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Abstract

This article surveys classical, machine learning, and data-driven system identification approaches to learn control-relevant and

physics-informed models of dynamical systems. In recent years, machine learning approaches have enabled system identifica-

tion from noisy, high-dimensional, and complex data. However, their utility in control applications is limited by their ability to

provide provable guarantees on control-relevant properties. Meanwhile, traditional control theory has identified several properties

of physical systems that are useful in analysis and control synthesis, such as dissipativity, monotonicity, energy conservation, and

symmetry-preserving structures. In this paper, we postulate that merging system identification algorithms with such control-relevant

or physics-informed properties can provide useful inductive bias, enhance explainability, enable control synthesis with provable

guarantees, and improve sample complexity. We formulate system identification as an optimization problem where control-relevant

properties can be enforced in three ways, namely, direct parameterization (constraining the model structure to satisfy a desired

property by construction), soft constraints (encouraging control-relevant properties through regularization or penalty terms), and

hard constraints (imposing control-relevant properties as constraints in the optimization problem). Through this lens, we survey

methods to learn physics-informed and control-relevant models spanning classical linear and nonlinear system identification tech-

niques, machine learning-based approaches, as well as direct identification through data-driven and behavioral representations.

Taken together, these perspectives suggest that control-oriented identification should be viewed not only as a problem of minimiz-

ing prediction error, but also as one of selecting model structures and learning methods that preserve the properties needed for

downstream analysis and control synthesis. Throughout the paper, we provide several expository examples that are accompanied

by code and brief tutorials on a public Github repository. We also describe several challenging directions for future research in this

area, including identification in networked, switched, and time-varying systems, experiment design, and bridging the gaps between

data-driven, learning-based, and control-oriented system identification.

Keywords: System identification, machine learning, identification for control, physics-informed learning, data-driven control,

control-oriented system identification, learning for control

1. Introduction

Machine learning, at its core, is learning from data. Since

control theory also seeks to utilize data to identify system mod-

els and estimate and regulate their states, it is natural to ask

if the resurgent interest in machine learning can translate to

new algorithms and guarantees useful in control. This survey

focuses on techniques for system identification as a precursor

to model-based control. System identification is a fundamen-

tal and widely studied topic in both the automatic control and

signal processing communities. The basic problem considers

a system that is excited using some ‘input’ data and generates

∗sseetha@purdue.edu, yyshi@ucsd.edu, natanasov@ucsd.edu
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measurements or ‘output’ data. Using the inputs and the out-

puts, we seek to generate a model of the system that not only

explains the data that were used to generate it, but also general-

izes to other unseen input data (Ljung et al., 2020). One could

interpret this as a function approximation problem, which is ex-

actly the problem that machine learning seeks to solve with the

potential ability to consider arbitrary noise distributions, high

dimensional data, and complex loss functions. However, the

central premise of this survey is that while machine learning

can indeed yield exciting new algorithms for system identifi-

cation, to realize this promise fully, ‘vanilla’ machine learn-

ing algorithms will not do — we need physics-informed and

control-oriented learning algorithms that guarantee properties

in the learned models useful for the subsequent control design.

What do we mean by control-oriented learning algorithms?

Traditional control theory has identified several properties of

Preprint submitted to Annual Reviews in Control August 1, 2026



dynamical system that are useful for analyzing dynamical sys-

tems or synthesizing control laws. These properties typically

arise from first principles underlying the system physics or dy-

namics, e.g., symmetries or energy dissipation properties, and

are useful for designing controllers to achieve desired closed-

loop responses. By merging such physics-based or control-

relevant properties with learning algorithms, we hope to iden-

tify system models that provide the best of both philosophies.

The first reason to insist on such properties when learning a

model is that they may provide a useful inductive bias to the

learning algorithm. The possible choices of a model that can

explain the given (or training) input-output data are many; the

only test for utility among such models is the ability to gener-

alize to unseen (or test) data. Constraining the learned model

to display properties that we know hold from physics or sys-

tem structure is potentially a strong and useful inductive bias to

the learning algorithm. Even if the learned model yields some

ground on the error criterion over the training data, a physics-

constrained model will likely have better generalization ability.

The second reason for ensuring that such properties are sat-

isfied by the learned model is that several decades of develop-

ments in control synthesis explicitly utilize these properties to

provide provable guarantees. In control engineering applica-

tions, the aim is typically not to just learn an open-loop model

using the input-output data, but rather to utilize this model for

control design with desired closed-loop characteristics. Many

methods for controller design utilize properties such as dis-

sipativity and monotonicity to obtain guarantees on closed-

loop system behavior. For instance, compositionality properties

of dissipative and monotone systems have been widely lever-

aged for scalable control designs in networked systems. If the

learned model also displays such properties that we expect to be

satisfied from physics, similar controller synthesis procedures

can be used and strong guarantees on the closed-loop system

behavior can be obtained.

Another reason to incorporate a priori information about

physics is to obtain explainable system models. It is well-

known that the outputs, and consequently the failure modes, of

black-box models such as neural networks utilized in learning-

based control cannot be readily intuited. Therefore, when con-

trol designs that utilize these models do not perform as in-

tended, the root cause is often unclear, resulting in the designer

having to resort to trial-and-error to achieve acceptable perfor-

mance. Instead, if black-box system models like neural net-

works can be imbued with key physics properties, such as con-

servation laws, symmetries, or energy dissipation, their outputs

or failure modes can be explained in terms of measures defined

on these properties (e.g., dissipativity indices) or violation of

these properties (e.g., violation of symmetries). Then, desired

input-output behaviors can be translated into specifications on

these properties and shaped by explainable control designs.

Finally, we also expect that enforcing such properties could

improve the sample complexity of the learning algorithms. The

intuition here is that these properties constrain the degrees of

the freedom for the learned model and hence the model can

be learned in a more efficient fashion. Some empirical evi-

dence for this can be observed in Miller et al. (2020); Cuomo

et al. (2022); Son et al. (2023), where physics-informed and

structure-preserving neural-network models are compared with

unstructured neural networks in limited-data settings and are

shown to achieve comparable or improved prediction accuracy

using fewer training samples.

Due to these reasons, extending the powerful methods de-

veloped in the learning literature to identify dynamical sys-

tem models that are physics-informed and control-oriented has

emerged as a key direction of work in multiple research com-

munities. It has the potential to move the identification methods

in automatic control and signal processing beyond the limiting

assumptions classically made, while at the same time, making

the learning algorithms more relevant for analysis and control

of physical systems. The purpose of this survey is to provide

students, researchers, and practitioners with an overview of this

field. We aim to categorize the types of methods that have been

proposed so that the reader obtains a map of the area, given

the often bewildering mix of modeling philosophies and ap-

proaches that have been proposed. We also identify how classi-

cal system identification techniques rooted in the control litera-

ture form an important pillar in this area and must be mastered

by anybody seeking to make meaningful contributions in this

domain. At the same time, we present the reader with a succinct

understanding of where these methods can be complemented

and extended by newer approaches and tools from learning, as

well as new ideas in data-driven representations stemming from

notions like behavioral systems theory.

While there are many excellent surveys on various facets at

the intersection of learning and control, our aim and presenta-

tion differ from them. Specifically considering the problem of

system modeling and identification, there are two lines of re-

search closely aligned with the focus of this paper. The first

is physics-informed or scientific machine learning, surveyed

in works such as Wang and Yu (2021); Chen et al. (2021b);

Karniadakis et al. (2021); Cuomo et al. (2022); Willard et al.

(2020); Yu and Wang (2024), where the idea is to leverage

prior knowledge of system physics to enhance the generaliz-

ability and interpretability of deep learning models, with ap-

plications to a wide array of problems including forecasting,

inference, and solution of ordinary or partial differential equa-

tions. However, these works do not typically focus on control-

relevant models, with the exception of recent tutorials (Nghiem

et al., 2023; Drgona et al., 2025), some parts of which discuss

physics-informed learning for system identification for specific

model classes and structural priors. The second closely re-

lated line of research is identification for control, which has

a long rich history, surveyed in works such as Gevers (2005),

which typically focus on classical system identification tools.

An exception here is Pillonetto et al. (2025) that focuses on

deep learning architectures for system identification, primarily

from the viewpoint of optimization algorithms and kernel-based

methods. The renewed interest in data-driven control (van

Waarde et al., 2025) in recent years has also led to surveys on

data-driven system representations based on behavioral systems

theory (Markovsky and Dörfler, 2021) and operator dynami-

cal models such as Koopman operators (Bevanda et al., 2021).

Even within these domains, there are no comprehensive surveys
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focusing on the problem of learning representations or models

capturing specific control-relevant properties or physics-based

constraints. This paper bridges the gap between these two lines

of research and existing review papers, surveying both classical

and learning-based approaches to address the specific problem

of identifying physics-constrained and control-relevant models

for dynamical systems and control synthesis.

This paper is organized as follows. In Section 2, we begin

by introducing system modeling techniques and describing the

control-relevant properties considered in this work, namely, dis-

sipativity, monotonicity, and symmetry-preserving structures

(such as Lagrangian and Hamiltonian dynamics). We then for-

mally pose the problem of identifying a model satisfying these

properties as a constrained optimization problem, and outline

various perspectives on how to solve this problem in Section

3. Then, we survey classical (Section 4) and deep-learning

(Section 5) system identification techniques capturing control-

relevant properties, as well as direct data-driven identification

of these properties through, e.g., behavioral representations

(Section 6). The code for all the numerical examples in this

paper is available in our Github repository.3 We conclude by

providing several directions for future exploration in Section 7.

Notation: Throughout the manuscript, scalars and vectors

are denoted by lower-case letters. The set of real numbers is

denoted by R, and the set of n-dimensional real vectors by R
n.

For a vector x ∈ Rn, ∥x∥ denotes its Euclidean norm. The oper-

ator ∇x denotes the gradient with respect to the variable x. For

a function t 7→ x(t), the notation ẋ and ẍ denotes the first and

second time derivatives of x(t), respectively. The set of com-

plex numbers is denoted by C. The variable s ∈ C denotes the

Laplace variable (complex frequency), and ω ∈ R denotes the

real frequency, with s = iω in the Fourier domain. Matrices are

denoted by upper-case letters. For a matrix A, its transpose is

denoted by A⊤, and its inverse (if it exists) is denoted by A−1.

Inequalities between matrices are defined in the standard pos-

itive (semi)definite sense: A ≻ 0 indicates that A is positive

definite, while A ⪰ 0 indicates positive semidefiniteness. Sim-

ilarly, A ≺ 0 and A ⪯ 0 denote negative definite and negative

semidefinite matrices, respectively.

2. Control-Related Properties and Constraints

2.1. System Modeling

Continuous-time dynamical systems are commonly modeled

using ordinary differential equations (ODEs):

dn

dtn
y(t) = ϕ

(

y(t),
d

dt
y(t), . . . ,

dn−1

dtn−1
y(t), u(t)

)

, (1)

where u(t) is the system input at time t, y(t) is the system output,

and ϕ is a function capturing the relationship among the system

input and the time-derivatives of its output. A state-space model

converts the n-th order ODE in (1) to a system of n first-order

3https://github.com/ExistentialRobotics/physics_based_sysid

ODEs by defining state variables x(t) = (x1(t), . . . , xn(t)) corre-

sponding to the output time derivatives:

x1(t) = y(t), x2(t) =
d

dt
y(t), . . . , xn(t) =

dn−1

dtn−1
y(t) (2)

and observing that one can write ẋ1(t) = x2(t), ẋ2(t) = x3(t), . . .,

ẋn−1(t) = xn(t), and ẋn(t) = ϕ(x1(t), . . . , xn(t), u(t)), is shorthand

notation for the first time derivative of state xi.

In general, a state-space model describes a continuous-time

dynamical system as:

ẋ(t) = f (x(t), u(t)),

y(t) = h(x(t), u(t)),
(3)

where x(t) ∈ X ⊆ R
nx is the state, u(t) ∈ U ⊆ R

nu is the input,

y(t) ∈ Y ⊆ R
ny is the output, f : Rnx ×Rnu → R

nx is the system

dynamics model, h : Rnx × Rnu → R
ny is the output model, and

the initial condition x(0) is given.

It is often sufficient from a system modeling perspective and

beneficial from a control design perspective to consider models

that are affine in the control input u(t):

ẋ(t) = A(x(t)) + B(x(t))u(t),

y(t) = C(x(t)) + D(x(t))u(t),
(4)

or even in both the state x(t) and the input u(t):

ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t).
(5)

The Laplace transform converts a linear time-invariant (LTI)

system from a linear ODE in the time domain, given by (5), to

a linear algebraic equation in the complex domain. The input-

output relationship of an LTI system in the complex domain

with zero initial conditions is described by its transfer function

G : C 7→ C
ny×nu :

Y(s) = G(s)U(s) = (C(sI − A)−1B + D)U(s), (6)

where U(s) and Y(s) are the Laplace transforms of the input u(t)

and output y(t), respectively. In the time domain, the relation-

ship in (6) shows that, with zero initial conditions, the system

output is the result of convolution:

y(t) = g(t) ∗ u(t) =

∫ t

0

g(t − τ)u(τ)dτ (7)

of the system impulse response g(t) = CeAtB + Dδ(t) (inverse

Laplace transform of G(s)) with the input signal u(t).

