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Markov Assumptions

» Motion model: given x;, u;, the state x;;1 is independent of the history
X0:t—1» Z0:t—1, UQ:t—1:

Xt41 = f(Xt, Ut,Wt) ~ Pf(' | Xt,ut)

» Observation model: given x;, the observation z; is independent of the
history Xo.t—1, Z0:t—1, Up:t—1:

Zy = h(Xth) ~ Ph(' \ Xt)



Joint Distribution Factorization

» The Markov assumptions induce a factorization of the joint probability
density function of the states xq.7, observations zg.7, and inputs ug.7_1:

p(Xo:T, Zo: T, Up:T—1)

Conditional
—_— P(ZT\XO:T,ZO:TA, UO:Tfl)P(XO:T»ZO:Tfly UO:Tfl)
probability
Markov
=———— pp(z7|xT) P(X0:T,20:T—1,U0:T-1)
assumption N———
observation model

Conditional
=————= pp(z7|xT)P(XT|X0:T-1,20:T—1,U0.T—1)P(X0: T—1,Z0:T—1, U0: T 1)
probability
Mark
% pr(z7|x7) pr(Xx7|XT-1,UuT 1) pP(UT_1|XT_1) P(X0:T—1,2Z0: T 1, U0: T—2)
assumption
motion model control policy
T T-1 T-1
= p(xo) H pn(z: | Xt) H pr(Xet1 | Xt, ue) H p(u: | xt)
Y = Y t=0 N t=0 N
prior observation model motion model control policy



Parameter Estimation

> Consider data D generated by probabilistic model p(D|@) with parameters 6
» Parameter estimation strategies:

»> Maximum Likelihood Estimation (MLE): maximize the likelihood of the
data D given the parameters 6:

6. € argmaxp(D|6)
6

> Maximum A Posteriori (MAP): maximize the likelihood of the parameters
given the data D:

6. € argmax p(0|D) = arg max p(D|0)p(0) = arg max p(D, )
0 0 0

> SLAM as a MAP problem:
» data: D = {zo.7,u0:7—1}

» parameters: @ = xo.7

T T-1 T-1

> joint pdf: p(D,8) = p(xo) [ [ pr(ze | x¢) [ prxess | xe;ue) [ plue | x:)

t=0 t=0 t=0



MAP Formulation of SLAM

> SLAM as a MAP problem (usually p(u;|x;) is not considered):

T T-1
max  log p(xo) + > log ph(zelxe) + Y log pr(xes1 | xe, ue)
0T t=0 t=0

v

Start with initial guess Xo.7, e.g., from odometry

v

Linearize the motion model f(x,u, w) and observation model h(x,v)

v

Solve the linearized MAP problem to obtain a descent direction Xq.1

v

Update the guess X).7 = Ro.T + Xo.T

v

Perform descent by re-linearizing around X;.; and obtaining a new descent
direction X,



Motion Model Linearization
» Motion model linearization around state X; and noise 0:
Xer1 = F(Xe, up, W) = F(Re, 0, 0) + Fe(xe — X¢) + Qe
» Motion model Jacobians:

df . df .
Fe = E(Xt,uno) Q= m(xt, ut,O)

> Let it =Xt — ﬁl’ and nt-{—l = ﬁt+1 — f(ﬁt, ut’ O)
Xer1 + Xey1 & F(Re, e, 0) + FeXe + Qrwy
Xep1 + Npyqy = FeXe + Qew;

> Motion model pdf with w, ~ A/(0, W) and W; := QWQ,":

Pr(Xes1]Xe, Ug) =

1 1., T )
(2m)9x det(W;) oe <_2 (Ress + ey — Fife) We (Reon + e — thr)>

log pr(Xt41]xe, ut) ~
1 1. T 1 e -
5 log((27)% det(W;)) — 2 (Xt+1 + M1 — tht) Wt (Xt+1 T M1 — tht)
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Observation Model Linearization
» Observation model linearization around state X; and noise O:
Z; = h(Xt, Vt) ~ h()’it, 0) -+ Ht(xt — )’Et) -+ Rtvt

