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Outline

Nonlinear Kalman Filter



Bayes Filter

> Motion model:

Xt+1 = f(XhUhWt) ~ Pf(' | Xt»”t) @ a Q
» Observation model:

ze = h(xe,ve) ~ pr(- | xe) @) ) (&)
> Prior: pt|t(xt) = P(Xt | ZO:t7uO:t—1)
> Prediction: pey1j(x) = [ pr(x | s,uc)py(s)ds

Pr(Zes1 | X)Peia)e(x) Pr(Ze1 | X)pega)e(x)
» Update: p X) = =
t+1|t+1( ) p(ze41lzo:t, vo:t) fPh(ZH—l | 5)Pt+1|t(5)d5




Kalman Filter

» Kalman filter: a Bayes filter with additional assumptions:

» The prior pdf p;; is Gaussian

» The motion model is linear in the state x; with Gaussian noise w;

» The observation model is linear in the state x; with Gaussian noise v;

» The motion noise w; and observation noise v; are independent of each other,
of the state x;, and across time

> Prior: x; | zg.r,ug:r_1 ~ N(ut‘t, Yiie)
» Motion model:
Xt41 = f(xt, ut,Wt) = Fxt + Gut + Wi, W; ~ ./\[(07 W)
Xei1 | Xe,up ~ N(Fxe + Guy, W), F € R&X% G € REXd W ¢ RHX%

» Observation model:
zZ; = h(Xth) = th + Vi, Vi ~ ./\/’(07 V)
Zt |XtNN(HXt, V), HERdedX’ VERdZXdI



Nonlinear Kalman Filter

» Nonlinear Kalman filter: a Bayes filter with additional assumptions:

» The prior pdf p;; is Gaussian

» The motion model is Hrear-inthestatexr with Gaussian noise w;

» The observation model is finearin—the-statexr with Gaussian noise v;

» The motion noise w; and observation noise v; are independent of each other,
of the state x;, and across time

» The predicted and updated pdfs are forced to be Gaussian via approximation

> Prior: x; | Zo.t,Uo:e—1 ~ N (e, Teft)
» Motion model: x;; = f(xs,us,w;), wy~ N(0, W)
» Observation model: z; = h(x;,v;), v~ N(0, V)

» Challenge: the predicted and updated pdfs are not Gaussian and can no
longer be evaluated in closed form

» Moment matching: we can force the predicted and updated pdfs to be
Gaussian by evaluating their first and second moments and approximating the
pdfs using Gaussians with the same moments



Moment Matching
> Let y = f(x) be a nonlinear transformation of x ~ N (p, X)
» The mean and covariance of y are:

m = Ely] = [ F(x)px(xi 1, D)
S =E|(y—Eb)(y—Ely)| =E[yy"] — EEL]"
— [ #0760 b 11, E)eix — mmm’
» The covariance of x and y is:
¢ =E[(x~m)y~Ely)"| = [ xF()7pxlxiss dx — pm’
» The joint distribution of x and y can be approximated by a Gaussian:

()~ () [ )

» The approximate distribution of x conditioned on y is:

x|y~N(p+CSHy—-m),X—-CS'CT)



Nonlinear Kalman Filter Prediction
» Prior: X¢ | Zy:t, UQ:t—1 ™~ N(/J’t\ta Zt\t)

> Motion model: x;.1 = f(X¢, u, w;), w; ~ N(0, W)
» Prediction step: force a Gaussian predicted pdf via moment matching:

Xe1 | Zo:e, Uo:e ~ N(Ht+1\tazt+1|t)

e = Elieer [ 20000 = [ [ Fx usewhpar(xi sy T Jpac(wi O, W)

T
Yiqe=E [(Xtﬂ - IJ‘t+1|t) (Xt+1 - Nt+1|t) | zo:e, uo;t}
=E [xt+lxt+1 | Z0:t UOZt} - “t+1\t“‘t+1\t

=//f(x7ut7W)f(x,ut,W)TpN(x;uqﬁZf|f)pN(W;07 W)dxdw — ety
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Nonlinear Kalman Filter Update
> Prior: X;y1 | Zo:t, Uo:e NN(I”’t+1|tvzt+l\t)