A control law, also referred to as control policy, is a function

π : X × [0,∞) → U that determines an input u(t) = π(x(t), t)

for a dynamical system based on the system’s current state x(t),

time t, and desired behavior. Note that π(x(t), t) describes a

memoryless, or static, state-feedback control law. More gen-

eral dynamic controllers also arise frequently in control design

(Khalil, 2002, Ch. 12). These controllers introduce internal

controller states, for example to store accumulated tracking er-

ror in integral control, estimate unmeasured states in observers,

3
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filter measured signals, or implement dynamic compensation

(Krstic et al., 1995). In the following discussion, for simplicity

of exposition, we use the static feedback form to introduce the

closed-loop dynamics and notation, while noting that the inter-

connection of such controllers with the plant can be analyzed

in a manner similar to that of memoryless controllers by aug-

menting the plant state with the controller state. For the static

feedback case, the composition of the system dynamics model

f in (3) with a control policy π creates a closed-loop system

with dynamics model:

ẋ(t) = F(x(t), t) := f (x(t), π(x(t), t)). (8)

To guarantee existence and uniqueness of solutions of the ODE

in (8), the function F needs to be Lipschitz continuous in x and

continuous in t (Khalil, 2002, Thm. 3.1). A special case of (8)

arises when F does not explicitly depend on t; that is

ẋ = F(x) , (9)

in which case the closed-loop system is said to be autonomous.

If the system state x(t) is not available to the control policy,

the input u(t) must be determined by an output-feedback control

policy, relying on the output y(t) instead of x(t). In this case,

the closed-loop dynamics F is obtained by the composition of

the open-loop dynamics model f , the control policy π, and the

output model h in (3).

Instead of representing a system using a state-space

model (3) or transfer function (6), behavioral system theory

(Markovsky and Dörfler, 2021; Willems, 1986a) considers a

representation-free perspective. In this framework, a system is

described by its behavior B, defined as the set of all trajectories

compatible with the system laws:

{ω : [0,∞)→ R
q} . (10)

In other words, the behavioral framework describes a system

as the span of all possible input-output trajectories generated

by its dynamics. Thus, the system is represented by its behav-

ior rather than by a particular state-space realization or trans-

fer function. A trajectory ω(t) may be related to an input-

output representation via a permutation matrix Π ∈ R
q×q with

q = nu + ny and ω(t) = Π

[

u(t)

y(t)

]

. Note that the permutation

matrix does not encode the system dynamics; rather, it only

specifies the ordering of the input and output variables in the

trajectory vector. The dynamics are encoded by which trajecto-

ries are considered to be compatible with the behavior of the

system. The complexity of a system is defined by its structure

indices (Willems, 1986a): the number of inputs nu, the order

nx, and the lag ℓ (the smallest integer ℓ for which the matrix
[

C CA · · · CAℓ−1
]

has rank nx).

The system models described so far can also be formulated

in discrete time k ∈ N with input uk ∈ R
nu , state xk ∈ R

nx ,

and output yk ∈ R
ny . Discrete-time versions of the nonlinear

model in (3), control-affine model in (4), and LTI model in (5)

are defined using difference equations with equivalent notation.

Specifically, a discrete-time nonlinear system can be written as:

xk+1 = f (xk, uk),

yk = h(xk, uk),
(11)

and a discrete-time LTI model can be formulated as:

xk+1 = Axk + Buk,

yk = Cxk + Duk,
(12)

with given initial conditions x0. Instead of using the Laplace

transform, discrete-time LTI systems are converted to the com-

plex domain using the Z transform and are associated with a

discrete-time transfer function G(z) such that Y(z) = G(z)U(z),

where U(z) and Y(z) are the Z transforms of the input uk and

output yk.

In the discrete-time setting4, within the behavioral frame-

work, Willems’ fundamental lemma (Willems et al., 2005a) pro-

vides a representation of an LTI system using a single suffi-

ciently informative and long trajectory. Consider a trajectory

{ũk, ỹk}
N−1
k=0

from an LTI system (12) that satisfies a condition

called persistent excitation. Then, we can verify whether any

arbitrary trajectory {uk, yk}
L−1
k=0

of shorter length L comes from

the same LTI system as long as N ≥ (nu + 1)(nx + L) − 1.

In detail, let ũ =
[

ũ⊤
0
· · · ũ⊤

N−1

]⊤
, ỹ =

[

ỹ⊤
0
· · · ỹ⊤

N−1

]⊤
,

u =
[

u⊤
0
· · · u⊤

L−1

]⊤
, and y =

[

y⊤
0
· · · y⊤

L−1

]⊤
. The input

sequence ũ is persistently exciting of order k ∈ [1,N] if the

Hankel matrix Hk(ũ) of depth k constructed from ũ has full

row rank (Willems et al., 2005a). The Hankel matrix Hk(ũ)

is constructed by stacking k consecutive shifted copies of the

sequence ũ to obtain a (nuk) × (N − k + 1) matrix with block

elements [Hk(ũ)]i j = ũi−1+ j−1 ∈ R
nu :

Hk(ũ) =





ũ0 ũ1 · · · ũN−k

ũ1 ũ2 · · · ũN−k+1

...
...

. . .
...

ũk−1 ũk · · · ũN





(13)

If ũ is persistently exciting of order nx + L, then u, y is a tra-

jectory of (12) if there exists a vector α ∈ RN−L+1 such that

[

HL(ũ)

HL(ỹ)

]

α =

[

u

y

]

. (14)

Each column of the block Hankel matrix corresponds to a

finite-length segment of the measured input sequence. Simi-

larly, the columns of the stacked Hankel matrix in (14) collect

input-output trajectory segments from the measured data. In-

tuitively, the algebraic condition in (14) states that, if the mea-

sured input ũ is persistently exciting of order nx + L, then these

measured trajectory segments span the set of length-L input-

output trajectories generated by the same discrete-time LTI sys-

tem. In this sense, the stacked Hankel matrix provides a be-

havioral representation of the system over horizon L, without

requiring explicit identification of a state-space realization.

4Continuous time analogues of Willems’ fundamental lemma have also been

recently proposed (Lopez and Müller, 2022).
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2.2. System Identification

Given a set W = {(ui(t), yi(t))}i of input-output trajecto-

ries from a continuous-time dynamical system, system identi-

fication is the problem of constructing a model of the system.

This involves choosing a model order (state dimension nx) and

mathematical structure (e.g., nonlinear, control-affine, or linear

state-space model), and specifying associated model parame-

ters (e.g., matrices A, B,C,D for the linear state-space model

in (5), parametrization of the nonlinear functions f , h in (3),

or parameterization of the transfer function G(s) in (6)). The

parameters of the chosen model are determined by minimizing

a suitably chosen difference between the predicted model out-

put and the actual system output observed in the dataW. For

example, considering a nonlinear state-space model with dy-

namics fθ and output model hθ, the model parameters θ may be

obtained from an optimization problem:

min
θ

c(θ;W) :=
∑

i

∫

t

∥yi(t) − ŷi(t)∥
2dt

s.t. ˙̂xi(t) = fθ(x̂i(t), ui(t)),

ŷi(t) = hθ(x̂i(t), ui(t)),

(15)

where {(x̂i(t), ŷi(t))}i are state and output trajectories predicted

by the model fθ, hθ. The objective in (14) should not be inter-

preted as requiring the optimal cost to be zero. A zero value

can only be expected in idealized settings where the measured

data are noise-free, the chosen model class contains the true

system, the initial conditions and inputs are exactly known, and

there is no numerical or discretization error. In practical iden-

tification problems, measurement noise, process disturbances,

unmodeled dynamics, finite data, limited excitation, and model

mismatch typically lead to a nonzero residual even at the op-

timum. Therefore, successful identification is usually assessed

not by vanishing training error, but by the model’s ability to ex-

plain the data, generalize to validation trajectories, and satisfy

relevant structural or control-oriented properties.

The above formulation (15) focuses on parametric system

identification, where fθ, hθ are the models to be identified. Mo-

tivated by Willems’s work (Willems, 1986a,b, 1987), system

identification can also be carried out using non-parametric tech-

niques, such as total least-squares (Roorda and Heij, 1995),

deterministic subspace (Van Overschee and De Moor, 1996),

and structured low-rank approximation (Markovsky, 2014) ap-

proaches.

After the identification of a system model, model validation

and model analysis are crucial next steps to guarantee the use-

fulness of the model for prediction, optimization, and control

design. Model validation refers to assessing the accuracy of the

identified model by comparing its predictions with additional

(validation) data that was not used during the parameter estima-

tion phase. This helps to verify that the model’s performance on

the validation data and the training data are comparable, i.e., the

model is not overfitting. Model analysis refers to asserting that

the identified model satisfies properties and performance char-

acteristics expected to be true for the considered system. This

is essential to ensure that the model accurately represents the

real-world system, facilitating reliable prediction, robust con-

trol design, and safe operation.

2.3. System Properties

Real-world dynamical systems display important properties.

From a control perspective, desirable properties that may be

considered include stability, dissipativity, monotonicity, sym-

metries, to name a few. Ensuring that, when a system satis-

fies these properties, they are reflected in the system model is

important for model accuracy and control design. Capturing

these properties in the system model can often lead to simpli-

fied mathematical treatment, accurate reflection of a real sys-

tem’s behavior, and convenient control design.

2.3.1. Lyapunov Stability

Lyapunov stability is a fundamental concept for understand-

ing the behavior of a dynamical system. Stable systems behave

predictably in the sense that they return to an equilibrium (or

a set of equilibria) after a disturbance and do not exhibit un-

bounded behavior. Suppose xe ∈ D,D ⊂ R
n, is an equilibrium

of the closed-loop autonomous system (9), that is F(xe) = 0.

For convenience, we state all definitions and theorems in this

section for the case when the equilibrium point is at the origin

of Rn, that is xe = 0. There is no loss of generality in doing so

because any equilibrium point can be shifted to the origin via a

change of variables (Khalil, 2002).

Theorem 2.1 (Lyapunov Stability). Let x = 0 be an equilib-

rium point for the closed-loop autonomous system in (9) and

D ⊂ R
n be a domain containing x = 0. Let V : D → R be a

continuously differentiable function such that

V(0) = 0 and V(x) > 0, ∀x ∈ D \ {0},

V̇(x) :=
∂V

∂x
F(x) ≤ 0 ,∀x ∈ D.

Then, x = 0 is stable in the sense of Lyapunov, that is, for every

ϵ > 0, there exists a δ > 0 such that, whenever ∥x(0)∥ < δ, the

solution satisfies ∥x(t)∥ < ϵ for all t ≥ 0. Moreover, if

V̇(x) < 0 ,∀x ∈ D \ {0},

then x = 0 is asymptotically stable, that is, x = 0 is stable and

there exists c > 0 such that, whenever ∥x(0)∥ < c, the solution

satisfies limt→∞ x(t) = 0.

The condition that V̇(x) is negative in Thm. 2.1 suggests

that for any initial condition x(0) ∈ D, the system trajectories

x(t) move to smaller and smaller values of V(x), eventually ap-

proach or converge to x = 0.

LaSalle’s invariance principle (Khalil, 2002, Theorem 4.4)

generalizes the above notion of stability from an equilibrium

point to stability with respect to a set. To state LaSalle’s invari-

ance theorem, we need to introduce a few definitions. A set M

is said to be an invariant set with respect to the closed-loop au-

tonomous system (9) if x(0) ∈ M ⇒ x(t) ∈ M ,∀t ∈ R. That is,

if a solution belongs to M at some time instant, then it belongs

to M for all future and past time. A set M is said to be a posi-

tively invariant set with respect to the closed-loop autonomous

system (9) if x(0) ∈ M ⇒ x(t) ∈ M ,∀t ≥ 0.
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Theorem 2.2 (LaSalle’s Invariance Principle). Let Ω ⊂ D be a

compact set that is positively invariant with respect to (9) and

D ⊂ R
n be a domain containing x = 0. Let V : D → R be

a continuously differentiable function such that V̇(x) ≤ 0 in Ω.

Let E be the set of all points in Ω where V̇ = 0. Let M be the

largest invariant set in E. Then every solution starting in Ω

approaches M as t approaches infinity. That is, for any ϵ > 0,

there exists a T > 0 such that dist(x(t),M) < ϵ for all t > T,

where dist(x(t),M) = infp∈M ∥x(t) − p∥.

In Lyapunov stability analysis and its generalization via the

LaSalle’s invariance principle, one first needs to identify a can-

didate Lyapunov function V(x). However, finding a Lyapunov

function for a nonlinear system is challenging, especially when

the system dynamics are unknown. For dynamical systems with

a special structure, such as networked systems or mechanical

systems, there are some natural choices of Lyapunov or gener-

alized energy functions, which we will introduce in the follow-

ing subsections.

