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Supervised Learning

» Data: a set D := {x;,y;}"_; of iid examples x; € R with associated
scalar labels y; generated from an unknown joint pdf p.(y,x)

» The training dataset is often also written in matrix notation,
D = (X,y), with X € R"™9 and y € R"

» Generative model: choose model p(y, x; w) with parameters w to
approximate the unknown data-generating pdf

» Discriminative model: choose model p(y|x;w) with parameters w to
approximate the unknown label-generating pdf

» Optimize w using D = (X,y):
> Maximum Likelihood Estimation (MLE): maximize the likelihood of
the data D given the parameters w

> Maximum A Posteriori (MAP): maximize the likelihood of the
parameters w given the data D

» Bayesian Inference: estimate the whole distribution of the parameters w

given the data D
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Parametric Learning

» Maximum Likelihood Estimation (MLE):
MLE Discriminative Model Generative Model
Training | w* € argmaxp(y | X,w) | w* € argmaxp(y, X | w)
w w

Testing | yix € argmaxp(y | X«,w™) | yx € argmax p(y, x. | w*)
y y

» Maximum A Posteriori (MAP):

MAP Discriminative Model Generative Model
w* € argmaxp(w |y, X) w* € argmax p(w | y, X)
Training @ “
= argmaxp(y | X,w)p(w | X) = argmaxp(y, X | w)p(w)
w w
Testing Yi € argmax p(y | X, w*) Vs € argmax p(y, X« | w*)
y y

» Bayesian Inference:

BI Discriminative Model Generative Model

Training p(w ]y, X) x p(y | X,w)p(w | X) p(w |y, X) < p(y, X | w)p(w)

Testing | p(y« [ x4,y X) = [ p(s [ s w)p(w |y, X)dw | p(ye;xa |y, X) = [ p(ys, % | w)p(w |y, X)dw
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Logistic Sigmoid Function

» Useful for converting continuous (regression) preferences z € R into a
Bernoulli probability mass function, which can be used as a probabilistic
model for binary classification, i.e., y € {—1,1}

o(2) = 1 _ exp(z) 05
"~ 1+4exp(—z) exp(z) + exp(0) J

» Properties:
> o(z)=1-0(—2) =5+ Ltanh (%)

> o'(2) = 0(2)(1 - 0(2)) = o(2)o(-2)

» [o(z)dz = log(1 + exp(z)), which is known as the softplus function




Softmax Function

» Useful for converting continuous (regression) preferences z € R¥ into a
categorical probability mass function, which can be used as a
probabilistic model for classification, i.e., y € {1,... K}

(Z) _ exp (z1) - exp(zx) e

_ K
5, op(2) Sen(z)| = 1Tz € R

» Properties:

> s(z) =s(z — c1), where ¢ € R is any constant, e.g., ¢ = max; z; is useful

for numerical conditioning

—5iS; else

> ds,,_{s,-(l—s,-) if =

Sl en(z)) = s(2)



Discriminative Classification via a Logistic Model

» Given an example x € RY, use a logistic sigmoid function to map the
continuous value w ' x to a Bernoulli probability mass function for a
binary label y € {—1,1}:

p(y = 1|x,w) = o(w ' x)
» For p(y|x,w) to be a valid pmf, it needs to sum to 1 over {—1,1}:
T ) sigmoid 0'( T )

ply =—-1x,w)=1-p(y =1x,w) =1—-0o(w x

properties

» Combine the two cases to obtain the final discriminative model for the
pmf of y conditioned on the example x and the parameters w:

plylx, w) = o(yx' w)



Discriminative Classification via a Logistic Model

» Logistic regression: approximates the unknown label-generating pdf
with a logistic sigmoid function:

p(ylx,w) = o(yx'w)
» Since the data D = (X,y) are iid, the joint data likelihood is:

1
plyIX,w) HG yixi @) H 1+ exp(—yix] w)
1

» Leads to these MLE and MAP (with w ~ N(O N)) estimates for w:

WMLE = arg max log p(y | X,w) = arg min Z log (1 + exp(—yix; w))
i=1

wmap = argmax log p(y | X, w) + log p(w)
w

n
1
= arg min Z log (1 + exp(—y;x,—-rw)) + Ew—r/\_lw
Y=l



Discriminative Classification via a Logistic Model

» V. (—logp(y | X,w)) =0 does not have a closed-form solution so we
need to use an iterative optimization algorithm like gradient descent

» The negative log-likelihood — log p(y | X,w) is convex in w:
» The composition of an affine function f;(w) := —y;x,!w and a convex
function g(z) := log(1 + exp?) is convex
> The sum of convex functions >, g(fi(w)) is convex