» Observation model Jacobians:

dh dh
tha(xtao) Rt:*(xtao)

> Let X; := x; — X; and Z; := z; — h(X.,0):
Z; = HiX: + Ryv;

» Observation model pdf with v; ~ A/(0, V) and V; := R, VR, :

1 . - 1= -
- (Zt — I‘-Itxt)T Vt 1 (Zt — Htxt)>

1
pn(ze[x:) ~ W exp <2

1 ~ o —1ys -
log pi(ze[x:) = —7 log((2m) % det(V)) — 5 (e — Heke) ' Vit (2: — Hike)

N -



Descent Direction from Linearized MAP Problem

» Linearized MAP problem is a least-squares problem:

g;ip{nz Vil 3V k) B Y I (R + s Fik) ||%}

t=0 t=0

G-l

X2, Y2 € R%, rewrite the least-squares cost in matrix notation:

> Using that = [|x1 — y1/3 + [|x2 — y2||? for x1,y1 € R,

1= 1/2~o||2+2||v Y2 (2 — Hike) ||2+ZHW Y2 (Res1 + Megr — Fike) |13

t=0 t=0
Vo 1/2 (Zo — HoXo) i Wo_l/2 (ny + %1 — Fo%o) i
= |15 %l* + ; + ;
\/—1/2 (@7 — Hrsr)l |l Wy % (ny + %7 — Fr1%r 1) )



Descent Direction from Linearized MAP Problem

2

» Using that

()-()

= lx1 = y1l3 + lIx2 — y213 for x1,y1 € R,

X2,¥2 € R% rewrite the least-squares cost in matrix notation:

155 /%013 +Z V2 (2

t=0
\/0—1/2H0
= ||IZo %0l +
W0—1/2 Fo — WO—1/2
w, 2R

— Hike) |5 + Z 17

t=0

V_1/2HT

(Xt+1 T N1 — th(t) ||%
2
%o v, %3,
X1 V'Fl/ziT ,
2
- ~1/2
Xo Wo /771
: 1/2
X7 Wr_— { nr
2




Descent Direction from Linearized MAP Problem

i ]
Z0|o
\/0—1/2H0
V2 Hy
Wo—l/zl__0 _W0—1/2
w2 R
—1/2
e
I Wy Froa)
M
= |[J%o:7 — b3
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Descent Direction from Linearized MAP Problem

» The linearized MAP problem to obtain a descent direction Xo.7 leads to a

least-squares problem:
min || %o, — b][3
Xo: T

> Setting the gradient to zero leads to the normal equations:
JTJxo.7=J"b

» The matrix of model Jacobians J is sparse

» JTJis the info matrix of the Gaussian distribution of %o.7 | zo.7, Up. 7_1

» The normal equations can be solved via:
> Cholesky factorization of JTJ

> QR factorization of J

> QR factorization is a more efficient and robust way to solve the normal
equations because it avoids computing J' J, which is slow and squares the
condition number of J

11



Descent Direction from QR Factorization

>

>

v

v

v

v

Number of variables: n

Number of measurement constraints: m
N N R mXxn
QR factorization: J = Q@ 0 eR

R € R"™" is the upper-triangular square root information matrix
RTR=J"J
Q € R™*™ is an orthogonal matrix: QTQ =/

Descent direction via QR factorization:

R 2 R 2
| %o — bl = Ho Nt HQTQ NS
2 2
R] .. b,1|]? y
= [[§] 5o = [5] | = 1%or — w13 + e
21112 S—~—

residual

Since R is upper-triangular, back-substitution can be used to compute Xq.7
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Factor Graph

landmarks

» Factor graph: bipartite graph
describing data (observations z;,
inputs u;) and variables (states x;, Tobotposes
landmarks m;) in a SLAM problem o ) PY o PY

odometry factors

measurement factors

> Nodes: variables to be estimated: robot states x; and landmark states m;

» Factors: relate two variables by input u; or observation z; data and
associated motion or observation model:

> Motion factor: log pr(Xe+1|Xe, ue)

> Observation factor: log pn(z:|x:, m;)
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Factor Graph SLAM

>

>

Front-end: construction of factor graph using odometry, laser-scan
matching, feature matching, etc.