2.3.2. Dissipativity and Passivity

Dissipativity extends the concept of passive circuit elements

from circuit theory to a generalized notion of energy (not nec-

essarily corresponding to a physical quantity) that is applicable

to nonlinear dynamical systems. Dissipativity theory offers a

powerful framework for analyzing dynamical systems and de-

signing controllers, as it can be used to establish crucial prop-

erties such as stability, passivity, and sector-boundedness (see

Definition 2.4). One of the key advantages of dissipativity is

its preservation across various network interconnection struc-

tures, making it particularly valuable for compositional and dis-

tributed control synthesis (Antsaklis et al., 2013; Agarwal et al.,

2021, 2020, 2019; Vidyasagar, 1979). Owing to these attrac-

tive properties, dissipativity has been widely studied in the con-

trol literature, and finds application in several domains includ-

ing, but not limited to, robotics (Hatanaka et al., 2015), elec-

tromechanical systems (Ortega et al., 2013), aerospace systems

(Forbes, 2011), process control (Bao and Lee, 2007), and power

and energy systems (Sivaranjani et al., 2020a,b). Concretely,

we define dissipativity for a nonlinear system as follows.

Definition 2.3 (Dissipativity). The dynamical system (3) is said

to be dissipative with respect to a supply rate s : U × Y → R,

where
T∫

0

|s(u, y)dt| < ∞,∀0,T ∈ R+, if there exists a positive

definite function V : X → R+, such that, ∀t ∈ [0,T ], x(0) ∈ X,

and y ∈ Y,

T∫

0

s(u, y)dt ≥ V(x(T )) − V(x(0)), (16)

where x(T ) is the state of the dynamical system (3) at time T ,

resulting from the initial condition x(0) and input u(·).

For nonlinear systems, dissipativity from Definition 2.3 often

holds only in the neighbourhood of an equilibrium. Incremen-

tal dissipativity (Forni et al., 2013; Verhoek et al., 2023b) ex-

tends this notion by considering the relationship between two

arbitrary system trajectories. In general, incremental dissipa-

tivity implies dissipativity but not vice versa. For linear sys-

tems, incremental and non-incremental properties are equiv-

alent. The analysis of incremental dissipativity can be par-

ticularly useful when operating a system in a transient mode,

between operating points, or in a reference tracking scenario

where stability and performance with respect to a certain tra-

jectory are desired. Specifically, incremental dissipativity can

be obtained by replacing the supply rate s(u, y) in Definition

2.3 by s(u1 − u2, y1 − y2), u1, u2 ∈ U, y1, y2 ∈ Y, and the storage

functions by V(x1(·), x2(·)). Analogous discrete-time notions of

dissipativity and incremental dissipativity can also be appropri-

ately defined, but are omitted here for brevity of exposition.

A particularly useful special case of dissipativity is the prop-

erty of quadratic dissipativity, commonly referred to as QS R-

dissipativity, defined as follows.

Definition 2.4 (QSR-Dissipativity). The nonlinear system (3) is

said to be QS R-dissipative with dissipativity matrices Q = Q⊤,

S and R = R⊤ of appropriate dimensions, if ∀x ∈ X and

control inputs u ∈ U, Definition 2.3 holds with s(u, y) =

y⊤Qy + u⊤Ru + 2y⊤S u. By selecting appropriate dissipativ-

ity matrices Q, S , and R, this formalism can capture several

control-theoretic properties of importance, including but not

limited to:

(i) passivity, with Q = 0, S = 1
2
I and R = 0,

(ii) strict passivity, with Q = −aI, S = 1
2
I and R = −bI, where

a, b ∈ R+\{0},

(iii) L2 stability, with Q = − 1
γ

I, S = 0 and R = γI where

γ ∈ R+ is an L2 gain of the system,

(iv) conicity, with Q = −I, S = cI and R = (r2 − c2)I, where

c ∈ R and r ∈ R+\{0}, and,

(v) sector-boundedness, with Q = −I, S = (a + b)I and R =

−abI, where a, b ∈ R.

Note that the same choices of supply rates can also be used in

the appropriate definitions to establish discrete-time or incre-

mental counterparts of these properties.

Dissipativity is useful for stabilization because the storage

function can often be used as a Lyapunov function once the

supply rate is made nonpositive by feedback. For example, if

the system is passive, so that s(u, y) = u⊤y, negative output

feedback u = −Ky, with K ⪰ 0, gives V̇(x) ≤ u⊤y = −y⊤Ky.

Thus, the stored energy is nonincreasing along closed-loop tra-

jectories; under additional strictness or detectability conditions,

this yields asymptotic stability. More generally, passivity-based

control exploits the fact that passive systems remain passive un-

der suitable interconnections, and that a passive plant intercon-

nected with a passive or strictly passive controller admits a nat-

ural closed-loop Lyapunov function obtained from the sum of

the corresponding storage functions. As mentioned in Section

3.1, these dissipativity-based interconnection properties also

support compositional and distributed controller synthesis in
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networked systems (Agarwal et al., 2021); see the accompa-

nying Github repository for an illustrative example.
For LTI systems, dissipativity is guaranteed if there exists

matrix P ≻ 0 satisfying the linear matrix inequality (LMI)

[

A⊤P + PA −C⊤QC PB −C⊤S −C⊤QD

(PB −C⊤S −C⊤QD)⊤ −D⊤QD − (D⊤S + S ⊤D) − R

]

⪯ 0, (17)

where appropriate choices of the Q, S , and R matrices can be

made to reflect special cases like passivity, as described in Def-

inition 2.4.

For transfer function models Gθ(s), where the parameters

θ represent the coefficients of the numerator and denominator

polynomials of the transfer function, properties like passivity,

positive realness, and bounded realness, which are special cases

of dissipativity, can be directly imposed by enforcing their cor-

responding frequency domain conditions. For example, strict

passivity (positive realness) can be enforced by ensuring that

Gθ(s) is stable, while satisfying the hard constraint

g(θ) = −Gθ(iω) −Gθ(−iω) < 0,∀ω ∈ R. (18)

Similarly, bounded realness can be enforced by requiring that

Gθ(s) is stable and satisfies the hard constraint

g(θ) = −I +G⊤θ (−iω)Gθ(iω) < 0,∀ω ∈ R. (19)

Analogous definitions of these properties for discrete-time

models and LMI conditions for state-space models (similar to

(17)) are also available (Kottenstette and Antsaklis, 2010).

There are also related properties such as differential dissipa-

tivity (Forni et al., 2013; van der Schaft, 2013) and equilibrium-

independent dissipativity (Simpson-Porco, 2018; Hines et al.,

2011); however, these notions have not yet been explored as

much in the context of system identification. Similarly, integral

quadratic constraints (IQCs) establish an attractive framework

to achieve tighter descriptions of input-output properties, with

a number of uncertainties that can be characterized by IQCs

in Megretski and Rantzer (1997). However, in the context of

physics-constrained system identification, IQCs have not been

explored much thus far.

2.3.3. Monotonicity

Monotone systems have outputs that change in a consistent

direction in response to changes in inputs. Similar to dissipa-

tivity, this property simplifies the model analysis and control

design by providing guarantees about the direction of the sys-

tem responses. A special case of monotonicity is positivity of

the dynamics, where the state variables are constrained to be

positive. This corresponds to the physics of several systems

such as reaction networks where the concentration of a chemi-

cal species cannot be negative.

Monotone systems feature in several control applications of

interest, including chemical reaction networks (Leenheer et al.,

2007), biological systems (Angeli, 2021), epidemiological pro-

cesses (Brauer et al., 2012), and traffic flow networks (Lovisari

et al., 2014; Coogan and Arcak, 2015). In fact, most compart-

mental flow networks, which describe the flow of a commodity

(such as traffic or a reactant) from one compartment to another

under a conservation law, follow monotone dynamics (Haddad

et al., 2010). Cooperation and competition dynamics in popu-

lations and teams can also be modeled using monotone systems

(Hirsch and Smith, 2005; Smith, 2017). From a control stand-

point, monotonicity is an important property that can be ex-

ploited for distributed stability analysis (Coogan, 2019), reach-

ability analysis (Althoff et al., 2021), and control design (Shiro-

moto et al., 2018; Rantzer and Bernhardsson, 2014; Cui et al.,

2024) in large-scale networks. This is due to the fact that linear

monotone systems admit Lyapunov functions that are separable

in terms of the Lyapunov functions corresponding to individ-

ual state variables, allowing for compositional stability verifi-

cation (Haddad et al., 2010). These compositional properties

also extend to certain classes of nonlinear monotone systems

(Dirr et al., 2015). Mathematically, monotonicity of dynamical

systems is defined below, following Angeli and Sontag (2003).

Definition 2.5 (Monotone Systems). Consider a controlled dy-

namical system f as defined in (3) ẋ = f (x, u). Assume that

solution x(t) = ϕ(t, x0, u) with initial condition x(0) = x0. The

dynamics f is said to be monotone if the following implication

holds for all t ≥ 0:

u1 ⪰ u2, x1 ⪰ x2 ⇒ ϕ(t, x1, u1) ⪰ ϕ(t, x2, u2),

for a suitably defined ordering ⪰ . The typical case for the or-

dering y ⪰ z for y, z ∈ R
n means each coordinate of y is big-

ger or equal than the corresponding coordinate of z. However,

other orderings could be induced by choosing other orthants in

R
n other than the positive orthants K = R

n
≥0

.

2.3.4. Symmetries of Physical Systems

Symmetric systems have responses that are invariant to cer-

tain continuous transformations. System models that capture

symmetries reduce the model complexity and improve the com-

putational efficiency and accuracy of system dynamics predic-

tion. A continuous transformation γ ∈ Γ is typically described

by the action of a compact Lie group Γ on the state space X of

the system.

Definition 2.6 (Group Action). Let Γ be a group with operation

· and identity element e. An action of Γ on set X is a function

ρ : Γ×X → X that satisfies an identity property, ρ(e, x) = x, and

a compatibility property, ρ(a, ρ(b, x)) = ρ(a · b, x) for a, b ∈ Γ.

The notation is commonly simplified as γx := ρ(γ, x).

A group element γ ∈ Γ is a symmetry of the dynamics F of a

closed-loop system (8) if, for every solution x(t), γx(t) is also a

solution. This leads to a useful condition for γ to be a symmetry

of F (Golubitsky and Stewart, 2003).

Definition 2.7 (Equivariant System). A system ẋ = F(x, t) with

x ∈ X is equivariant under an action of group Γ on X if

F(γx, t) = γF(x, t) for all t, γ ∈ Γ, x ∈ X.

Symmetry in physical systems (Marsden and Ratiu, 2013)

has been widely studied in physics, from Lagrangian and

Hamiltonian mechanics (Lurie, 2002; Holm, 2008) to quantum

mechanics (Greiner and Müller, 2012). One of the most well-

known results is Noether’s theorem (Noether, 1983), which
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states that there is a conservation law for every continuous sym-

metry of a system. The dynamics of a physical system can be

described using a Lagrangian functionL. The action of the sys-

tem, defined as the integral over time of the Lagrangian, gov-

erns the system behavior via the principle of least action (Holm,

2008). If the Lagrangian is invariant under a group of trans-

formations Γ, i.e., L(γx) = L(x), ∀γ ∈ Γ, Noether’s theorem

guarantees the existence of conserved quantities associated with

the generators of that group. For example, time-invariant La-

grangians, i.e., L(t + δt) = L(t), lead to the conservation of the

total energy of the system. Translation-invariant Lagrangians,

i.e.,L(x+δx) = L(x), lead to the conservation of linear momen-

tum, while rotational invariant Lagrangians, i.e., L(Rx) = L(x)

where R is a rotation matrix, lead to the conservation of angular

momentum.

In reality, the assumption on conservative forces rarely holds

as there are often external non-conservative forces, such as fric-

tions or resistance, applied on the system. Such forces dissipate

energy from the system and require a generalization of the me-

chanics model to account for energy dissipation. For example, a

port-Hamiltonian model (Van Der Schaft and Jeltsema, 2014a)

combines concepts from Hamiltonian mechanics (which uses

energy to describe motion) with port-based modeling (which

views systems as interconnected elements exchanging power).

3. Physics-Informed System Identification: Motivation,

Problem, and Approaches

3.1. Why Preserve Control-Relevant Properties?

In general, preserving control-relevant and other physics-

informed system properties, such as those described in Section

2.3, provides several advantages. Firstly, incorporating a priori

information regarding system physics often improves the sam-

ple efficiency of the identification algorithms and generalizabil-

ity of the identified models. Secondly, control-relevant proper-

ties such as dissipativity and monotonicity can be exploited to

facilitate scalable and distributed control designs with provable

guarantees. Finally, capturing physics-based properties such as

symmetries allows for explainability of the identified model,

which is crucial when utilized in high-stake control applica-

tions. Here, we demonstrate through two concrete examples

how control-relevant and physics-informed properties can di-

rectly aid in control design.

We start by considering the example of conservation laws -

specifically, energy conservation. Energy conservation, if pre-

served in the dynamics model, has been shown to be beneficial

for data efficiency, control design and stability analysis (Grey-

danus et al., 2019; Zhong et al., 2019; Wang et al., 2020; Duong

and Atanasov, 2021). While the law of energy conservation uni-

versally holds for physical systems, a black-box machine learn-

ing model may struggle to learn this knowledge, even from a

large amount of data. By enforcing the law of energy conser-

vation in the machine learning model, e.g., using Lagrangian or

Hamiltonian formulations of physical systems, energy conser-

vation is guaranteed by design, thus improving data efficiency

and prediction accuracy (Miller et al., 2020). Preserving the
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Figure 1: Pendulum dynamics identification using an S O(3) port-Hamiltonian

neural ODE network (Duong et al., 2024a).

law of energy conservation also facilitates control design with

the learned model from an energy perspective. Given a desired

state x∗, the total energy of the system is generally not mini-

mized at x∗, i.e., x∗ is not an equilibrium point of the system.

