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Bayes Filter

» Markov Assumptions:
> Motion model: given x;, u¢, the state x¢11 is independent of the history

X0:t—1, Z0:t—1, U0:t—1:
Xer1 = F(Xe,ue, W) ~ pr(- | Xe, ug)

» Observation model: given x;, the observation z; is independent of the history

Xo:t—1, Z0:t—1, Uo:t—1:

zZy = h(Xth) ~ Ph(' | Xt)

» Prior: pt|t(xt) = p(X¢ | 20:t,U0:t—1)

> Prediction: py,1(¢(x) = [ pr(x | 5, ue)pee(s)ds

Ph(Ze+1]X)Pria)e(x)

> Update: pt+1|t+1(x) J pn(zes1ls )Per1)¢(s)ds




Kalman Filter

» Kalman filter: Bayes filter with additional assumptions:

» The prior pdf p;; is Gaussian

» The motion model is linear in the state x; with Gaussian noise w;

» The observation model is linear in the state x; with Gaussian noise v;

» The motion noise w; and observation noise v; are independent of each other,
of the state x;, and across time

> Prior: x; | Zo., Ug:t—1 ~ N(Nt\ty Tejt)
» Motion Model:
Xep1 = F(Xe, U, We) = Fxe + Gue + Wy, We ~ N(07 w)
Xt i1 ‘ X¢, Up ~ N'(Fxt + Gut, W), Fe Rdxxdx’ G c Rdxxdu’ W e Rdxxdx

» Observation Model:
Zt = h(Xt7Vt) = th + Vt, Vt ~ ./\/'(07 V)
Zs |XtNN(HXI‘a V)a HeRdZdea VERdZXdZ



Matrix Manipulation Lemmas

» The following results are necessary for deriving the Kalman filter:
» Matrix inversion lemma:

-1
(A+BDC) '=A1—A'B (D‘l + CA‘lB> cA™
» Matrix block inversion:

A B! (A—BD1C)? —(A—BD™'C)'BD!
c D| T |-D'C(A-BD'C)™* D'4+D'C(A-BD'C)'BD?

(D—cA-1B)-1

A B
c D

» The Schur complement of block A is Sp = D — CA~1B
» The Schur complement of block D is Sp = A— BD~1C

» Schur complement: det ([ ]) = det(A) det(Sa) = det(D) det(Sp)

» Square completion: for quadratic form with invertible A:

%XTAX + b'x +c= % (x + A_lb)T A (x + A_lb) — %bTA_lb +c



Gaussian Distribution

> Gaussian random vector X ~ N (u,X)
P> parameters:

> mean pu € RY
> covariance ¥ € S (symmetric positive definite matrix)

> odf b(x: 1 e (L — ) Y (x —
pdf: ¢(x; 1, X) i= =i exp (—3(x — 1) 27N (x — )
> expectation: E[X] = [x¢(x; p, Z)dx = p

> (co)variance: Var[X] = Cov[X,X] = E [(x —E[X]) (X — IE[X])T] =3



Information Form of the Gaussian Distribution

> Alternative Gaussian distribution parametrization: X ~ G(v,Q)
> parameters:

> information mean v := ¥ 1y ¢ R?
> information matrix: Q:=Y 1 ¢ S‘:_O

» pdf: obtained using square completion:

o(x;v,Q) = d(eztiii) exp (—% (xTQx —2v'x+ VTKTIV)>

o exp (—%XTQX + l/TX>

> expectation: E[X] = Qv

> (co)variance: Var[X] = Q!



Covariance and Information Matrix Relationship

—1
Qaa QAB] _1 {ZAA ):AB}
> Let Q= =Y '=
© {Q—AFB Qgg Y5 Zes

» The blocks of Q and ¥ are related by the matrix block inversion lemma:
Qaa = (Taa — TagTppTpp)
Qap = —QaaXasTpp
Qg = Zgé + ZEEZXBQAAZABZEE

T -1 -1
= (X8 — ZABZAAZAB)
» The determinants of Q2 and ¥ are related via Schur complementation:

det(¥) = det(Zaa) det(Qp5) = det(Tgp) det(,4)
det(Q) = det(Qaa) det(X55) = det(Qpg) det(X ,4)



Gaussian Marginals and Conditionals

» Consider random vectors x4 and xg with joint Gaussian distribution:

XA Ba\ |2Xaa 2aB
= ~N ,
x <XB) <<“B> {ZXB ZBB])
—— ————
“w X

» The marginal distributions are also Gaussian:

xa ~ N(pp, Zan) xg ~ N(pg,LsB)