Back-end: graph optimization to estimate the variables (xo.7, {m;})

node positions

1] |
Graph Graph
raw Construction Optimization
ata (Front-End) graph (Back-End)

(nodes & edges)

The factor graph formulation of SLAM with Gaussian noise leads to a
nonlinear least-squares problem

Given an initial estimate of the robot trajectory and landmark poses (e.g.,
from odometry and triangulation of 2-D image features), we use the
Gauss-Newton algorithm to solve the nonlinear least-squares problem

Assuming a Gaussian distribution for the constraints is not always the best
choice in the presence of outliers. A heavy-tailed distribution can be used for
outlier rejection.

Loop closure: observing previously seen landmarks generates graph factors
between non-successive robot poses 14



Pose Graph

» Variables: robot poses T;

> Measurements: relative poses from odometry and loop closures: Tj;

15



Pose Graph Optimization

» Pose graph ‘7A~'

» Pose graph optimization:

min

Ti,..., Ty

(Rw“’.v*m%m)'»'

(R523552) “

Nd
0 s
3

—1/2 = _ _
ST Iw Y 10g(T T T) VI
(ij)e€
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Pose Graph Optimization: Sparsity

Jacobian J »(R)'yﬁmy
I ) Ty

Hessian JTJ

LT, I,T,Ts T, T;

LT, T, T, Ts T Ty

aka.
... Information

Matrix of
the estimate

S35 85853
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Pose Graph Optimization: Example

(a) Before PGO (b) After PGO

https://www.youtube.com/watch?v=KYvOqUB_odg

18


https://www.youtube.com/watch?v=KYvOqUB_odg

Landmark-based SLAM
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Landmark-based SLAM: Example

https://www.youtube.com/watch?v=04J042prg_M

21


https://www.youtube.com/watch?v=OdJ042prg_M

Landmark-based SLAM: Variable Marginalization
» What if we only need a subset of the variables?
» Normal equations: JTJ% = J'b

» Information matrix blocks:
~ Q Q b X C
JTJ — aa a Na — a
= lgn [l 2

I —QaQ,,

» Pre-multiply by {0 /

] and subtract second from first equation:
Qoo — b3, 0 ] [Ra] _ [ca — QupQppch
Q;rb Qpb| | Xb Cp

» We can obtain X, by solving the smaller system determined by the Schur
complement of Qpp:

(Qaa - QabQ;le;rb)ia =C; — QabQEblcb

22



Landmark-based SLAM: Variable Marginalization

» Probabilistic perspective of Schur complement:

ia N Qaa Qab - C, Qaa Qab -
ib Qg—b be Cp ’ Q;rb be

» Marginal of X,:

p(Xa) = /P(ia, %p)dXp
= ¢ (ia; (Qaa - QabQ;le;rb)il(ca - QabQ;blcb)v (Qaa - QabQ;bIQ;rb)il)

» Marginalizing a variable creates non-zero off-diagonals (called fill-in) in the
information matrix for all variables that had a non-zero off-diagonal element
with the marginalized variable = loss of sparsity

» In graph terms, variable elimination creates a clique between the neighbors of
the eliminated node
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Landmark-based SLAM: Variable Marginalization
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Landmark-based SLAM: Variable Marginalization

Marginalize £
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Smoothing vs Filtering

> Smoothing: equivalent to MAP optimization
> many variables: estimates entire robot trajectory and map
> sparse info matrix J ' J

> Fixed-lag smoothing:
> fewer variables: estimate only variables in a time window
> denser info matrix after Schur complement to marginalize old variables

> Filtering:
> fewest variables: estimate only current pose and landmarks
> densest info matrix after Schur complement to marginalize all old variables