By decomposing the system into energy storing and dissipat-

ing elements in a Hamiltonian formulation, one can inject en-

ergy through the control input to shape the total energy of the

system to a desired total energy function, minimized at x∗, and

thus, move the equilibrium point to x∗ (Van Der Schaft and Jelt-

sema, 2014a). We now illustrate how preserving the Hamilto-

nian structure in neural dynamical models can help to achieve

superior training performance compared to black box models.

Example 3.1 (Hamiltonian neural ODE). Consider a pendulum

system with dynamics:

φ̈ = −
g

l
sinφ + u, (20)

where φ is the angle of the pendulum with respect to its down-

ward position,u is a scalar control input, g is the gravitational

acceleration and l is the length of the pendulum. As a phys-

ical system, the pendulum dynamics can be formulated using

Hamiltonian formulation, either on R
n, i.e., using the angle φ

as the state (Zhong et al., 2019), or on a Lie group, i.e. using

the rotation matrix, generated from the Euler angle [0, 0, φ], as

a state R on the S O(3) manifold:

R =





cosφ − sinφ 0

sinφ cosφ 0

0 0 1




. (21)

The matrix R satisfies the S O(3) constraints: R⊤R = I,

det(R) = 1. The control input u is randomly sampled and ap-

plied to the pendulum to collect a dataset of state-control tra-

jectories. This dataset trains a S O(3) Hamiltonian-based neu-

ral ODE network (Duong et al., 2024a), which encodes both

energy conservation and S O(3) constraints via a Hamiltonian
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formulation. We discuss such physics-informed architectures in

Section 5. The dataset is also used to train a black-box neural

ODE network for comparison, where the dynamics function f

in (3) is represented by a multilayer perceptron network. Fig.

1a shows that enforcing physics constraints improves training

with faster convergence. Figs. 1b and 1c show the learned

model preserves energy and S O(3) constraints when rolled out

from an initial angle φ = 2π
3

without control. The predicted

angle and velocity also follow the pendulum’s phase portraits

(Fig. 1d).

The above example demonstrates how properties such as en-

ergy conservation can be leveraged to fit models with better

sample efficiency and interpretability. Incorporating properties

like dissipativity can also facilitate scalable analysis and control

in large-scale networked systems (Arcak et al., 2016; Arcak,

2022; Agarwal et al., 2021, 2020; Jena et al., 2021; Sivaranjani

et al., 2020a). We provide an additional example demonstrat-

ing how dissipativity can be leveraged for distributed synthesis

of controllers in our Github repository. Overall, these benefits

motivate the idea of preserving control-relevant properties in

system identification.

3.2. Does Classical System Identification Preserve Control-

relevant Properties?

Since it is desirable to preserve properties such as energy

conservation and dissipativity that can inform or simplify con-

trol designs for complex systems, a natural question is: If we

are able to identify models that approximate the dynamics very

closely, will these system properties be naturally inherited in

the identified model? Unfortunately, this is not the case, as we

illustrate with a simple counter-example. We show that even for

a linear system, there is no guarantee that a learned model that

approximates the system very closely will preserve the dissipa-

tivity property possessed by the original system.

Example 3.2 (Linear system counter-example). We consider a

linear system as follows.

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t),

where

A =





−2 −3 −4

1 0 0

0 1 0




, B =





1

0

0




, C =

[

−1 0 2
]

, D = 1.

This system possesses the property of passivity, that is, it is dis-

sipative with Q = 0, S = 1
2
,R = 0, which we can verify, e.g.,

using the MATLAB isPassive function. For system identifica-

tion, we generate training data using the input u(t) = te−5t. We

show that even if we can measure the exact output, which is the

most desirable case, and identify a linear model that closely ap-

proximates the system behavior, we still lose the passivity prop-

erty in the identified model.

In Fig. 2, we compare the trajectory of the ground truth

and the one generated by the identified linear model using the
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Figure 2: Linear system vs model trajectories for Example 3.2. The model

closely approximates the system test data (with a fit of 99.6% in this case) but

does not preserve the passivity of the system.

MATLAB System Identification Toolbox. The identified learned

model has matrices

Aid =





−0.033 −1.325 −0.001

1.176 −0.146 −1.693

−0.5 0.654 −1.842




Bid =





−4.68

14.2

−6.28




,

Cid =
[

3.368 −0.023 0
]

and Did = 0. We can observe that

the model manages to approximate the input-output behavior

of the system extremely well, as seen from the validation/test

data, with goodness of fit being 99.6%. However, when we test

the passivity of the identified model (Aid, Bid,Cid,Did) using the

MATLAB function isPassive, we find that this model is, in

fact, not passive! This demonstrates that system identification

does not guarantee to preserve the underlying dynamical sys-

tem properties, even when the identified model behavior is ex-

tremely close to the system input-output behavior.

One intuition behind this observation is that there are an in-

finite number of models that can achieve a desired level of fit

for a set of system input-output trajectories. These models may

differ significantly in their parameters (such as the (A, B,C,D)

matrices in the above example), but be close in terms of overall

input-output behavior in the region of the state-space in which

they are trained to approximate the unknown system dynamics.

From the preceding discussion, given that system properties

like passivity are not inherited in system identification even

for linear models, it is clear that we cannot provide any guar-

antees on more complex models like neural network models–

even if the model accurately approximates the system behavior.

Therefore, it necessitates specific approaches to impose control-

relevant properties during identification.

3.3. Physics-Informed Identification as an Optimization Prob-

lem: Parametrization, Constraints, or Regularization?

Considering the identification problem for a nonlinear sys-

tem (3), there are, in general, three ways of imposing structure

on the obtained system model: direct parameterization, hard

constraints, and soft constraints. In direct parametrization, we
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Figure 3: Approaches to impose control-oriented properties in optimization-based formulation of system identification.

may use a particular parametrization of fθ and hθ to impose sys-

tem properties, such as assuming linear structure and identify-

ing A, B,C,D matrices rather than a general neural network pa-

rameterized dynamics fθ, hθ. Alternately, we may impose hard

constraints on the parameters θ in the optimization problem

in (15), such as dissipativity imposed as an LMI (Martin and

Allgöwer, 2022a). Finally, we may impose a soft constraint

on θ in the form of a regularization term in the cost function

in (15), which promotes a property of interest such as stabil-

ity (Lechner et al., 2020) and energy conservation (Greydanus

et al., 2019). These three ways of imposing model structure are

summarized in Fig. 3. They can be introduced in the general

system identification optimization in (15) as:

min
θ

c(θ;W) :=
∑

i

∫

t

∥yi(t) − ŷi(t)∥
2dt + r(θ)

s.t. ˙̂xi(t) = fθ(x̂i(t), ui(t)),

ŷi(t) = hθ(x̂i(t), ui(t)),

g(θ) ≤ 0,

(22)

where W = {(ui(t), yi(t))}i represents the set of input-output

trajectories from a continuous-time dynamical system, fθ, hθ
encode model structure through their parametrization, g(θ) cap-

tures hard constraints on the model parameters θ, and r(θ) is a

regularization term capturing soft constraints.

These three approaches differ in the type of guarantee they

provide, as well as in their computational scalability. Direct pa-

rameterization can enforce a desired property by construction,

provided that an appropriate parametrization is available. Hard

constraints provide the most explicit mechanism for enforcing

a property during identification, but the resulting optimization

problem may be computationally expensive, especially when

the constraints involve LMIs, semidefinite programs, nonlinear

inequalities, or sampled conditions over large domains. Soft

constraints are often the easiest to incorporate into large-scale

learning problems, but generally encourage rather than guar-

antee satisfaction of the desired property. These tradeoffs are

summarized in Table 1.

We provide concise illustrations of each method. An ex-

ample of imposing structure through direct parameterization

is a Lagrangian neural network (Cranmer et al., 2020), which

imposes the Euler-Lagrange equation in the design of fθ as a

physics prior. Given a physical system with state x = (q, q̇),

consisting of the system configuration q and velocity q̇, and

torque input u, the Euler-Lagrange equation describes the sys-

tem’s motion as:

d

dt
∇q̇L(t, q, q̇) − ∇qL(t, q, q̇) = u (23)

where L is the Lagrangian. Using the chain rule to expand the

time derivative through the gradient of the Lagrangian and a

neural network to parameterize Lθ leads to a parametric model

of the system dynamics that encodes the Lagrangian structure:

[

q̇

q̈

]

= fθ(q, q̇, u) (24)

=

[

0 1

0 −(∇q̇∇
⊤
q̇ Lθ)

−1∇q∇
⊤
q̇ Lθ

] [

q

q̇

]

+

[

0

(∇q̇∇
⊤
q̇ Lθ)

−1

]

(∇qLθ + u).

As an example of imposing a hard constraint on the model

parameters θ, we consider requiring that the identified system

model is internally stable in the Lyapunov sense. Gaby et al.

(2022) propose a candidate Lyapunov function of the form:

Vθ(x) = ∥ϕθ(x) − ϕθ(0)∥2 + α∥x∥2, (25)

where α > 0 and ϕθ(x) is a fully connected neural network with

parameters θ and tanh activations. This construction ensures

that Vθ(0) = 0 and Vθ(x) ≥ α∥x∥2 > 0 for x , 0 as required by

Theorem 2.1. The last condition in that result for Vθ(x) to be

a valid Lyapunov function can be ensured by imposing a hard

constraint in (22) of the form:

g(θ) =

∫

max{V̇θ(x) + γ∥x∥, 0} dx ≤ 0, (26)

where γ > 0 and the time derivative of Vθ(x) is computed along

the system trajectory. In practice, the integral in (26) is approx-

imated with a finite number of samples.

Finally, an example of imposing structure through soft con-

straints (parameter regularization) is the use of Gershgorin cir-

cle theorem (Lechner et al., 2020) to encourage the eigenvalues

of Aθ in a linear system model (5) to be negative. This can be
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Table 1: Qualitative comparison of approaches for imposing control-relevant properties in system identification.

Approach Nature of guarantee Advantages Scalability and Limitations

Direct

parameterization

Property satisfied by construc-

tion, guarantee tied to the chosen

parametrization

No post-processing, often compat-

ible with unconstrained or simply

constrained training, interpretable

model structure

Scalable after parametrization is

derived, property- and model-

class-specific, can limit model ex-

pressiveness

Hard constraints Explicit constraint satisfaction,

certificate through feasible LMIs,

SDPs, algebraic inequalities, or

sampled conditions

Direct enforcement, explicit fea-

sibility conditions, compatibility

with control-theoretic certificates

Potentially expensive for large

state dimension, model order, net-

work size, or horizon length, pos-

sible conservatism or model bias

Soft constraints Penalty-based encouragement of the

desired property, no general certifi-

cate without additional verification

Easy integration into standard loss

functions, compatible with large-

scale neural-network training, flex-

ible model classes

Property satisfaction not guaran-

teed, penalty tuning required, re-

quires post-training verification

achieved by adding a regularization term r(θ) to the cost func-

tion in (22) of the form:

r(θ) =

n∑

i=1

max{0, [Aθ]i,i +
∑

j,i

|[Aθ]i, j| + ϵ}, (27)

where ϵ > 0 is a small constant.

With the above formulation in hand, we can now survey and

classify approaches for imposing control-relevant and physics-

informed structures into system identification proposed in the

literature, in the context of both classical system identification

and learning-based methods.

4. Classical System Identification

We now focus on imposing physics-informed and control-

relevant properties in classical system identification for linear

and nonlinear dynamical systems.

4.1. Linear System Identification

Linear system identification techniques are concerned with

learning either time-domain representations in the form of state

space models like (5), frequency domain representations like

transfer function models (6), or their discrete-time counter-

parts. Typical approaches for unconstrained identification such

as least squares regression and subspace methods are surveyed

in classic texts such as Ljung et al. (1987). System identifica-

tion objectives can also be distinguished by how the prediction

error is computed. In equation-error formulations, the residual

is evaluated directly in the state or output equations using the

measured data; for example, in discrete time, one may penalize

xk+1 − Axk − Buk, or the corresponding residual in the output

equation. Such formulations often lead to least-squares or con-

vex optimization problems when the model is linear in the un-

known parameters, and can therefore be convenient when alge-

braic constraints on the model parameters pertaining to control-

relevant properties are imposed. In output-error or simulation-

error formulations, the candidate model is simulated using the

measured input sequence, and the predicted output is compared

with the measured output. These criteria more directly measure

the input-output behavior of the identified model over a time

horizon, but the dependence of the predicted trajectory on the

model parameters can make the optimization problem noncon-

vex. Consequently, hard constraints such as stability, passiv-

ity, or dissipativity may be easier to impose in equation-error

formulations, while output-error and simulation-error formu-

lations may better reflect the behavior of the identified model

when used for prediction and control, at the cost of more chal-

lenging constrained optimization problems.