» The conditional distributions are also Gaussian:

xg | xa ~ N<MB + X T4 (xa — 1a), T8 — ZXBZZ}\ZAB>

Schur complement of ¥4

XA | xg ~ N(MA + T Y55 (x5 — 15), Taa — LasT s An

Schur complement of ¥gg



Proof: Gaussian Marginal is Gaussian
> Let Xa :=xa — 4 € R” and Xg := xg — pg € R™ and consider:

s = [o((): (i) - [ ) o

1 Licto o $TO, %0t %10 ang ) <
= — exp | = (X4 QanXa + 2% QagXp + X5 Q2ppXp) | dX
(2m) "z det(Z)l/z/ p( 2 (*aaatn #Sas%e + %5 Qop%s) ?

square 1 1 ~ — ~ ~ — ~
__square der (D)2 /exp(—i[(x,g + QpaQas%a)  Qps(%s + QppQaska)

completion ( ) mm

— )’E,IQABQEéQ—ArBiA + iIQAAiA]) dxpg

» Note that:

> Qan — QABQEB}QZB = Z;Al

> det(X) = det(Xaa) det(Qp5)

> [ d(%e;: —QpaQaska, Qpg)d%s = 1
(xa) = :

p(Xa) = (27)F det(Tan)1/2 exp
= xa ~ N(pa, Xaa)




Proof: Gaussian Conditional is Gaussian

L1 ) TE (k)
p(xa;xg) _ (2m)m+m det(¥)
p(xs) 1 o—3(xe—ms) T Tga(xe—ms)
(2m)m det(Xps5)

p(xa | xg) =

_ ! o= ()T (xm )~ (x5 — 1) T (x5 — 1))

/(2m)" det(T)/ det(Zas)

» Consider the exponent:
%4 Qanka + %4 Qapke + Xz Uigka + %5 Ussks — X5 Lpaks
=Xy Y Qaaka — 2xA QAAZABZBBXB + Xg ZBBZABQAAZABZBBXB
= (%4 — AT gp%B) | Qaa(%a — ZasTpa%s)

= x4 | xg ~ N (s + ZasTpp(xe — 15), Taa — TasT5sas)
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The Gaussian Distribution is Stable

» Stable distribution: a linear combination aX; + bX; of two independent
copies of a random variable X has the same distribution as cX + d up to
location d and scale ¢ > 0 parameters

» The Gaussian distribution is stable

» The space of Gaussian pdfs is closed under convolution:
/¢(x; Fs, W)¢(s; u,X)ds = ¢ (x; F, FEF T + W)

> The space of Gaussian pdfs is closed under geometric averages (up to
scaling):

H(bo‘k(x;uk,zk) x ¢ | x (Z akz;1> (Z Z;luk> , (Z akz;1>
k k k

k
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Kalman Filter

» Kalman filter: Bayes filter with additional assumptions:

» The prior pdf p;; is Gaussian

» The motion model is linear in the state x; with Gaussian noise w;

» The observation model is linear in the state x; with Gaussian noise v;

» The motion noise w; and observation noise v; are independent of each other,
of the state x;, and across time

> Prior: x; | 2o:t,U0:t—1 ~ N (y)es Zot)t)
» Motion Model:
X1 = f(xt, ut,Wt) = Fxt + Gut + Wi, W; ~ ./\[(07 W)
Xei1 | Xe,up ~ N(Fxe + Guy, W),  F € R&X% G ¢ REXd W ¢ RHX%

» Observation Model:
zZ; = h(Xth) = th +Vt7 Vi ~ ./\/’(07 V)
Zt |XtNN(HXt, V), HERdedX’ VeRdZXdI
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Kalman Filter Prediction
» Motion model with given prior:

Xey1 = Fx¢ + Gug + wy, Wi NN(O7 W), x: NN(Hquzﬂt)

Pesaje(x) = / pr(x | 5, ur)pe(s)ds = / 0(x; Fs + Gue, W)(S: ). ey )ds

{;(x — Fs— Gu) W (x— Fs— Gut)}

1
- (2m)d\/det(W) det(X ) /exp

1 _
et XEXP{z(SHt|t)TZtt1(5Nt|t)}ds

1 _ _ .
- nm/exp {—5 (sT(FT WL 4+ 550 — 2(5; bty + FT W Hx— Guy) Ts + . ) } ds

SECIP y(x; Fpagy + Guy, FEqF T+ W)

inv.lemma

» Kalman filter prediction step:

Pes1je(X) = /¢(X; Fs+ Gue, W)o(s; peje, Zeje)ds

= ¢(%; Fpaye + Gue, FE . F T + W)
13



Kalman Filter Prediction (Easy Version)

» Motion model with given prior:
Xt41 = FXt + Gut + W, Wi ~ N(O, W), X ~ N(ll’ﬂt? Zt|t)

» Since w; and x; are independent and the Gaussian distribution is stable, we
know that the distribution of x:,; is Gaussian: N(utﬂh, Yitie)

