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Pontryagin's Minimum Principle



Finite-Horizon Deterministic Optimal Control

> Recall the finite-horizon deterministic optimal control (DOC) problem:
> no disturbances, i.e., w; =0

» closed-loop control does not offer any advantage over open-loop control
» Assume X =R" and Y = R"™

» Given xg € X, construct an optimal control sequence ug.7_1 such that:

T-1
min V""" (xo) 0(x¢,u
UoT—1 0 (0 +tzo ty t
s.t. Xt41 = f(Xt,ut), t:07..., -1

» The DOC problem can be solved via Dynamic Programming

» The DOC problem can also be viewed as an equality-constrained optimization
for which we can obtain first-order necessary conditions for optimality



Finite-Horizon Deterministic Optimal Control
» Introduce Lagrange multipliers p1.7 to relax the constraints x;11 = f(X¢, uy)

» The Lagrange multiplier p; is called the system costate

» Lagrangian:

-

—1

L(Xl:T’ uo:7-1, Pl:T) = cI(XT) + K(Xt, Ut) + (f(xt, Ut) - Xt+1)Tpt+1
t

Il
o

» Lagrangian gradients:
VirL = Vq(x7) — pT
VL= vxg(xta Ut) + fo(xt’ Ut)TPt+1 — Pt

t=1,...,T—1
Ve L = f(xt,u¢) — X415 t=0,...,T—1
Vi, L = Vol(xe, ue) + Vaf (xe, ue) | pest, t=0,....,T—1
» An optimal primal-dual sequence xj.+, ug.+_;, Pi. satisfies:
V. L(Xi.7,u5.7_1,P1.7) =0, t=1,...,T
Vs L(X1.7,u5.7_1,P1.7) =0, t=1,...,T
Vi L(XI.7,ud.7_1,P7.7) =0, t=0,...,T—1



Pontryagin’s Minimum Principle

» Define the Hamiltonian:

H(x,u,p) = £(x,u) +p ' f(x,u)

Theorem: Discrete-time Pontryagin Minimum Principle

If x3.7, ug.7_; is an optimal state-control trajectory for the finite-horizon
deterministic optimal control problem, then there exists a costate trajectory p;.
such that:

X:.:‘Fl = VPH(X:7 U:.(, p:+1) = f(va U:), XS = Xo
P: = VX"_I(x:_:v u:> p::+l) = Vxe(va u:) + fo(xi u:)Tpr-&-l) p;’ = vxq(x?)
0 = VyH(x;,u;,piyq1)




Pontryagin’s Minimum Principle
» Consider a finite-horizon deterministic optimal control problem with
P time-varying stage cost /; and motion model f;
» terminal constraint xr € T
> input constraints I/

» Hamiltonian with normality variable n € {0,1}:

Ht(x7 u, p, 77) = ngt‘(xv U) + prf(x7 u)

Theorem: Discrete-time Pontryagin Minimum Principle

If x3.+, ug.+_; is an optimal state-control trajectory, then there exists a costate
trajectory pj.+ and 7 € {0,1} such that:

(n.p7;---,PT) #0
Xi 1 = VpHe(x},ui,pii1,n), Xp = Xo

p; = ViH:(x},u}, PZ+1777)7 pPT — NVxq(x7T) J-X? T
—VuHe(x;,uy, pri1,m) Lur U

> g |, X means that g is orthogonal to the tangent cone of & at x



Pontryagin’s Minimum Principle

>

>

PMP provides an efficient way to evaluate the value function gradient with
respect to u; and thus optimize control trajectories locally and numerically

Given initial state xo and trajectory ug.7_1, let X3.7, p1.7 be such that:
Xer1 = F(Xe,up), Xo given
P = Vl(xe,ue) + [Vuf (xe, ue)] " Pest, pr = Vxq(x7)
Then:
Vi Vo 7 (%0) = VuH(Xe, ue, Pri1) = Vl(Xe,ur) + Viuf (e, ut) " peia

The states x; can be found in a forward pass and then the costates p; and
value function gradients V,, V" *(xo) can be found in a backward pass

Claim: p; = V,, V"7 (x,):
> Base case: pr = Vi, q(x7)
» Induction: identical with costate difference equation

vXt VtunT71 (Xt) = VXE(XU ut) + [va(Xta uf)]T VXH-l V::Jlrlz.ril (XH—l)
—_——

=pt =Pt+1
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Finite-horizon Linear Quadratic Regulator

> Linear Quadratic Regulator (LQR) problem:
1 — /1 1
min V7 (x) == ExiQxT + Z <2xtTth + 2utTRut)
t=0

T0:T—1

s.t. Xep1 = Axe + Bug, X9 =x
xr € R up = (%) € R™

where Q=QT >0,Q=Q" >0, and R=R" =0

» This is a special case of the finite-horizon deterministic optimal control
problem, which can be solved via Dynamic Programming



Finite-horizon Linear Quadratic Regulator
» At t = T, the value function equals the terminal cost which is quadratic in x:

1 1
Vi(x) = EXTMTX = ExTQx

» [terate backwards in time t =T —1,...,0:

1
Vi (x) = min {2 (xTQx+u' Ru) + V{1 (Ax + Bu)}

u

Qf (x,u)
> Att=T —1:

Vi_(x) = muin % {xT Qx+u' Ru + (Ax + Bu)" My (Ax + Bu)}
» Since R = 0, the cost above is a positive-definite quadratic function of u
» Taking the gradient and setting it equal to O:
77 1(x) =~ (BTQB +R) " BTQAx
Vi_i(x) = %XTMT_lx

Mr_1=A"MrA+Q—A MrB(B"MrB+R) ' BT MrA
10



Finite-horizon Linear Quadratic Regulator
> Att=T—2:
Vi_o(x) = muin % {XTQX +u' Ru+ (Ax+ Bu)" Mr_y (Ax + Bu)}
» Since R > 0, the cost above is a positive-definite quadratic function of u
» Taking the gradient and setting it equal to 0:
75 o(x) = — (BTMr_1B+R) ™ BT Mr_1Ax
Vi _s(x) = %XT My _ox
Mr_p=A"Mr 1A+ Q—A"Mr_1B(BTMr_1B+R) ' BT Mr_,A
» The optimal value and policy are determined by a Riccati equation for M;:
7i(x) = = (BT Mey1B + R) ' BT Mei1Ax
Vi(x) = %XT M;x
M= AT M1 A+ Q— A Moy B(BT Moy B+ R) ™ BT Me1 A, My =Q

11



Finite-horizon Linear Quadratic Regulator

» Batch formulation: instead of using the DP algorithm, express the system
evolution as a large matrix system

0 0

Xo / B 0 0| | W

X1 A ) ) . u
=] . |x+ | AB : : :

x AT : R N [T
T AT-1B ... ... B T
S

B

» The batch formulation of LQR is a quadratic program in s and v:

1
min V(o) = 5 (sT Qs+ v Rv) Q = diag(Q,...,Q,Q) =0
st. s—Bv=Axg R :=diag(R,...,R) >0

12



Finite-horizon Linear Quadratic Regulator

> Express V{ (xo) only in terms of the initial condition xo and the control
sequence v by using the batch dynamics s = Axq + Bv:

V5 (x0) = % (vI (BTQB+R)v+2x] (ATOB) v+ x; AT QAxo)

> V[ (xo) is a positive-definite quadratic function of v since R > 0
» Take gradient wrt v and set to O:
v =—(BTQB+R) BT QAx
Vi (xo) = %XJ (ATQA-ATQB(BTOB+R) " BTQA)x
> The optimal sequence of control inputs ug.+-_ is a linear function of xg

» The optimal value function V{(xo) is a quadratic function of xg

13
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Linear Quadratic Gaussian
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Finite-horizon Linear Quadratic Gaussian

> Linear Quadratic Gaussian (LQG) regulation problem:

T-1
. 1 1
min VI (x) = E{~T =x7Qx1 + E vt (x;r Qx; + 2u, Px; + u;rRut)
T0:T—1 2 —0 2

sit. Xep1 = Axe + Bug + Cwy, xo = x, wy ~ N(0, /)

Xt € Rn, U = 7Tt(Xt) S R™
> Discount factor: v € [0,1]
> Optimal value: V;(x) = 3x" Myx + m,
» Optimal policy: 7} (x) = —(R +yB"M11B) (P + vBT M,11A)x

» Riccati equation:
M= Q+7AT My A — (P + 9B Me1A)T (R + 9B  Mey1B) 1 (P + BT MeaA), M1 =Q

1
my = YMey1 +’y§tr(CCTMH1), mr =0

» M, is independent of the noise amplitude C, which implies that the optimal
policy 7f(x) is the same for LQG and LQR!

15



Infinite-horizon Linear Quadratic Gaussian
» Linear Quadratic Gaussian (LQG) regulation problem:

— .1
min V™(x) :=E {Z’ytz (x¢ Qx; +2u/ Px, + u:Rut)}
t=0

s

stt. Xer1 = Axe + Bup + Cwy, X = x, w ~ N(0, 1)
Xt € Rn, U = W(Xt) S Rm

v

Discount factor: v € [0,1)

v

Optimal value: V*(x) = Ix"Mx + m

v

Optimal policy: 7*(x) = —(R +~yBTMB)~1(P + vBT MA)x

v

Riccati equation (‘dare’ in Matlab):
M=Q+~A"MA— (P+~+yB"MA)T(R+~B"MB) (P +~B" MA)

_ 2 r T
m= 72(1_7)t (cc'm)

v

M is independent of the noise amplitude C, which implies that the optimal
policy 7*(x) is the same for LQG and LQR!