> Observation model: z; 1 = h(X;y1,Vit1), ver1 ~N(0, V)

» Update step: the Gaussian distribution which approximates the joint of x;11
and z;;1 conditioned on zg.;, ug.; via moment matching is:

Xt41 | Zo:¢, Uo:t N Hiia)e Zt+1\t Ct+1\t
. N 1l S
Zi11 | Zo:t, Uo:t Mey)e t+1)¢ t+1t
Mip1e = //h(xaV)PN(X; Heyi)e i) (v 0, V)dxdv

St+1|t: //(h(x,v) - mt+1|t)(h(X7V) - mt+1\t)TP./\f(X; Heiy)e ZtJrl\t)PN(V; 0, V)dXdV

Cortiem [ 0= mesai ) (hv) = meiaio) o Zera ) (v: O, Ve
» The conditional Gaussian distribution of X;41 | Zz41,Zo:t, Ug:¢ IS then:
Miy1er1 = Megrpe + Kt+1|t(zt+1 - mt+1|t)
zt+1|t+1 = Zzt+1\t - Kt+1\t5t+1\th—:—1|t

_ —1
Kt+1|t = Ct+1|f5t+1|t



Extended and Unscented Kalman Filters

> Implementing a nonlinear KF requires approximating the mean p, |, and
covariance Y|, integrals in the prediction step as well as the measurement
mean m.,1;, measurement covariance S;, ¢, and state-measurement
correlation C;. 1) integrals in the update step

» The EKF and UKF use different methods to approximate these five integrals

» The EKF uses a first-order Taylor series approximation to the motion and
observation models around the state and noise means:

df df
Pl we) 2 g0 0) + | ot 0] (5 =) + | i 0) (we = 0)
dh dh
h(xe1,ver1) = h(peeya)e, 0) + {E(Htﬂ\tv 0)} (Xe1 = Bogape) + {E(Htﬂ\ts 0)} (ver1 = 0)
» The UKF uses a finite set of sigma points to approximate the prior

Gaussian pdfs and convert the integrals to sums. This resembles Monte Carlo
approximation but the sigma points are selected deterministically.



Outline

Extended Kalman Filter
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Extended Kalman Filter Prediction

> Prior: x, | Zg.t, Ug:t—1 ™ N(Nt\ta Zt\t)
> Motion model: x;.1 = f(X¢, U, w;), w; ~ N(0, W)
» Model approximation: Let F; := Z—i(ut‘t, u;,0) and Q; := %(um,ut,O)
so that:
f(xt’ utth) ~ f(“’t\tv Uz, 0) + Ff(xf - Il’t\t) + Qtwt
» Predicted mean:

Meyqe = // (f(um, ur, 0) + Fe(x — paye) + QtW) PN (X; fejes Zeje)Pav(w; 0, W)dxdw

= f(ut\n u,, 0) + F (/ xpu(X; Hi|ts ):t|t)dx - Nt\t) + Q: /WPN(W; 0, W)dw

= f(Nt\ta ue, 0)
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Extended Kalman Filter Prediction
» Model approximation: Let F; := Z—i(ut‘t, u;,0) and Q; := j—a(um,ut,O)

so that:
f(xe, ur, we) ~ f(#t\ta ug, 0) + Fe(xe — Ut\t) + Qew:
» Predicted covariance:
.
e & // (f(ﬂﬂnUta0)+Ft(xfﬂt\t)+QtW)<f(Mt|n Ut:0)+Ft(X*Mt|t)+QtW)
pa(x; et Zt|t)p/\/(W; 0, W)dxdw — Nt+1\tﬂ2—+1|t

= (e, ue, 0) </(x - Nt|t)TPN’(X;Ht|tvzt|t)dx> F
+ Ft (/(X - I"t|t)PN(X3 Ke|ts ztlt)dx) f(p’t\ta Uz, O)T
+ F (/(X - Nt|t)(x - Ntt)TPN(X;Uthaztlt)dx) ":tT

+ o ( / ww " par(w; 0, W)dw) or
= tht\tFtT + Qtv‘/QlT
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Extended Kalman Filter Update
> Prior: x¢11 | Zy:t, Ug:t ™~ N(Ht+1|t7zt+1\t)