> We just need to compute the predicted mean p,, 4, and covariance ¥, 1)

Hep1je = E[Fxe + Gue +wi] = FE[x;] + Gu; + E[w¢] = Fpuy, + Gu,

independence

Y1) = Var[Fx; + Gu; + wy] Var [Fx;] + 0 + Var [wy]

& [F (xe—se) (= sags) FT| 4w

=FS,FT + W
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Kalman Filter Update
» Observation model with given prior:

zep1 = Hxepn + g, verr ~ N(0, V), Xern ~ N(Be e Tegae)

p (x) = Ph(Ze+1 | X)Prs1)e(X) _ D(ze41; Hx, V)o(x; Hita)es iia)e)
e P(zer1 | Zow,uoe) [ G(Zer1s HS, V)O(Si e e Tera)e)ds
_ P(zer1; HX, V)O(X: B 1) Tegae)

 d(zepa; Hipeyq)es HE ey HT + V)

Kty1 1 _ 1 _
= 2 exp {_E(ZtJrl - HX)T v 1(Zt+1 - HX)} exp {—E(X - Ht+1\t)th4-11|t(x - Ht+1\t)}

Me+1
1
B ;Hl &P {75 <XT(HT VTIH + z;rlllf)x +2(H V20 + Zt;ll\tp‘t+1|t)-rx T ) }
t+1
sq. B B _ B B - B B
comp. ¢ (X; (HT\/ 1H =+ ZH_IM) 1(HT\/ lzt+1 4 Zt+11|tut+1\t)7 (HTV lH + zH—ll‘t) 1)
";::::" ¢ (X; Peape + Kegaje(zesr — Hiu’t+1|t)7 (/- Kt+1|tH)Zt+1|t)

> Kalman gain: Ky e == Sepq)eH (HE e eHT + V)7
15



Kalman Filter Update (Easy Version)

» Observation model with given prior:
Zp1 = HXep1 + Ve, verr ~N(0, V), Xepr ~ N(Ht+1\n Tev)e)

» The joint distribution of x;11 and z;,1 is Gaussian:
Xe41) N Hipae th—Hlt Ct+1|%
Zi41 H/J’t+1|t ’ Ct+1|t Hzt+1|tH +V
T
Cepaje =E [<Xt+1 - Nt+1|t) (Zt+1 - Hl"’t+1\t> }

=E |:<Xt+1 - Ut+1\t> ((XH—l - Ith+1\t)THT + VtTﬂ—lﬂ = zt+1|tHT

» The conditional distribution of x;y1 | zs+1 is then also Gaussian:

Xt+1 \ Ziy1 ~N (Hf+1\t + Zt+1|tHT(HZt+1\tHT + V)_l(zt+1 - Hll’t+1\t)7
):t+1|t - ):t+1\tHT(H):t+1|tHT + V)_let+1|t)
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Kalman Filter Summary

Motion model:
Observation model:

Prior:

Prediction:

Update:

Kalman gain:

X¢ty1 = FXt + Gut + Wi, W; NN(O, W)
Z; = th+vt, Vi ’\/./\/(07 V)
Xt | Zy:t, Ug:p—1 N(Nt\ta Zt|t)

s F/'l’t|t + Gu,
Yepre = FEeF T+ W

Miya)ee1 = Meg1e + Kir1)e(zer1 — HNt+1\t)
Zt+1\t+1 = (/ - Kt+1|tH)Zt+1\t

—1
Key1e = ztJrl\t"'/T (HZtH“HT + V)
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Kalman Filter Comments

» The normalization factor in the update step (Bayes rule) is Gaussian:

P(Zt+1 | zO:tauO:t) = /Ph(Zt+1 | Xt+1)P(Xt+1 | ZO:t7u0:t)dxt+1

= /¢(Zt+1; Hx¢i1, V)d(Xet1; Hiiae Zt+1\t)dxt+1
= P(ze+1; HlJJt+1\ta Hthrl\tHT +V)

» The term reyq = ze41 — Hpy ), used to correct the mean in the update step
is called innovation

» The innovation r;; 1 conditioned on the past information zg.;, ug.; has the
same covariance as p(z:11 | Zo:t, Ug:t):

E[rei1 | zo:t, Uo:e] = Hlvbt+1\t - HNt+1|t =0

E ["t+1r;r+1 | ZO:hUO:t] = Hzt+1|tHT +V

> The Kalman gain K. |, scales the innovation r;y1 by its covariance and
determines how much to trust this correction to the mean in the update step

22



Kalman Filter Comments

» The KF has polynomial complexity in measurement and state dimensions
05" + &)

» Under the linear, Gaussian, and independence assumptions, the KF is an
optimal filter with respect to the mean square error (MSE) criterion:

E [ lxe = o] = tr(Zer0)