16
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LQR Methods for Deterministic Optimal Control
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Deterministic Optimal Control

» Deterministic optimal control with initial state xg:

T-1
min V°T Y(xo) = +ZE X, Ug)
up:7—1 =0
s.t. Xt+1 = f(Xt,ut), t:O7..., -1

» The problem has a closed-form solution when the costs are quadratic and
the dynamics are linear:

1
a(x) = 5x'Qx+a'x+a Q=0 Q=0 R>0,

1 1
(x,u) = EXTQX + EuTRu +x"Pu+q'x+r'utgqg

f(x,u)=Ax+ Bu+c

18



Deterministic Optimal Control
» Cost and dynamics:

1
q(x) = 5x'Qx+a'x+a,  Q=0, Q=0 R -0,

li(x,u) = %XT Q:x + %UTRtU +x"Putq/x+r/u+gqg,
fr(x,u) = Aix + Biu+ ¢

> Optimal value: V;(x) = 3x" Mx + m/x + m,

> Optimal policy: 7} (x) = —Hyu t(Hyy X + hut)

» Riccati equations:

MT:Q7 mr =a, mr =a
M = Hit = ot Hoult e
m; = A:(mt+1 + Mt+1ct) +9: — qu,tHlI;];thu,t
1 _ 1
my = 7§hItHuu}thu,f + §c:Mt+1cf +mgce Mo + e

hy:= BtT(mtJrl + Mepice) + 14

Hxx,t - Qt + AIMH-lAtv Huu,t = Rt + Bt—r Mt+1 Bfa qu,t = Pt + A:Mt+1Bt

19



Iterative LQR (iLQR)

» iLQR repeatedly approximates the cost and dynamics as quadratic and affine
respectively and solves the resulting LQR problem

> Initialize control and state sequence tig.7—1 and X¢11 = f(X¢, Uy)
» Define errors: X; = x; — X and U; = u; — U,

» Approximate the cost and dynamics:

a(%7) ~ a(X7) +Vxa(X7) %7 + eriq(XT)
—_—— N——— ——

=:a =:a =Q
UK, 0r) ~ L(Xe, Ur) + Vil (X, l_‘t)T;(t + Vul(%:, l_Jt)TlNlt

—_— Y —
=:qt =i =t

+ xt AN (xt,ut)xtJr ut V2, 0e(Xe, ) Ty + %, V2,00(Xe, Tz @i
2 \_\6_/ \—v—/ \—/—’

=W =R: =:P;
. of . Of _ _ .

Xtt1 = &(Xt, Ue) X + %(Xﬁ U) G
=:A; =:B:

20



Iterative LQR (iLQR)

» Solve the general LQR problem with cost and dynamics:

1
(%) = EiTQi +a'%+a,

1. . 1. .. - - -
= ExTth—F EuTRtu + %P —i—thx—i- r:u + g¢

e

to obtain an optimal policy @i, = 7} (X,)
» Update the nominal control trajectory: u; < tu; + iy for t =0,..., T —1

> Repeat the whole process until convergence (e.g., the change in fig,7_1 or
V,°77*(Xo) between iterations is small)

21



Differential Dynamic Programming

» The Bellman equation for a deterministic optimal control is:
Vi (x¢) = rrlin {é(xt, ue) + Vi (F(xe, ut))}

» iLQR approximates the cost and dynamics as quadratic and affine. Then, the
right-hand side of the Bellman equation is quadratic and can be minimized to
find 0}

> DDP assumes V;*(x) = 3x" Mx + m/{ x + m; and directly approximates the
right-hand side of the Bellman equation as a quadratic

» DDP is equivalent to iLQR, except the second-roder terms are now:

Hxx,t =Q:+ AIMHlAt + Z;dzl mt+17ivzxf;’()_(ta lj't)
Huu,e = Re + BtT M;11B: + 27:1 mt+1,ivl2,ufi()_(t7 u;)
Hyu,t = Py + A;r Me11B: + Z,(-jzl mt+1,ivzufi(it7 U;)

» DDP estimates the Bellman equation more accurately than iLQR but requires
computing second-order derivatives

22



Comments about iLQR and DDP

» Both iLQR and DDP produce an open-loop trajectory Xo.7, Ulg.7—1 that is
locally optimal and a policy m¢(x; Xe, @) = e — Ho ¢ (Hyy ¢ (X — X¢) + hu )
that is locally optimal for closed-loop tracking

» Since these methods are local optimization techniques, they can get stuck in
local minima and require good initialization

> If the second-order terms Hyy ; and Hy, ¢ are not positive-semidefinite and
positive-definite, respectively, we can try regularizing them (i.e., Hyx : + o/
and Hyu,r + pl) or projecting them

» The termination criterion is a design choice, e.g., we can stop when either
the change in the control trajectory is small, or when the cost improvement is
small

» A collection of tips with mathematical details can be found in Ch. 2 of Yuval
Tassa's PhD thesis, “Theory and Implementation of Biomimetic Motor
Controllers,” The Hebrew University of Jerusalem, 2011

23
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