4.1.1. Stable System Identification

First, consider the fundamental property of stability. In lin-

ear system identification, stability can be imposed using any of

the three approaches described in Section 5.4. For example, in

subspace identification of state-space models of the form (5)

or (12) parameterized by θ = (A, B,C,D), stability can be im-

posed through suitable choice of the structure of the A matrix

as in Maciejowski (1995). Alternatively, the Lyapunov equation

can be introduced as a hard constraint as in Lacy and Bernstein

(2003); for example, we have the constraint g(θ) = A⊤PA − P

with P ≻ 0 to enforce stability in the discrete-time model (12).

Another approach is to impose stability through soft constraints

as in Van Gestel et al. (2001), by introducing a regularization

term r(θ) = Tr(AWA⊤) with positive semi-definite weighting

matrix W ⪰ 0, where the magnitude of the regularization is

determined by solving a generalized eigenvalue problem.

Similarly, in identifying stable frequency domain models,

stable parameterizations of transfer functions including cer-

tain canonical forms can be chosen; alternatively, hard or soft

constraints on the pole locations can be imposed to ensure

stability. Since stability-preserving system identification is a

vast and well-studied topic, we direct the reader to pedagogi-

cal resources such as Pintelon and Schoukens (2012); Verhae-

gen and Verdult (2007); Van Overschee and De Moor (2012).

The remainder of this section will then focus on identification

approaches (direct parameterization, hard constraint, and soft

constraint based) to preserve other control-relevant properties

like dissipativity, monotonicity, and symmetries, following the

framework described in Section 5.4.
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4.1.2. Hard Constraints

Consider the problem of identifying a linear system (5) with

parameters (A, B,C,D). Convex formulations of constraints for

special cases like positive real systems and passive systems as

defined in Section 2.3.2 are considered in works such as Hoagg

et al. (2004); Coelho et al. (2004). For example, (17) can be di-

rectly imposed as hard constraints while minimizing traditional

identification objectives such as error between the actual system

outputs and the predicted outputs from the identified model.

However, directly imposing hard constraints during identifi-

cation is often not desirable since it may introduce uncontrol-

lable model bias (Pintelon and Schoukens, 2012). To under-

stand this, consider the identification problem posed in (15).

This problem can be viewed as filtering out the noise in the

observed input-output data to obtain the best model fit. Thus,

the cost function should ideally be weighted by the inverse of

the noise variance. Adding hard constraints to this problem in-

troduces a fundamental tradeoff since it does not hold a priori

that model achieving the best noise variance will satisfy these

hard constraints. For example, in the frequency domain, the

model errors corresponding to this constraint and those cor-

responding to noise filtering may be distributed in different

ranges in the frequency spectrum. In order to address this chal-

lenge, hard constraints such as dissipativity are often imposed

through a two-stage identification process. First, the uncon-

strained optimization problem (15) is solved to identify a model

that achieves the best fit to the observed system behavior. Then,

a small perturbation is introduced in the parameters to ensure

that the perturbed values satisfy the hard constraints while min-

imizing deviation from the original model. Let θ̂ be the solution

to the unconstrained problem (15), and let Gθp
(s) be the per-

turbed model with parameter values θp that satisfy the desired

constraints. Then, in frequency domain identification, the con-

strained optimization problem in (22) is modified to minimize

the cost function c(θ,W) = ||Gθ(s) −Gθp
(s)||2

F
where || · ||F de-

notes the Frobenius norm, with hard constraints g(θp) on model

Gθp
(s) corresponding to the desired property, such as (18) or

(19). In essence, this approach attempts to find the minimal de-

viation from the best unconstrained model that satisfies the de-

sired hard constraints. A similar perturbation approach can be

employed in the state space setting to enforce hard constraints

corresponding to the desired property, such as the dissipativity

constraint in (17). Here, we demonstrate through an example

how passivity constraints can be enforced through such a per-

turbation approach.

Example 4.1 (Passive linear model identification for an RLC

circuit). We consider a RLC circuit where resistor, inductor and

capacitor are in series. We set the state variable x1(t) to be the

current in the circuit and x2(t) to be the voltage of the capaci-

tor. We let input u(t) to be source voltage and output y(t) to be

current (i.e. x1(t)). With R = L = C = 1, we write the linear

state-space model as

[

ẋ1(t)

ẋ2(t)

]

=

[

−1 −1

1 0

] [

x1(t)

x2(t)

]

+

[

1

0

]

u(t)

y(t) =
[

1 0
]
[

x1(t)

x2(t)

] (28)

In other words, the real coefficient matrices are A =

[

−1 −1

1 0

]

,

B =

[

1

0

]

, C =
[

1 0
]

, and D = 0. Let P = I2 > 0. Then we have

[

A⊤P + PA PB −C⊤

B⊤P −C −(D + D⊤)

]

=





−2 0 0

0 0 0

0 0 0




⪯ 0.

According to the Positive Real Lemma, the real system is

passive. Now we generate trajectory data for input u(t) =

e−0.1t sin(πt) with initial state being [0.1, 0.2]⊤. We also add

additional Gaussian noise ∼ N(0, 0.0052) to make it more re-

alistic. With the data, we use function ssest from the Sys-

tem Identification Toolbox in MATLAB and identify a baseline

system model where the fit goodness reaches 95.81%. The

identified model has coefficients Aid =

[

−0.6661 −0.2035

3.7286 −0.2876

]

,

Bid =

[

−4.3142

−1.7815

]

, Cid =
[

−0.2338 0.0144
]

, and Did = 0.

However, the following problem is not feasible,

P1 ⪰ 0

[

A⊤
id

P1 + P1Aid P1Bid −C⊤
id

B⊤
id

P1 −Cid −(Did + D⊤
id

)

]

⪯ 0, (29)

where P1 is a symmetric matrix of size 2, which indicates that

the identified model is not passive. Now we will design a per-

turbation ∆C, where the perturbed Cp = Cid+∆C is as small as

possible to impose passivity. This is formulated as an optimiza-

tion problem as below, where P2 is a symmetric matrix of size 2

and the objective is the Frobenius norm of the perturbation ∆C.

min ∥∆C∥F

s.t. P2 ⪰ 0

[

A⊤
id

P2 + P2Aid P2Bid −C⊤p
B⊤

id
P2 −Cp −(Did + D⊤

id
)

]

⪯ 0
(30)

We have the resulting ∆C =
[

−0.0001 −0.0025
]

with

P2 =

[

0.0559 −0.0042

−0.0042 0.0119

]

⪰ 0. The corresponding Cp =

[

−0.2339 −0.0119
]

. Finally, we obtain a linear model with

system matrices to be Ap = Aid, Bp = Bid,Cp = Cid + ∆C,Dp =

Did that is passive. We demonstrate the fit of the perturbed sys-

tem, which is certified to be passive in Fig. 4. The goodness

of fit score is still high (95.23%) and we can see that the final

model closely matches the ground-truth.

There are multiple choices for deciding which parameters to

perturb. Perturbing the system matrix A is generally avoided,

as it contains key dynamical features like dominant modes or

eigenvalues. Alternatively, perturbation of the feedthrough ma-

trix D can be leveraged in cases where D > 0 is necessary to
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Figure 4: Passive linear model vs system trajectories for for Example 4.1. The

model closely approximates the system test data and is certified to be passive.

enforce strict dissipativity or other similar properties though it

only affects direct input-output coupling, not internal dynamics.

From a transfer function view, this is an asymptotic perturbation

affecting behavior as s→ ∞. Since passivity is an input-output

property, perturbing the input matrix B or output matrix C is

also natural, as in Example 4.1. Such approaches for identify-

ing dissipative (including QS R-dissipative) models have been

explored in Sivaranjani et al. (2022); Bradde et al. (2020).

Another approach for passivity enforcement in identified

models is to consider the Hamiltonian matrix. Consider a pa-

rameterized state-space realization (A, B,C,D) of order n with

corresponding transfer function G(s). The associated Hamilto-

nian matrix MH ∈ R
2n×2n is defined as:

MH =

[

A − BR−1
1

D⊤C −BR−1
1

B⊤

C⊤S −1
1

C −A⊤ +C⊤DR−1
1

B⊤,

]

(31)

where R1 = I − D⊤D, and S 1 = I − DD⊤. Assuming that

||D|| = σmax(D) < 1, passivity violations occur when M has

purely imaginary eigenvalues µk = jωk, or correspondingly, at

frequencies where the largest singular value of G( jω) exceeds

unity. When only the C matrix of the system is perturbed to C+

∆C as discussed above, the corresponding perturbation on the

Hamiltonian can be written using the first-order approximation:

∆MH ≈

[

BR−1
1

D⊤∆C 0

−C⊤S −1
1
∆C − ∆C⊤S −1

1
C −∆C⊤DR−1

1
B⊤.

]

(32)

The perturbation affects the eigenvalues of the Hamiltonian ma-

trix according to

∆λi =
vH

i
∆MHwi

vH
i

wi

(33)

where vi and wi are the left and right eigenvectors correspond-

ing to the imaginary eigenvalues of the original Hamiltonian.

Using this property, a general passivity enforcement ap-

proach can be developed as follows. The eigenvalues of MH

are computed for the baseline (unperturbed) model to identify

frequencies where σmax(G( jω)) > 1. Then, the singular value

decomposition is computed at these violation frequencies to ob-

tain left and right singular vectors ui, vi of MH corresponding to

the imaginary eigenvalues that represent the directions of pas-

sivity violation in the frequency response. Finally, the opti-

mization problem to determine the minimal passivity-enforcing

perturbation is formulated as:

min ||∆C||F

s.t. ∆λi < 0, Re{uH
i ∆G( jωk)vi} < 0.

(34)

Such Hamiltonian perturbation approaches were originally pro-

posed in Grivet-Talocia (2004), with subsequent works extend-

ing this approach to large-scale systems (Grivet-Talocia and

Ubolli, 2006), descriptor systems where D + D⊤ is singular

(Wang et al., 2010), negative imaginary systems (Mabrok et al.,

2011), and proposing improved algorithms to decrease the dis-

persion of the perturbed model from the original dynamics

(Gustavsen, 2008). We further direct the reader to the mono-

graph by Grivet-Talocia and Gustavsen (2015) for an in-depth

discussion of these approaches.

In the frequency domain, baseline rational transfer function

models are often obtained through vector fitting approaches

(Gustavsen and Semlyen, 1999). When the resulting models

do not satisfy desired dissipativity properties, iterative pole-

residue perturbation of the identified transfer function is em-

ployed to correct for violations at specific frequency ranges

through heuristic or linear and quadratic programming ap-

proaches Gustavsen and Semlyen (2001); Gustavsen (2007);

Saraswat et al. (2005, 2004); Chen and Fang (2003). Here,

LMIs directly corresponding to properties like dissipativity or

tools the Hamiltonian matrix in (31) may be employed for prop-

erty verification.

4.1.3. Soft Constraints

In several system identification problems, hard constraints as

described in Section 4.1.2, while desirable in terms of prov-

ably guaranteeing control-relevant properties, are challenging

to impose. For instance, efficiently solving such formulations

requires convex parameterizations of the constraints which may

not be possible. Even if such parameterizations are available,

direct imposition during learning is rarely adopted, and a two-

stage perturbation or projection approach is often employed

(Pintelon and Schoukens, 2012) due to issue of model bias as

described in Section 4.1.2.

Instead, it may be easier to obtain system models satisfy-

ing desired properties like stability or passivity by imposing

soft constraints in the form of regularization terms as in the

identification problem (22). While such approaches may not

possess theoretical guarantees of yielding an identified model

that satisfies the desired property, they nonetheless often yield

property-preserving models in practice. These soft constraint

based identification approaches may be particularly attractive

in online system identification applications, where minimal vi-

olations of desired properties may be tolerated in favor of de-

creased computational complexity. As an example of such an

approach, we now illustrate how soft constraints can help to

enforce dissipativity-type properties in system identification.

Consider the problem of identifying a positive real discrete-

time linear state-space model of the form (12). Then, as de-

scribed in Goethals et al. (2003), the cost function in (22) can
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be modified to obtain a positive real model parameterized by

θ = (A,C) as

c(θ,W) = c1(θ) + r(θ).

Here, the term

c1(θ) =

∥
∥
∥
∥
∥
∥

[

X̂k+1

Yk

]

−

[

A

C

]

X̂k

∥
∥
∥
∥
∥
∥

2

F

(35)

is employed to minimize model error with respect to the input-

output data. Additionally, the regularization term

r(θ) = Tr

([

A

C

]⊤

W

[

A

C

])

, W ≻ 0 (36)

is employed to promote positive realness of the identified

model. Note that Goethals et al. (2003) considers identification

with noise in the system dynamics and outputs, and additional

constraints on W are imposed based on the covariance matri-

ces obtained from data. Similar regularization approaches have

been employed in Peternell (1995) and Vaccaro and Vukina

(1993) where the output covariance matrix is regularized to en-

sure positive realness. However, such soft constraint based ap-

proaches as a whole have received limited attention in classical

system identification. This is in stark contrast to machine learn-

ing based approaches where soft constraint based approaches

are, in fact, dominant. We will describe such learning-based

models in Section 5.4.