> Expectation Maximization (EM) can be used to simultaneously estimate
the state distribution p(xg.:) and learn the motion model parameters
(F, G, W) and the observation model parameters (H, V)

> Given data D := {zg.r,uo.t—1}, apply EM with hidden variables xg.;:
> E step: Given initial parameter estimates ) = {F(k)7 GW, Wk H, V(k)}
calculate the likelihood of the hidden variables via the Kalman filter/smoother

»> M step: Optimize the parameters via maximum likelihood estimation (MLE)
to obtain 8%*1) which explains the posterior distribution of xo.: better

23



Information Filter

» Information filter: converts the Kalman filter equations to information form
x ~ G(v,Q) with v = X1y and Q = ! via the matrix inversion lemma

Motion model: X1 = Fx; + Guy +we,  w; ~ G0, W™1)

Observation model:  z; = Hx; +v;, v~ G(0,V1)

Prior: Xt | Zo:t, Uo:it—1 ~ G(Vi|e, Qy)e)

Vertle = Qeqape (FQH:Vﬂt + Gut)

Prediction: .
Qupaje = (FRUIFT + W)
Vip1|e+1l = Vi1t T HT V_th+1
Update:

Qei1je41 = Qegpe + HTV~'H

24



Kalman-Bucy Filter (Continuous-Time KF)

Motion model:

Observation model:

Prior:

Mean:

Covariance:

Kalman Gain:

p(t) = Fu(t) + Gu(t) + K(t) (z(t) — Hu(t))
Y(t) = FE(t) + Z(t)FT + W — K(t) VKT (t)

K(t)=%(t)HTv1

25



Gaussian Mixture Filter
> Motion model: x; 1 = Fx; + Gu; +w;, w; ~ N(0, W)
> Observation model: z, = Hx; + v, vt ~ N(0, V)
» Prior: x; | Zo:t, Uo:t—1 ~ Ppeje(Xt) i= Zk t|t (xt; uﬁf}zﬁﬁ)
» Prediction:
Per1je(x) = / (X | s,u;)pee(s)ds = Zatlt /(;3 x; Fs + Gu;, W)o (s u(tft),):(tft))

_ Zatltqﬁ (x Fulf) + Gue, FE(FT 4 W)
» Update:
phlzeon | X)pesapele) O (Eesai Hx V) S aqfy 0 (X'uii’m-fi?m)
p(ze+1 | 2ot Uo:t) fo 2041; Hs, V) Y, ”:+1|:¢’ (s p,t+1h Zﬂm) ds
r+1\r¢ (zes1i Hx, V) ¢ (X' “Qutv ng) ¢ <1f+1; H“EJ)M[' HZ(tljr)u HT + V)
> “Hm (zt+1; Hu(flm HZ?HHH + V) ¢ (Zr+1; Huifm H)Zii)mHT + V))

(k) (k) T
t+1|t (zHl H“t+1\t7Hzt+1\tH + V) N (%) (%)
) ) 0) T (X ”z+1\t+Kt+1|t(zt+1_H“t+1\t)'r (- t+1\tH)zt+1|t)
> "‘Hm (zt+1' Hulye HEL  HY + V)

Pt+1\t+1( x) =

(s

s

» Kalman Gain: K(k)

_ (k) (k) -
t+1\t . zt+1|tHT (HZ HT + V)

t+1|t
26



Gaussian Mixture Filter

» The GMF is a bank of Kalman filters with weights a(¥) scaled by the
observation model in the update step

» pdf: x; | zo.;, Uug.e—1 ~ Pt\t(x) = Zaﬁﬁ)@b (Xt;uiﬁ)’zgﬁ))
k

> mean: i, = E [x¢ | zo:t, uo:t—1] = /xpt|t )dx = Zat‘tut‘t

. . L T T
> covariance: Y,;; :=E [xtxt | zO-t,UO'tfljl - Ht|tﬂt|t

= /XXTPt|t(X)dX* p’t\ttu’ﬂt Zo‘t\t ( t|t Sr\t)(ug\t)) ) 7‘ut|t“3t
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Rao-Blackwellized Particle Filter

» The Rao-Blackwellized (marginalized)

particle filter is applicable to conditionally
linear-Gaussian models:

(A%)d

2.0

Xl = ) + AT+ G ] -
Xpe1 = f (x7) + AL xD)x, + G (x])wy ¥ oo 7
z; = h(x7) + Ce(x7)x} + v, Nonlinear states: x}

Linear states: x.

» RBPF: exploits linear-Gaussian structure to handle high-dim problems:

P (X/uxg;t | 2o:t, uO:tfl) =p (Xlt | ZO:hUO:tflaxg;t) p(x0.+ | Zo:t, Uo:t—1)

Kalman Filter Particle Filter
Nt|t

— o (s . E0) Sl (x5, - i)
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