> Observation model: z;,1 = h(xzy1,Ver1), Vi1 ~ N(0, V)

» Model approximation: Let H; ;1 := %(utﬂ‘t,ﬂ) and Ryy1 = %(utﬂ‘t,O)
so that:

h(xe11,Ver1) = h(pepqpe 0) + Hepr (Xer1 — fepape) + Repaves
» The joint distribution of x;11 and z;;; can be computed in closed form:
My = //h(xvv)PN(X: Bei)es Zer1)e)Pa (V5 0, V)dxdv = h(p, q), 0)
Sev1e = //(h(x, v) = me1p) (h(x,v) = M) o (X e Zerage) pac(vi 0, V) dxdv
~ He1 T He g + Res1 VR
Cf+1|f = //(x - /J’t+1|t)(h(xvv) - mr+1|t)TPJ\/(X; Nt+1|tvzt+1|t)PJ\/(V3 0, V)dxdv
~ Zt+1|tH;1
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Extended Kalman Filter Update

» The EKF update step approximates the joint distribution of x;11 and z;1; as:
Xt41 \ Zg:t, Up:t ~ N Ht+1|t Z,_»T_,_1|t Ct+1|t
Zit1 | Zp:t, Up:t LTS ’ Ct+1\t St+1|t

Mepq)e = h(Nt+1\ta 0)
Siqe = Ht+1zt+1|thT+1 + Res1 VR 4

where:

T
Ct+1\t = Zt+1|th+1
» The conditional Gaussian distribution of X;11 | Z¢11, Zo:1, Ug:¢ is then:

Pepie+1 = Hepre + Kir1)e(zer1 — megge)
_ T
Lepaferl = Ledfe — Kt+1\t5t+1\th+1|t

_ -1
Kt+1|t = Ct+1|t5t+1|t
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Extended Kalman Filter

Prior:

Motion model:

Observation model:

Prediction:

Update:

Kalman gain:

X | Zy:t, Ug:p—1 ™ N(Nt\ta Zt|t)

Xt41 = f(Xt, ut7wt)7 Wi ~ N(0> W)

df df
Foi= o (B ur, 0), Qo= 2 (B, ue, 0)
Zt = h(xh\lt)7 Vt ~ N(O, V)

dh dh
H; == E(Nt\t—lao)v Ry == E(Nﬂt—lao)

Hieie = f(/"’t\ta u:,0)
Yijie = tht|tFtT + Q: WQ,_»T

Meya)er1 = Meg1e + Kt+1|t(zt+1 - h(u’t+1|t70))
Zt+1\t+1 = (/ - Kt+1|th+1)Zt+1|t

~1
Kt+1\t = zt+1|tH;5»1 (Ht+1zt+1|thT+1 + Rit1 VR;_l)
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Outline

Unscented Kalman Filter
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Unscented Transform

» The unscented transform (Julier et al., 1995, 2000) is a numerical method
for approximating the joint distribution of a Gaussian random variable x € R?
and a nonlinear function f of it:

= (5) =~ ()& §])

» Choose 2d + 1 sigma points using columns [\/f] ~of the square root VI of
the covariance matrix £ = VEVE

x© — x<’)=uia\/d+k[\/§], i=1,....d

1
» /¥ is lower-triangular and can be obtained via Cholesky factorization
> Parameters « € (0,1] and k > —d determine the spread of the sigma points

» The sigma points capture the shape of the original distribution of x

17



Unscented Transform

» Each sigma point x() is associated with mean weight v(?) and covariance
weight w():

> Choosev(o):lfw<1andw >v()

> Let vi) = wl) = 1= ., 2d

> Letx(o):uandx(i):ui ﬁum[ﬁ].forizl,...,d

» The weighted sigma points are used to approximate the integrals that
determine the mean and covariance of y = f(x):

2d

Ely] ~m = Z v £(x()
i=0
2d

Covly,y] = S = Z w(® (f(x(/)) - m) (f(x(i)) - m)T

12:do ]
Cov[x,y] = C = Z wl?) (x(i) - u) (f(x(i)) - m)
i=0

18



Unscented Kalman Filter Prediction
» Prior: x; | Zp:¢, Up:t—1 ™~ N(#t\ta Zt\t)
» Motion model: x; 1 = f(x;,u;,w;y), w; ~ N(0, W)
> Sigma point weights:
. ) 1 — v
V(O) < 1, W(O) 2 V(O)7 V(I) = W(l) = 2(dX7—:dw)’ I: 1, e 72(dX + dW)

