
MG (oTiTo AR, ) oTITEAPT i Al) =i
t+1,ij — .
0, c R*x3 otherwise

EKF update:

-1
K = TeHl (HonZeHl, + 1@ V) v

5 l® V.=
Pey1 = By + K1 (Ze41 — 2e41) ®

Ter1 = (I — KestHer1)%e v



Lie Group Probability and Statistics

» The elements of matrix Lie groups do not satisfy some basic operations
that we normally take for granted

» We need a different way to define random variables because matrix Lie
groups are not closed under the usual addition operation:

X=un+e€

e ~N(0,%)

» ldea: define random variables over the Lie algebra, exploiting its vector
space characteristics:

perturbation distribution

s0(3) R = exp(&)p e ~ N(0,5)
s0(3) O ~log(n)” +J (log(n))e R =exp(d)

SE(3) T = exp(&)pe e ~ N(0,5)
se(3)  E~log(p)' + T M(log(m)V)e T =exp(€)



Lie Group Probability and Statistics
» SO(3) and SE(3) Random Variables:
R = exp(&)p T =exp(&)p e ~N(0,X)

where p is a ‘large’ noise-free nominal rotation/pose and € is a ‘small’
noisy component in R3 or R®

» Note that € = log (RuT)V and € = log (T;fl)v

» Assuming € has most of its mass on ||€|| < 7, the pdf of R can be
obtained using Change of Density with dR = |det(J.(log(p)Y))|de:

) 1 W T B % 1
AR = Ve (2 CICODRACR) ) Idet((ogk) "))

» The choice of u and X as the mean and variance of R are justified:

/Iog <RNT>V p(R)dR =0
\2 \ T
/Iog (R,ﬁ) <Iog (R,ﬁ) > p(R)dR = E[ee'] = T
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Example: Rotation of a Random Rotation Variable

> Let @ € SO(3) and @ € R3. Then:
Qexp(@)QT = exp (Q@QT> = exp ((QO)A)

» Let R € SO(3) be a random rotation with mean p € SO(3) and
covariance ¥ € R3%3,

» The random variable Y = QR € SO(3) satisfies:
Y = QR = Qexp(&)p = exp ((Qe)") Qu

E[Y] = Qu
Var[Y] = Var[Qe] = QX Q"

11



Visual-Inertial Odometry

>

| 2

Now, consider the localization-only problem

We will simplify the prediction step by using kinematic rather than
dynamic equations

Assumption: linear velocity v; € R3 instead of linear acceleration
a; € R3 measurements are available

Assumption: known world-frame landmark coordinates m € R3M
Assumption: the data association A; : {1,..., M} — {1,..., N}
stipulating that landmark j corresponds to observation z; ; € R* with
i = A¢(j) at time t is known or provided by an external algorithm

Objective: given IMU measurements ug.7 with u; := [v; , w;]" € R®
and feature observations zg.7, estimate the pose T; := w T} € SE(3)
of the IMU over time

12



Pose Kinematics with Perturbation
» Motion Model for the continuous-time IMU pose T (t) with noise w(t):

= T@+w) u(e) = | )] e me

» To consider a Gaussian distribution over T, express it as a nominal pose
p € SE(3) with small perturbation dpu € se(3):

T = pexp(dp) ~ p (/ + 571)

» Substitute the nominal + perturbed pose in the kinematic equations:
,1(/+5ﬁ) +u(5p) :u<l+5ﬁ) (0 + W)
? R .0
o+ o+ pu (o) = p+ W+ O+ W
jp=ph pdd+ p (m) — W+ po i
2 N N A
jo= i O = ud — a6+ W = (—ﬁ&u) W
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Pose Kinematics with Perturbation