» The negative log-likelihood can be minimized iteratively to obtain a
global minimum:

1
Winle = @i —a Vo (“logplylX.w)|

W=Wy e
- 1 T o)
= ws\;)LE — az —® exp(—yix; Wy g) (—yixi)
im1 1+ exp(—yix; wyg)

— wS\Z)LE +a Zy,-x,-(l - U(y,'XfTws\Z)LE))

i=1



Logistic Regression Summary
» Discriminative model: p(y|X,w) for binary labelsy € {—1,1}":

1
X,w) o yx w)
(vl H ! H 1+ exp(— y,-x,Tw)
» Training: given data D = (X,y), optimize the model parameters:
> MLE: wg\;ﬁ-) = “‘JS\;)LE +adl yixi(l— J(y,xTwsw)LE))
> MAP: 5\512113) = ws\;l\P +a (27:1 yixi(1 = o(yx] WS\/I)AP)) - A_le\;)AP)

> Testing: given a test example x, € R?, use the optimized parameters

w* to predict the label:
)1 x]w* >0
Yo -1 x/w <0
» Logistic regression generates a linear decision boundary, i.e., the values
of x, for which the predictions y,. = 1 and y, = —1 are equally likely are:
ply =1[x,w*) 14 exp(x/w")
Cop(y =1 xw*) 1+ exp(—x]w*)

& xJw'=0



Logistic Regression Example

» Consider the same data as before:
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Logistic Regression Example

» Training: start with wg\S)LE = 0 € R3 and iterate:

+1 n
“’S\;LE) = wg\;)LE +ad g yixi(l— U(yixiTwS\Z)LE))
0.2115
» After 10 iterations with o« = 0.1, we have: wﬁ% = | —0.6015

1.1408

» Testing: the decision boundary is a line with equation 0 = x "

9 L &

w:
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Logistic Regression vs Gaussian Naive Bayes
> Logistic regression generates a linear decision boundary: w'x = 0.

» Gaussian Naive Bayes generates a quadratic decision boundary. It
looks like an ellipse, parabola, or hyperbola in 2-D:

2 2
, ) L G TR L
Iog g log 2/—1— ‘72/ - =3 =0
+7 ™

» When the variance is shared among the classes, i.e., 0_; = o0y = 0y,
Gaussian Naive Bayes generates a linear decision boundary:

d 2 2
2( _/—;ur/) (i —n= )
lo +§ x| + : — =0
g I o?

» Logistic regression has lower bias but higher variance than Gaussian
Naive Bayes.



K-ary Logistic Regression

» Logistic regression with K-classes: approximates the unknown
label-generating pdf fory € {1,..., K}" with a softmax function with

parameters W € RK*d:
exp (Wx;)
X, W w el " T
P(y‘ ) ) He S( X y, lT exp(Wx,)
where e; is the j-th standard basis vector, e.g., e; := [1 o --- O]—r

» To optimize the parameters W via MLE, we need to compute the
gradient of the data log-likelihood:

Wige) = Wigle + o (Vw[logp(y X, W)] ‘W " )
MLE

=wil) +a (Z <ey,- - S(WIEJtZEX')> X )

i=1
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K-ary Logistic Regression MLE
» Taking the gradient of log p(y | X, W) with respect to W gives:

n N .
; Iog e;/r,-s( WX,‘)] = ; WVW {e;s( Wxi)}

Vw

» Let z; := Wx;. The derivative of the last term via the chain rule is:

O T D = O grO8@) O (7 0s(zi)
8Zieyl,s(z,)aWWx,— 5‘Wey" oz, Wx; tr | x;e w

o 8W g 82,-
0s(z;) Js
T i T
= x;e, = x;e,. Wx;
g 0z; ! y’@z,-( I)
» Arrange the derivatives of the softmax in matrix form:
S1 — 512 —S515 s —S5154
2
ds(z —SS1 S2— S -t TS25d .
N | = diag(s(2)) - s(2)s()"
dZ . e :
—S451 —S5452 cer —S4S4
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K-ary Logistic Regression MLE

» The gradient is the transpose of the derivative:

n

1
Vw [log p(y | X, WH:;W

n
=> (e, —s(Wx;))x] € R*¢
i=1

(diag(s(Wx;)) — s(Wx;)s(Wx;) ey, x;

» MLE leads to gradient ascent of the form:
i = Wil o (3 (o - silen) o
i=1
> MAP with W ~ N(0, Mkqgxkq) leads to gradient ascent of the form:
Wi = Wil o (30 o~ sOhm) ) — ol
i=1
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