4.1.4. Direct Parameterization

Considering the identification problem in (22), one approach

to imposing physics-informed or control-relevant properties is

to directly parameterize the functions fθ and gθ, representing

the system dynamics, to preserve the desired property of inter-

est, while choosing a parameterization that facilitates tractable

solutions of (22). For example, consider the property of posi-

tive realness. Given a continuous-time SISO transfer function

structure

H(s) = d +
c(s)

a(s)
, a(s) = sn + a1sn−1 + · · · + an,

where a(s) is monic and Hurwitz, following Dumitrescu (2002),

every positive-real H(s) can be parameterized using a single

symmetric positive semidefinite matrix Z ∈ Rn×n as follows:

d = tr(Λ0Z), ck = tr(ΛkZ) (k = 1, . . . , n),

where {Λk}
n
k=0

are constant symmetric matrices computed as ex-

plicit linear functions of (a1, . . . , an). This construction guaran-

tees positive realness of H(s) for all Z ⪰ 0. Parameterizations

of the numerator polynomial of the transfer function have also

been developed to capture properties like passivity and positive

realness (Marquez and Damaren, 1995).

Similarly, in discrete-time, any stable LTI system G(z)

can be uniquely represented as a series expansion G(z) =
∑∞

i=1 θi ψi(z
−1), where {ψi(z

−1)}∞
i=1

is a prechosen orthonormal

basis (e.g., Laguerre or Kautz) and θi = ⟨G, ψi⟩H2
are model

parameters. In practice, we can obtain an approximate finite-

dimensional representation:

GN(z) =

N∑

i=1

θi ψi(z
−1),

where hard constraints can be enforced via linear inequalities

on θ similar to Section 4.1.2 to enforce properties like positive

realness, passivity, or dissipativity. For example, Prakash et al.

(2022) formulate a convex optimization problem

min
θ∈RN

p∑

k=1

∣
∣
∣
∣
∣
Y
(

e jωk
)

−

N∑

i=1

θi ψi

(

e− jωk
)
∣
∣
∣
∣
∣

2

,

s.t. ℜ
{

N∑

i=1

θi ψi(e
− jωk )

}

≥ ϵ > 0, k = 1, . . . , p,

(37)

where Y(e jωk ) are measured frequency-response samples on the

grid of frequencies {ωk}, the constraint enforces strict positive-

realness. In multivariable settings, balanced state-space re-

alizations (with equal and diagonal reachability and observ-

ability Gramians) can be utilized to develop stable minimal

parameterizations capturing a variety of useful properties in-

cluding minimum phase and positive realness (Chou and Ma-

ciejowski, 1997). Such parameterizations have the advantage

of providing injective mappings from the parameter space to

input–output behavior, thus ensuring the existence of a unique

parameter vector corresponding to each transfer function. Fur-

ther, contraction mappings have been leveraged to preserve pos-

itive realness under reduction with explicit L∞ bounds (Opde-

nacker and Jonckheere, 1988), and reproducing kernel Hilbert

space (RKHS) methods have been adopted to identify nonneg-

ative input-output operators that preserve passivity by solving

semidefinite programs (SDPs) (Shali and van Waarde, 2024). In

summary, some control-relevant properties such as stability and

passivity can be directly embedded through parameterization of

transfer functions or state-space models. However, capturing

more complex physics-informed or control-relevant properties

through identifiable parameterizations remains an open chal-

lenge. We will further discuss this in the context of learning-

based models in Section 5.

4.2. Nonlinear System Identification

Nonlinear system identification, focused on learning repre-

sentations of the form (3), is a classical topic (Sjöberg et al.,

1995; Schön et al., 2011; Ljung, 2010), with special cases like

the identification of linearized models and Lure-type systems

receiving especially significant attention (Schoukens and Tiels,

2017). However, identification in the nonlinear systems context

remains a challenging problem due to local minima in model

fitting, high long-term prediction errors, and difficulty in select-

ing stable model classes or parameterizations that adequately

capture the rich and complex spectrum of dynamical behavior

that such systems can exhibit. We will now describe specific

model classes that have been extensively utilized in preserving

physics-informed and control-relevant properties during non-

linear system identification.
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4.2.1. Implicit Representations

Implicit representations of nonlinear systems that allow for a

convex parameterization of all stable models have been intro-

duced to facilitate robust nonlinear system identification min-

imizing simulation or prediction errors (Megretski, 2008; To-

benkin et al., 2010; Manchester et al., 2012; Umenberger and

Manchester, 2018). For example, considering an implicit rep-

resentation of the form

e(xk+1) = f (xk, uk), yk = g(xk, uk), (38)

where e, f , g are drawn from a linearly parameterized polyno-
mial basis with parameters ρ, stability can be enforced through
the convex inequalities

F(x, u) P−1F(x, u)T − E(x) P−1E(x)T + µI +G(x, u) P−1G(x, u)T > 0,

P ≻ 0, µ > 0, (39)

where E(x) = ∇xe(x), F(x, u) = ∇x f (x, u), G(x, u) = ∇xg(x, u),

which can be solved using sum-of-squares relaxations (Umen-

berger and Manchester, 2018). Such implicit representations

have also been extended to obtain convex parametrizations

guaranteeing monotonicity, positivity, and contraction proper-

ties (Revay et al., 2021).

4.2.2. Koopman Operator Models

The Koopman operator provides an approach to model non-

linear dynamical systems by approximating them through high-

dimensional linear models. This is accomplished by introduc-

ing a lifting map Φ that stacks scalar-valued functions of the

system states and inputs, termed as observables. On this ob-

servable space, the time evolution is linear under the typically

infinite-dimensional Koopman operator, which acts by compo-

sition with the system dynamics. In practical implementations,

this infinite-dimensional operator is approximated using a finite

set of basis functions, yielding a high-dimensional albeit linear

representation of the nonlinear dynamics.

Specifically, considering a nonlinear dynamical system in

continuous-time as in (3) or discrete-time as in (11), denote

F to be the forward state-input nonlinear operator such that

F(x, u) ≜

[

f (x, u)

S(u)

]

, where S is the forward time-shift forward

operator. The infinite dimensional lifting function is expressed

as Φinf(x, u) =
[

ϕ1,inf(x, u), ϕ2,inf(x, u), . . .
]⊤
. The Koopman op-

erator K is then defined as

K[Φinf(x, u)] ≜ Φinf(F(x, u)), (40)

that is, K takes Φinf as the input and produces a new function

whose value at (x, u) equals the value of the original observ-

able evaluated at the state-input pair obtained by evolving (x, u)

forward in time.

In practice, finite-dimensional approximations of the Koop-

man operator, as defined below, are often employed. Consider

the class of lifting functions defined as

ϕi(x, u) ≜

[

ϕi(x)

u

]

i = 1, 2, ...., nz, (41)

where each ϕi(x) is a scalar function of the state, and u is

included in its original form to preserve control-affine struc-

ture. Typical examples of ϕi(x) include monomials (for polyno-

mial lifting), radial basis functions, Fourier modes, or features

learned by a neural network. Then, the high-dimensional ob-

servable is defined as z ≜ Φ(x) ≜
[

ϕ1(x), ϕ2(x), . . . , ϕnz
(x)

]⊤
∈

R
nz , and the Koopman linear model of the nonlinear dynamics

(3) can be written as

z+ = Az + Bu y = Cz + Du. (42)

This finite-dimensional representation is exact only when the

chosen observables span a Koopman-invariant subspace; other-

wise, (42) should be interpreted as a finite-dimensional approxi-

mation of the infinite-dimensional Koopman representation. In

discrete time, z+ denotes the lifted state at the next time step,

zk+1, while in continuous time it denotes the time derivative ż.

Given trajectory data, data-driven methods such as Dynamic

Mode Decomposition (DMD) (Rowley et al., 2009), Extended

DMD (EDMD) (Williams et al., 2015), and Sparse Identifica-

tion of Nonlinear Dynamics (SINDy) (Brunton et al., 2016) are

commonly used to learn the Koopman operators and to design

controllers Korda and Mezić (2018). Mauroy and Goncalves

(2016); Haseli and Cortés (2023) improve the methods address-

ing accuracy and efficiency issues and Strässer et al. (2025) pro-

vides closed-loop guarantees. Neural networks can also be em-

ployed to learn the lifting functions in the Koopman operator

framework (Yeung et al., 2019; Zinage and Bakolas, 2023; Hao

et al., 2024).

While Koopman operator models can be trained to accurately

approximate system behavior, control-relevant properties are

not inherently guaranteed. To address this, efforts have been

made to impose physics-informed and control-relevant con-

straints on Koopman operator models. Stability in learning the

Koopman operator can be achieved by limiting the parameter-

ization to Hurwitz matrices (Bevanda et al., 2022), or by es-

tablishing an equivalence between stability conditions on the

Koopman model and contraction criteria, which can be embed-

ded into constrained optimal control formulations (Fan et al.,

2022, 2024; Wang et al., 2024). Alternatively, stability can be

enforced by applying a suitable control barrier function or con-

trol Lyapunov function-based gradient descent during the itera-

tive learning process (Mitjans et al., 2024; Huang et al., 2018).

Other control-relevant properties, such as quadratic dissipa-

tivity (Hara et al., 2020) and special structures like negative

imaginary properties (Mabrok et al., 2023), are typically em-

bedded by deriving convex matrix inequality constraints that

can be imposed during the Koopman identification. For exam-

ple, consider identifying a nonlinear discrete-time dissipative

system with no direct relationship between the lifted states and

outputs (i.e., D = 0). Define the input, output, and lifted states

sampled from dynamical trajectory data as

Uk ≜ [u(k), u(k + 1), . . . , u(k + M − 1)] ∈ Rnu×M

Yk ≜ [y(k), y(k + 1), . . . , y(k + M − 1)] ∈ Rny×M

Zk ≜ [z(k), z(k + 1), . . . , z(k + M − 1)] ∈ Rnz×M

Zk+1 ≜ [z(k + 1), z(k + 2), . . . , z(k + M)] ∈ Rnz×M ,

(43)
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where nu = ny under the quadratic dissipativity constraints. In

order to identify a Koopman operator model (42) parameterized

by θ = (A, B,C,D), the cost function in (22) takes the form

c(θ,W) = c1(A, B) + c2(C),

where

c1(A, B) ≜

∥
∥
∥
∥
∥
∥
Zk+1 − [A B]

[

Zk

Uk

]∥
∥
∥
∥
∥
∥

2

F

, c2(C) ≜ ∥Yk −CZk∥
2
F .

(44)

Further, we can ensure that this model preserves dissipativity

by solving (22) with hard constraints

g1(θ) = P ≻ 0, (45)

g2(θ) =

[

A B

I 0

]T [

P 0

0 −P

] [

A B

I 0

]

+ Θ ≺ 0, (46)

where

Θ =

[

C 0

0 I

]T

Ξ

[

C 0

0 I

]

, Ξ =

[

Q S

S ⊤ R

]

, (47)

and Q, S ,R are the dissipativity indices as in Definition 2.4.

This approach of imposing hard constraints to preserve prop-

erties like dissipativity is similar to the methods described in

Section 4.1.2. Another common practice is to use a soft con-

straint that penalizes the violation of the constraints as a part of

the objective. We demonstrate such a soft-constraint based ap-

proach to enforce stability in Koopman operator identification

in the following example.

Example 4.2 (Stable Koopman linear model identification for

Duffing oscillator). Consider a Duffing oscillator with state

x(t) = [x1(t), x2(t)]⊤ ∈ R2, input u(t) ∈ R, and dynamics:

ẋ(t) =

[

x2(t)

−2x2(t) − x1(t) cos
(

x1(t) + x2(t)
)

+ u(t)

]

. (48)

While the Duffing oscillator is defined in continuous time, we

identify the Koopman model from data sampled every ∆t =

0.01 s under zero-order hold on u(t). The exact flow map is

approximated using a fourth-order Runge–Kutta step. To build

a Koopman model, we define a lifting function ψ : R2 → R
2+Nrbf

and observables as follows:

z ≜ ψ(x) =





x

ϕ(x)



 , ϕ j(x) = rbf
(

x, c j

)

, j = 1, . . . ,Nrbf,

(49)

where rbf is the thin-plate kernel with {c j} being centers ran-

domly chosen from [−1, 1]2. Here, we choose Nrbf = 8. With

the discretized system, we generate Ntraj trajectories of length

M each, with initial states x0 ∼ U([−1, 1]2) and control inputs

uk ∼ U([−1, 1]). Then we calculate the lifted states according

to (49) to form Uk, Zk and Zk+1 as in (43). With the Koopman

model structure in (42), we define the reconstruction error to be

∥R∥2
F

, where R is the long stacked vector of all Rk from every

time step k along each trajectory, with all trajectories concate-

nated, that is, there are Ntra j(M − 1) of Rk in total. Each Rk is

formed from the quadruple (Zk,Uk,Zk+1,Yk) at time step k as

Rk =





Zk+1

Yk



 −





A Zk + B Uk

C Zk + D Uk



 . (50)

To enforce stability of the learned model, we desire the spec-

tral radius of A to be smaller than 1. However, directly penal-

izing the spectral radius ρ(A) yields a non-smooth, non-convex

objective. As a practical convex surrogate for the upper bounds

of ρ(A), we instead impose a penalty on the operator 2-norm

∥A∥2. We enforce this penalty in the form of a soft constraint by

solving the unconstrained optimization problem

min
A,B,C,D

c(θ,W) := ∥R∥2F + λ∥A∥
2
2, (51)

where λ > 0 is a hyper-parameter that balances model accu-

racy and stability. To make the problem more computationally

tractable, we introduce slack variables τ and γ to transform the

problem into a convex problem

(A∗1, B
∗
1,C

∗
1,D

∗
1, γ
∗, t∗) = argminA,B,C,D,γ,t ∥R∥

2
F + λ τ2,

s.t.