> Using T = pexp(dp) ~ p (I + 5Au> the pose kinematics

T = T (0 + W) can be split into nominal and perturbation kinematics:

nominal : £t = pii x [(g Y] ROx6

: : A

perturbation : dpu = —udpu +w

» In discrete-time with discretization 7, the above becomes:
nominal :  p; = ppexp (T0¢)

perturbation :  dp,,q = exp (—Tﬁt) Opy + Wt

» This is useful to separate the effect of the noise w; from the motion of
the deterministic part of T;. See Barfoot Ch. 7.2 for details.
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EKF Prediction Step

> Prior: T|2o:t,u0:t-1 ~ N (fhe)e, Tgje) With g, € SE(3) and Ty, € RO¥©
» This means that T; = ,ut|texp(5Aut|t) with dpay, ~ N (0, Z¢¢)

> 3¢ is 6 X 6 because only the 6 degrees of freedom of T; are changing

> Motion Model: nominal kinematics of p,, and perturbation kinematics
of dpt,), with time discretization 7:

Hip1)e = Hijr €XP (Tie)
A
Oyiq)e = exp (—Tut) 5,ut‘t + Wy
» EKF Prediction Step with w; ~ A(0, W):
Hip1)e = Hije €XP (T0¢)
T A ANT
Zt+1|t = E[5Nt+1|t5lit+1\t] = exp (—Tut> Zt|t €Xp <—7’Ut> + W
where

Vi 6~ Wr Ve axa A Wr Uy 66
u; = eR®> 0= eR u; = ~ | €eR
‘ |:wt:| ‘ |:0T 0:| ‘ [0 wt:| 15



EKF Update Step

» Prior: Tei1|zo:t, Uoit ~ N (g Zea1)e) With pyyq), € SE(3) and
Yinpe € RO*O

» Observation Model: with measurement noise vy ~ N(0, V)
~1
zey1,i = h(Teg1, M) + Veqri == Mr (o T, Tt+1mj) + Vg1

» The observation model is the same as in the visual mapping problem but
this time the variable of interest is the IMU pose T:11 € SE(3) instead
of the landmark positions m € R3M

> We need the observation model Jacobian H; 1 € R*Nt+1X6 with respect
to the IMU pose Ti;1, evaluated at pt; ),
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EKF Update Step

> Let the elements of H;yq € R*Ne+1%6 corresponding to different
observations i be H; 1, € R**®

» The first-order Taylor series approximation of observation i at time t + 1
using an IMU pose perturbation du is:

Ay -1
Zip1,i = Mn (O T (/J't+1\teXP ((5#)) mj) + Vi1,
~ M (0T (1= o) ik my) + v,
_ -1 -1 © .
=Mm{oTipt y M — oTi (Kypy M) Op | +Veyn

-1 dm -1 -1 ©
~ Mm (0 T/”t+1\tmj) _M(Tq (O T’”t+1\tmj) ol (”t+1\tmj) Op + Vet

Ze41,i Ht+1,i

where for homogeneous coordinates s € R* and £ € se(3):

s = sO¢ | = ! s e R**6
- 1] ~ [0 O
17



EKF Update Step

| 2

| 2

Prior: p, 1), € SE(3) and T, q), € R®®

Known: calibration matrix M, extrinsics o Ty € SE(3), landmark
positions m € R3M  new observations Zyy1 € R4Ne+1

Predicted observation based on p, |, and known correspondences A:
~ -1 .
Zi11,i = Mn <o T’”t+1|tmj> fori=1,...,Nepq

Jacobian of ;1 ; with respect to T;y; evaluated at Hop)et

dm -1 -1 © 4x6
Het1,i = _Md7q ( T/utﬂ‘tmj) ol (ut+1|tmj> eR
Perform the EKF update:
-1
Key1 = Zt—i—l\th:-l (Ht+1zt+1|thT+1 +1® V) Ht+1,1

Bep1)e+1 = Heg1)e P ((Kt+1(2t+1 - if+1))/\> Hesy =

H
Tipaperr = (I = KeprHep1) T t+1,Ney1
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