> Sigma points:

(0) ()
Xpe | — (Mol Xt
w(® 0 )’ wi)

» UKF prediction step:

() = sl VT 2]

0 1— v(0

2(dy+dw)
iy = Z v f ( E»‘L utaW( ))
i=0
2(dy+dy)

Zt+1|t = Z w() (f (Xg‘)t, Ut,W( )> - ll't+1\t) (f ( 5‘1, ut,W( )) - Nt-~-1\t)—r

i=0



Unscented Kalman Filter Update

> Prior: xei1 | Zo:t, Uoie ~ N (B pa)e, Teta)e)
> Observation model: z; 1 = h(X;y1,Vir1),
> Sigma points:

L )
t+1)e | — (Her1fe e+t | — (Her1fe
v ( 0 > vl ( 0

» UKF update step:

Vip1 ™~ N(07 V)

Meya)er1 = Megre + Kt+1|t(zt+1 - mt+1|t))

t+1|t+1 — zt+1|t Kt+l\t5t+1\tK t+1|t

» Kalman gain: Keqa)e = Ct+1‘t5t+1

2(dx+dy) " _
M= > (),,( mwv(’))
i=0
2(dx+d,)

|t

S = 2 w0 ( (10 v) =) (b (xy0v®) “ o)

i=0
2(dy+d,)

o= S0 () (0

i=0

) T
E-ﬁ)-l\t’v(’)) - mt+1lf)

20



Unscented Kalman Filter with Additive Noise

Prior X1 | Zo:t, ot ~ N(“t+1|ta Zt+1|t)
Motion model  x;11 = f(x¢, uz) +we,  we ~ AN(0, W)
Obs. model Zii1 = h(Xey1) + Vi1,  Verr ~ N(0, V)

2dy
_ (i) NON () _ dx f
Hep1e = Z viDf (th|ta > o Xy = Mo th‘t = M|t + 11—, [ ):t|t .

Predict 70 .
zt+1\t = Z w ( ( Xy U ) - p‘t+1|t) (f (XS_»'\ILUt) - l"‘t+1|t) + W

Nt+1\t+1 = Mpppe + Keg1)e(Ze41 — Meya)e)
Update

T
Zt+1\t+1 = Zt+1|t Kt+1\t5t+1\th+1|t

Kalman gain Kt+1‘t = Ct+1|t5t+1|r

0 () d
me e = Z viDh ( (t+)1\t> ) X(H)m =Moo Xiiae = Hepe £ \/ 1_7;(0) [\/ Yo .

Seste = Z w (b (x0y,) = meee) (b (<2y,) - mtm)T +V
i=0
2d,

Cip1pe = Z wl (Xgllh‘ “t+1|t> (h (Xgut) - mt+1\t)T

i=0

21



Outline

Comparison of EKF and UKF
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Applying a nonlinear transformation to a
random variable (left) results in a new
random variable (right)

EKF: Linearization-based approximation
to the transformation formed by calcu-
lating the curvature at the mean (solid)
and true covariance (dashed).

UKF: Unscented transform approxima-
tion to the transformation formed by
propagating sigma points through the
nonlinearity and estimating the covari-
ance from them (solid) and true covari-
ance (dashed).
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Noisy Pendulum Tracking

» Consider a pendulum consisting of mass m hanging
by string of length L from pivot point P

» The differential equation of motion for the pendulum
is obtained using Newton's second law for rotational
systems which relates the net external torque 7
(position x force) to the product of the moment of
inertia / = mL? and the angular acceleration (t):

mg cosl

T = —mglsin0(t) = ml20(t) = O(t) = —%sin&(t) + o ow(t)
noise~N(0,q)

> The model can be converted into a state-space motion model with state
x(t) := (0(t),w(t)) ", where w(t) := 6(t) as follows:

i (z((?)> - [—ﬁ;)r(mg(t))] * m w(t)