γ I A

A⊤ γ I



 ⪰ 0, τ ≥ γ, τ ≥ 0,

(52)

We choose λ = 200 and solve (52) using the Mosek solver

(MOSEK ApS, 2025). For comparison, we also obtain the

Koopman model without soft constraints, we solve the problem

(A∗2, B
∗
2,C

∗
2,D

∗
2) = argminA,B,C,D∥R∥

2
F (53)

To assess the performance of the identified Koopman model,

we simulate the system dynamics and that of the learned model

with initial condition [−0.6, 1.4]⊤ on the horizon T = [0, 10]

with time step ∆t = 0.01s (that is, total number of steps M =

1000). We set the test input to be

u(k) = 0.8 sin(0.2 k), k = 0, . . . ,M − 1. (54)

From Fig. 5, we can observe that the Koopman model with soft

constraints is stable and closely approximates the true system

trajectory, with the optimal solution ρ(A∗
1
) = 0.9958, satisfying

the stability condition. On the other hand, it is obvious that the

Koopman model learned without the soft constraints diverges

from the true dynamics and is in fact unstable with ρ(A∗
2
) =

1.0035.

4.2.3. Sparse Identification of Nonlinear Dynamics (SINDy)

Recently, Sparse Identification of Nonlinear Dynamical sys-

tems (SINDy) (Brunton et al., 2016) has emerged as a widely-

adopted data-driven method for nonlinear system identification.

In many physical systems, the dynamics can be parameterized

by a small number of nonlinear function terms, making the gov-

erning equations naturally sparse in the space of candidate non-

linear functions. The key idea in SINDy is to identify a sparse

set of active terms from the candidate nonlinear function space
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Figure 5: Koopman operator model with soft constraints vs Koopman Model

without soft constraints vs ground truth for Example 4.2.

by transforming the system identification problem into a sparse

regression problem. Specifically, for a dynamical system for

the state x(t)

ẋ(t) = f (x(t)), (55)

the first step is to construct a library of candidate func-

tions Θ(x) = [θ1(x), . . . , θp(x)], where p is the number

of candidates. The next step is to collect trajectory data

of length M, defined as X ≜ [x(t1), x(t2), . . . , x(tM)]⊤ ∈

R
M×n, Θ(X) ≜

[

θ1(X), . . . , θp(X)
]

∈ R
M×np, and Ẋ(t) ≜

[ẋ(t1), ẋ(t2), . . . , ẋ(tM)]⊤ ∈ R
M×n. The autonomous dynamics

(55) can then be modeled in terms of the candidate functions as

Ẋ(t) ≈ Θ(X(t))Ξ, (56)

where Ξ = (ξ1, ξ2, . . . , ξn), and each ξk, k ∈ {1, 2, , . . . , n} is a

sparse vector of coefficients that indicate the active terms. Spar-

sity is promoted by solving the following optimization problem

min
Ξ

1

2
∥Ẋ − Θ(X)Ξ∥2 + λR(Ξ), (57)

where λ > 0 and R(·) is a regularization term that promotes

sparsity. The standard choices for R include the l0 norm or

the l1 norm, which is the convex relaxation of the l0 norm. To

solve the sparse regression problem, algorithms such as sequen-

tial thresholded least squares (STLSQ) (Brunton et al., 2016),

LASSO (Hastie et al., 2015), and the sparse relaxed regular-

ized regression (SR3) (Champion et al., 2020) have been de-

veloped. There are also several variants that extend SINDy to

other control-relevant settings. For example, implicit-SINDy

(Mangan et al., 2016) is designed for rational dynamics, while

integral-SINDy (Schaeffer and McCalla, 2017) deals with noise

robustness using integrated rather than differentiated data. Fur-

ther, SINDy with control (SINDyc) (Brunton et al., 2016) ex-

tends the framework beyond autonomous systems to enable

identification with control inputs.

Recent work focuses on embedding prior knowledge to pro-

mote physics-informed properties such as Hamiltonian struc-

tures (DiPietro et al., 2020; Lee et al., 2022), energy conserva-

tion (Holmsen et al., 2023), and stability (Kaptanoglu et al.,

2021). Due to the challenges associated with imposing the

properties as hard constraints in the SINDy framework, the

common practice is to use soft constraints, augmenting the ob-

jective function with a penalty term to encourage the desired

physical behavior. As a representative example, we consider the

‘trapping SINDy’ framework (Kaptanoglu et al., 2021) that pre-

serves system stability during identification. Trapping SINDy

is particularly applicable to fluid and plasma flows with an

energy-preserving, quadratic nonlinear structure. Using the

standard Lyapunov function V(x) = 1
2
∥x∥2, a sufficient condi-

tion for Lyapunov stability of the dynamics (55) is x⊤ f (x) ≤ 0.

In trapping SINDy, the quadratic nonlinear component q(x) of

f (x) is constrained to be energy-preserving, meaning that its

contribution to the Lyapunov derivative satisfies x⊤q(x) = 0

for all x. Since the quadratic component of f (x) contributes

cubic terms to x⊤ f (x), this condition can be achieved by elim-

inating self-coupled cubic terms such as x3
i

and imposing an

antisymmetric structure on cross terms of the form xix
2
j
, so that

their contributions cancel. Such conditions, termed as energy-

preserving quadratic nonlinearity constraints, ensure that only

quadratic components of x⊤ f (x) remain. These conditions can

be collectively expressed as a set of linear equality constraints,

compactly denoted as r(Ξ) ≜ Rvec(Ξ) = 0, where R is an ap-

propriate constant matrix and vec(Ξ) is the vectorized form of

Ξ. Then, we can obtain a stable nonlinear system model of the

form (56) by solving the following optimization problem:

min
Ξ

1

2
∥Ẋ − Θ(X)Ξ∥2F + λ∥Ξ∥1 + α∥r(Ξ)∥22, (58)

where λ > 0 and α > 0 weight the sparsity of the model and the

stability preservation conditions respectively, and can be suit-

ably adjusted to balance accuracy, sparsity, and physically con-

sistent behavior. Several simulation examples illustrating this

approach for concrete examples such as the atmospheric oscil-

lator model and the Lorenz system are available in Kaptanoglu

et al. (2024).

4.2.4. Port-Hamiltonian Models

Port-Hamiltonian (PH) dynamics have been increasingly

used in recent years as a unified formulation for energy-based

modeling of systems (Ortega et al., 2001; van der Schaft, 2004;

Van Der Schaft and Jeltsema, 2014b; Beattie et al., 2018, 2019;

Mehrmann and Unger, 2023). PH systems theory observes

that any physical system can be modeled by energy-storing ele-

ments (capacitors, inductors, masses, springs, etc.) and energy-

dissipating elements (resistors, dampers, etc.), linked to each

other by power-conserving connections, called a Dirac struc-

ture. The Dirac structure links flow variables, which quantify

the rate of energy transfer (e.g., current, velocity), and effort
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variables, which quantify the potential for energy transfer (e.g.,

voltage, force), such that the total power (product of flow and

effort variables) is equal to zero.

A standard example of a Dirac structure is the graph of a

skew-symmetric map from the effort to the flow variables. PH

models used for control have input u representing external ef-

fort variables, output y representing external flow variables, and

skew-symmetric relationship between the storage, dissipation,

and external port variables (see van der Schaft (2024) for de-

tails), leading to an input-state-output PH system:

ẋ = (J(x) − R(x))∇H(x) +G(x)u,

y = G⊤(x)∇H(x),
(59)

where H(x) is the Hamiltonian representing the total energy of

the system, J(x) is a skew-symmetric interconnection matrix,

R(x) is a symmetric positive semidefinite dissipation matrix,

and G(x) is an input gain matrix.

A key property is that any power-conserving interconnection

of PH systems is again a PH system. More precisely, if PH

systems are interconnected, via their external ports, through a

Dirac structure, then we obtain a joint PH system with energy

given by the sum of the individual Hamiltonians, energy dissi-

pation relation equal to the direct product of the individual dis-

sipation relations, and Dirac structure given by the composition

of the individual Dirac structures.

The increase in stored energy of a PH system is less than

or equal to the externally supplied power, which means that

the system is passive with respect to the supply rate. PH sys-

tems may possess other conserved quantities, primarily deter-

mined by their Dirac structures. Conserved quantities which

are independent of the Hamiltonian are called Casimir func-

tions C(x). They satisfy ∂C
∂x

(x)⊤(J(x) − R(x)) = 0 and can be

used to construct candidate Lyapunov functions for the system

(Ortega et al., 1999, 2008; Xu et al., 2022).

Various methods have been proposed for identification of PH

system models. Branford and Rapisarda (2019) use energy con-

servation and power flows to identify linear time-varying PH

systems from input-output data. They show that minimal state

trajectories can be obtained from a rank-revealing factorization

of an energy matrix, obtained by integrating the power balance

of the effort and flow trajectories. Benner et al. (2020) obtain

PH realizations of strictly passive systems from frequency re-

sponse data using the Loewner approach for model reduction

(Mayo and Antoulas, 2007) to enforce a PH structure on the

model. Ortega and Yin (2024) propose a structure-preserving

learning scheme for single-input single-output linear PH sys-

tems with n states. The paper establishes morphisms between

controllable and observable linear systems and normal form PH

systems. The set of uniquely identifiable PH systems is charac-

terized as a manifold with global Euclidean coordinates and the

parameter complexity for representing such systems is shown

to be O(n) instead of O(n2). Thus, the paper shows interest-

ing connections between controllable and observable canoni-

cal forms and the structure-preservation and expressive power

properties of the machine learning model.

The benefits of PH system models on learning and adap-

tive control are reviewed in Nageshrao et al. (2016) with em-

phasis on speeding up learning via the prior knowledge of the

PH structure, obtaining stability or convergence guarantees via

the PH model, and interpreting the resulting control laws in

the context of physical systems. Model reduction techniques

that preserve PH structure as well as stabilization and opti-

mal control of PH systems are discussed in Mehrmann and

Unger (2023). Interconnection and damping assignment (IDA)

passivity-based control (PBC) (Van Der Schaft and Jeltsema,

2014b) is a widely used method for stabilizing PH systems us-

ing the system input to inject energy and reshape the total en-

ergy of the closed-loop system such that its minimum is at a de-

sired equilibrium. Plaza et al. (2022) transform the IDA-PBC

method into a supervised learning problem by designing loss

functions that capture desirable properties, including prescribed

damping, minimum oscillation, assignment of the desired equi-

librium, Lyapunov stability, and enforcement of matching con-

ditions ensuring that the desired closed-loop system is obtained.

Further examples of applying deep learning methods for identi-

fication and control of PH systems are discussed in Sec. 5.2.2.

4.2.5. Gaussian Process Models

Nonlinear system identification can also be approached using

Gaussian process (GP) regression (Rasmussen and Williams,

2006). The book by Kocijan (2016) presents techniques for

learning and validating GP dynamics models from measure-

ment data, for embedding prior knowledge into the GP models,

and for designing optimal control, model predictive control, and

adaptive control based on the GP dynamics models.

A GP is a stochastic process, that is, a collection of random

variables indexed by time or space, such that any finite subset

of the random variables has a joint Gaussian distribution. This

can be viewed as a distribution GP(µ(z), k(z, z′)) for a function

f (z) with mean function µ(z) = E[ f (z)] and covariance function

(or kernel) k(z, z′) = Cov[ f (z), f (z′)].

Consider a regression problem:

yk = f (zk) + ϵk, ϵk ∼ N(0, E), (60)

where the objective is to approximate the function f (z) given

a dataset D = {zk, yk}k of Gaussian noisy measurements with

zero mean and covariance E. The GP approach to regres-

sion imposes a GP prior distribution on f (z) and computes

the posterior of f (z) conditioned on the data D. The values

f (Z∗) =
[

f (z∗
1
)⊤ · · · f (z∗

M
)⊤

]⊤
of the function f (z) at a set

of query points Z∗ are predicted by using that the observations

Y =
[

y⊤
1
· · · y⊤

N

]⊤
in the dataset and the query function val-

ues f (Z∗) have a joint Gaussian distribution:
[

Y

f (Z∗)

]

∼ N

([

µ(Z)

µ(Z∗)

]

,

[

k(Z,Z) + I ⊗ E k(Z,Z∗)

k(Z∗,Z) k(Z∗,Z∗)

])

, (61)

where ⊗ is the Kronecker product and Z are the locations where

the training observations Y were obtained from. Then, the

posterior distribution of f (Z∗) conditioned on the dataset D

(of observations Y and locations Z) is obtained as the condi-

tional distribution from the above joint distribution. Specifi-

cally, f (Z∗) | D has a GP distribution mean function:

µ(Z∗) + k(Z∗,Z)(k(Z,Z) + I ⊗ E)−1(Y − µ(Z)) (62)
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and kernel:

k(Z∗,Z∗) − k(Z∗,Z)(k(Z,Z) + I ⊗ E)−1k(Z,Z∗). (63)

In system identification (Särkkä, 2021), GPs are used to form

time series predictions (e.g., impulse response or autoregressive

models) or directly represent the dynamics model and output

model of a state-space representation (3).