24



Discrete-Time Model

» Motion model: Euler discretization of the pendulum state-space model with

sampling period 7 leads to:

_ 9t+1 _ 9t =+ Twe
Xe+1 = (wr+1> o L}t —7sin GJ W W N<0’ 7 l

SRR

f(xe,We)

o 7)

w

QS

> Observation model: estimate the angle §; and angular velocity w; of the

pendulum using measurements of its deviation from rest position:

z: = Lsin(6;) + ve, ve ~ N(0,V)
—_—

h(x¢,ve)

25



Extended Kalman Filter Prediction Step

0
. . 1Y
> Prior: x; | 2o.c ~ N (peje, Loje) with pry, = lﬂﬂt]
» Motion model Jacobian:

1 T
Fe= [_T% Cosﬂf\t 1] Q=1

» EKF prediction step:

4 w
_ _ Mt|t+TMt|t
Hipqe = f(”’t|t70) = [rwtut _ T% Sinuf“

Zt+1|t = tht\tFtT + QtWQtT

26



Extended Kalman Filter Update Step

>

>

0

- - . ‘LL
Prediction: x;. | zo:c ~ N(“t+lltv Tegape) with pe g, = Liﬂlt]
t+1|t

Observation model Jacobian:
0
Hip1 = [Lcosutﬂ‘t 0 Riy1=1
Innovation: r, i = z41 — Lsin(,ufﬂlt)

. . . . _ T
Measurement /innovation covariance: S s = Hep 1 Xy Hyly g +V

; . T
State-measurement cross-covariance: 3, 1 :H,

. - T -1
Kalman gain: K, = Zt+1|th+15t+1|t

n = + K, r,
EKF update step: t+1)t+1 = Meyife t+1)tFe41)t

Yipryertr = Tegpape — KeprpeHeaXepge

27



EKF Performance
» 1=0.001,¢g=03, =981, L=1 V=064

» Prediction at 1000 Hz, update at 20 Hz
EKF RMSE=0.46

Angle [rad]

Angular velocity [rad/s]

2
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Unscented Kalman Filter Prediction Step

> Prior: x; | zo:e ~ N (fe)es Ze|t)

> Sigma points:

VO C 1 WO s 0 0 ) =

X

0 _ (i) _ dx /T .
l’|l’ I"’t|t7 Xt‘t_l”l/tlt:l: l_v(o) |: Ztlt ’_) = 1)"'a2dX

» UKEF prediction step:

Hipar = E :V t\t’

Y= Z w' ( t‘ta Ht+1\t) (f(xgi)tvo) - y’t+1\t>—r + W
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Uscented Kalman Filter Update Step
> Sigma points:

; d.
0 .
X(t+)1|t = HMeya)es Xg?_l‘t = Heya)e + 177)‘(/(0) {\/ Zt+1|t y i=1,...,2d,

2d,
> Expected measurement: m; ; = Z viDp (xi’ll‘t, 0)
i=0

> Innovation: ri i = Zey1 — My

» Measurement/innovation covariance:

. R T
dx i 1 i
5t+1|t = Z,?zo w( (h (Xglm, O) - mt+1|t) (h (Xgllwo) - mt+1\t) +V
» State-measurement cross-covariance:

2d ) ) T
Ceane = 2w (e = o) (0 (x00) = mecae)
i=0

-1

> Kalman gain: K, = Ct+1\t5t+1\t

Big1er1 = Mega)e T Kt+1\trt+1\t
» UKF update step: | ! T
t+1t+1 — zt+1\t - Kt+1|t5t+1|th+1‘t
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UKF Performance
» 7=0.001, =03 g=981,L=1 V =0.64

» Prediction at 1000 Hz, update at 20 Hz

UKF RMSE=0.63

2

1

Angle [rad]

Angular velocity [rad/s]
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UKF vs EKF Predicted Covariance

> pior a0 ((5).[ 25 35))

» One prediction step with parameters 7 =1, g =9.81, L =1

Prior Distribution Sampled Posterior Distribution
5 10
5
0
0
-2 _5
4 -10
4 2 0 2 4
EKF Distribution
10 10
5 5
0
0
-5
-10 5
-15 -10
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