Pillonetto et al. (2014) use GP regression to model the im-

pulse response g(t) in (7) of LTI systems. Given input-output

data, the impulse response is inferred via the posterior mean of

a GP, with hyperparameters (kernel parameters and noise vari-

ance) estimated by maximizing the marginal likelihood. To

guarantee BIBO stability of the identified model, the kernel

should be absolutely integrable,
∫ ∫

|k(t, t′)|dtdt′ < ∞, which

ensures that the impulse response g(t), estimated by the GP

mean, is almost surely integrable. The authors show that com-

monly used stationary kernels, such as the Gaussian (RBF) or

spline kernels, fail to meet this criterion but can be modified

via exponential or algebraic decay terms to ensure integrability

and, hence, BIBO stability of the impulse response estimates.

A GP model can also be used to learn a state-space model

(3) directly using input-output data. Frigola et al. (2013, 2014)

model the dynamics f as a sparse GP with inducing points and

the output model h as a parametric density (e.g., Gaussian or

Poisson), and optimize the model parameters via variational in-

ference. A joint variational distribution is specified over the in-

ducing points, (latent) states, and state transitions and a partic-

ular factorization is chosen to make the Evidence Lower Bound

(ELBO) computationally efficient. Eleftheriadis et al. (2017)

assume that the state posterior has a Markov-structured Gaus-

sian distribution and introduce a bi-directional recurrent neural

network to facilitate smoothing of the state posterior over the

data sequences and recovery of the variational parameters. In

closely related work, Doerr et al. (2018) propose an improved

factorization, which captures the true system transitions, and

compute the ELBO stochastic gradients analytically via the re-

parametrization trick. These methods are demonstrated to learn

dynamics models of neural activity in rats’ hippocampus, of a

hydraulic actuator that controls a robot arm, and of a belt-driven

pulley with two electric motors.

Alternatively, state-space GP models can be represented us-

ing finite-dimensional feature maps with Gaussian-distributed

weights, avoiding kernel-based inference; such models have

been used to incorporate known dynamics structure, derive

probabilistic error bounds, and safely gather data for control

(Lew et al., 2022; Davydov et al., 2025; Banerjee et al., 2020).

State-space GP models can also be used to ensure stability.

Berkenkamp et al. (2016) introduce a residual GP model to cap-

ture uncertainty in a nominal dynamics model and estimate the

region of attraction (RoA) of the closed-loop system under a

fixed control policy. A Lyapunov function is used to certify

a subset of the RoA by verifying that its derivative remains

negative with high probability, given the GP uncertainty. The

method iteratively expands the certified RoA by actively select-

ing new states near the boundary, updating the GP model, and

recomputing the RoA without leaving the certified safe region.
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(a) Unstructured GP regression.
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Figure 6: Learning a piecewise-linear dynamics function f via GPJax (Pinder

and Dodd, 2022) with structured GP regression (b) is more accurate than with

unstructured GP regression (a).

In subsequent work, Berkenkamp et al. (2017) extended the ap-

proach to allow modifying the control policy to achieve optimal

stabilization performance, captured by a cumulative cost func-

tion, while maintaining stability guarantees.

GP regression can be used to approximate an explicit con-

trol law for model predictive control (Grancharova et al., 2007;

Binder et al., 2019; Hewing et al., 2020). For example, Rose

et al. (2023) use a sampling-based scenario approach to pro-

vide bounds on the approximation errors and ensure recursive

feasibility and input-to-state stability. Beyond model predictive

control, recent work (Wang et al., 2018; Castañeda et al., 2021;

Long et al., 2022; Dhiman et al., 2023) has extended the types

of safety and stability guarantees for controllers synthesized

from GP system models by considering worst-case and prob-

abilistic formulations of control Lyapunov function and control

barrier function constraints to account for the presence of model

uncertainty.

In connection with Sec. 4.2.4, GP regression can be used

to learn Lagrangian and port-Hamiltonian system models (59)

from state-input data. Evangelisti and Hirche (2022) introduce

a physically constrained formulation of GP regression to re-

spect the structure of Lagrangian systems and guarantee energy

conservation. This requires extending the GP kernel to symmet-

ric matrix spaces and using Cholesky decomposition to provide

probabilistic guarantees that the energy GP has positive-definite

quadratic form. Subsequent work by Evangelisti and Hirche

(2024) integrates the Lagrangian GP model into covariance-

adaptive momentum observers to enable learning-based exter-

nal force and disturbance estimation. The GP prediction er-

ror bounds are used to establish exponential stability guaran-

tees for the observer. Regarding Hamiltonian systems, Beckers

et al. (2022) and Beckers (2023) formulate a joint GP over the

Hamiltonian and its partial derivatives and use a specific matrix

kernel to guarantee that the GP almost surely generates valid
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port-Hamiltonian trajectories. As in the deterministic case, the

interconnection of two GP port-Hamiltonian systems remains

a GP port-Hamiltonian system. The approach is demonstrated

to learn the dynamics of an iron ball in the magnetic field of a

controlled inductor. The results show that training a GP whose

kernel does not capture the port-Hamiltonian system structure

requires ten times more samples compared to a GP that does.

Several modern GP libraries designed for large-scale infer-

ence with GPU acceleration are available, including GPyTorch

(Gardner et al., 2018), GPflow (Matthews et al., 2017), Pyro

(Bingham et al., 2019), and GPJax (Pinder and Dodd, 2022).

For example, GPJax (Pinder and Dodd, 2022) allows us to learn

a dynamics function f from data more accurately by incorpo-

rating prior knowledge of the system in a GP regression model

in JAX, as shown in Example 4.3.

Example 4.3 (Learning dynamics using GP regression). Con-

sider learning a piecewise-linear system:

y = f (x) =






ax, if x ≤ xth,

bx, if x > xth,
(64)

where the ground-truth parameters are a = 1, b = −1, xth = 1.

A dataset of 15 pairs (x, y) is generated from the ground-truth

dynamics to train standard (unstructured) and structured GP

regression models, implemented in GPJax (Pinder and Dodd,

2022). While the unstructured GP model does not assume any

prior knowledge of the system, the structured GP model en-

codes the piecewise-linearity of the dynamics f by replacing

the constant mean of an unstructured GP with (64). The un-

known parameters a, b and xth in (64) are then trained to fit the

data, leading to better prediction accuracy as shown in Fig. 6.

5. Deep Learning-based System Identification

Deep learning for system system identification is usually for-

mulated as a supervised learning problem. Recall that in a

system identification problem, we are given a dataset W =

{(ui,k, yi,k)}i of input-output trajectories from a continuous-time

dynamical system. We seek to learn a nonlinear state-space

model with dynamics fθ and output model hθ, where the model

parameters θ is obtained from the unconstrained optimization

(15) or the constrained system identification problem (22). For

fitting of the deep learning based system ID models, discretely

sampled data from the continuous-time system is often as-

sumed. Some methods assume access to not only the input-

output trajectories, but also the state trajectories thus W+ =

{(xi,k, ui,k, yi,k)}i, which we will discuss in context. The distinc-

tion betweenW andW+ is important when enforcing control-

relevant properties in deep learning models. When full state

trajectories are available, properties such as Lyapunov stabil-

ity or dissipativity can often be imposed directly on the learned

state-space model. In output-only or partially observed settings,

the state trajectory used by the model is not directly measured

and may instead be estimated, represented through an inter-

nal model state, or replaced by an input-output representation.

Consequently, hard constraints on a learned state-space realiza-

tion typically certify the realized or latent model state, and their

interpretation for the physical system depends on the observer,

encoder, or realization used to construct that state.

We will start with reviewing common model choices for

system identification from classic deep learning architectures

(e.g., feedforward neural networks, recurrent neural networks)

to physics-informed deep learning architectures (e.g., neural or-

dinary differential equations, recurrent equilibrium networks),

and then surveying recent literature on incorporating control-

relevant system properties into deep learning models.

5.1. Deep Learning Architectures for System Identification

5.1.1. Feedforward Neural Networks

One basic model for fitting the functions { fθ, hθ} is via an n-

layer feedforward neural network (FNN). The feedforward neu-

ral network (FNN) approach assumes access to the true system

state xi,k and models the state-transition and output mappings

as
x̂i,k+1 = fθ(xi,k, ui,k) := FNN1(xi,k, ui,k) ,

ŷi,k = hθ(xi,k, ui,k) := FNN2(xi,k, ui,k) .
(65)

Each FNN consists of L ∈ N+ hidden layers that is defined as,

FNN(ξ) := (lL ◦ lL−1 ◦ ... ◦ l1)(ξ) ,

where layers li start with the input layer l0 = ξ and continue as

li+1(li, θi+1) = σ(Wi+1li + bi+1), i = 0, . . . , L − 1.

σ is a nonlinear activation function, weights Wi+1 and biases

bi+1 are parameters in the neural network to be learned, col-

lected into θi, and then into θ = [θT
1
, . . . , θT

L
]T. It has been shown

that, the FNN has universal approximation capability (Hornik

et al., 1989), thus is able to model almost all systems with con-

tinuous fθ, hθ over a compact set. The model parameters fθ, hθ
are optimized to minimize the error between predictions and the

true state xi,k+1 and output yi,k.

Applications of FNN for system identification have been

found in literature since the 90s (Kuschewski et al., 1993; Lu

and Basar, 1998). Nagabandi et al. (2018) deploys an FNN to

model the robotics dynamics, which is further used for model-

based reinforcement learning. Recent applications of FNN

for system identification include various robotic and mechan-

ical systems (Gillespie et al., 2018; Pan and Duraisamy, 2018;

Shi et al., 2019; Robinson et al., 2022; Ramı́rez-Chavarrı́a and

Schoukens, 2021; Wei and Liu, 2022). However, the formu-

lation provided above requires direct access to the full input-

state-output trajectories W+, which may not be available or

observable in many real-world systems. We refer to a recent

survey for more recent literature on FNN for system identifica-

tion (Pillonetto et al., 2023).

5.1.2. Recurrent Neural Networks and Transformers

While FNNs can approximate input-output mappings, they

do not generally capture temporal dependencies through the

architecture itself unless past states, inputs, or outputs are in-

cluded among the network inputs. Recurrent Neural Networks

(RNNs) address this limitation by maintaining a hidden state

that evolves over time, making them particularly well-suited for
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modeling dynamical systems. Specifically, for all k = 1, ...,T ,

the RNN evolves as

x̂i,k+1 = fθ(x̂i,k, ui,k) := σ(Whh x̂i,k +Whxui,k + bh) , (66a)

ŷi,k = hθ(x̂i,k, ui,k) := σ(Wy x̂i,k + by) , (66b)

where σ denotes a nonlinear activation function, and the weight

matrices Whx,Whh,Wy and biases bh, by are model parameters to

be learned. Compared to FNNs, RNNs introduce a hidden state

that evolves over time, enabling the model to infer and maintain

internal representations of system dynamics from sequences of

input-output data alone. This makes RNNs particularly advan-

tageous for system identification tasks where only input-output

trajectories (ui,k, yi,k) are available.

To improve the capability of RNNs to capture long-term de-

pendency of system trajectories, features such as Long Short-

Term Memory (LSTM) (Hochreiter and Schmidhuber, 1997)

and Gated Recurrent Units (GRUs) (Chung et al., 2014) can be

adopted. Deep RNNs (Pascanu et al., 2013) further improve

RNN for replacing the learnable matrices with deep neural net-

works. Like FNNs, RNNs have shown to be universal func-

tion approximators in Sontag (1992); Funahashi and Nakamura

(1993). More recent theoretical developments (Hanson and Ra-

ginsky, 2020; Hanson et al., 2021) provide quantitative error

guarantees, specifying the sample size and neurons to reach a

desired accuracy.

Given the advanced modeling capabilities of RNNs for dy-

namical systems, it is not surprising that they are popular

choices for system identification and control. Early applica-

tions of RNNs and their variants for system identification can be

found in Delgado et al. (1995); Wang and Chen (2006); Wang

(2017). The identified models can be used for decision making

and control (Pan and Wang, 2011). Notable recent advances

include convex RNNs (Chen et al., 2018b) for system identifi-

cation, thus leading to a convex model predictive control (MPC)

problem with optimality guarantee. For interested readers, we

refer to Bonassi et al. (2022) for a recent survey of RNN models

for system identification and learning-based control.

As an emerging direction, Transformer networks (Vaswani

et al., 2017) are considered a promising alternative to RNNs

for sequence modeling and system identification. Geneva and

Zabaras (2022) proposes to apply the self-attention Transform-

ers for physical dynamics modeling, which allows the model

to learn longer and more complex temporal dependencies with

Koopman-based embedding. For spatiotemporal dynamics,

Han et al. (2022) incorporates a graph-based method for the

spatial relationships and the Transformer for temporal dynam-

ics. Park et al. (2023) customizes the Transformer for model

predictive control, where the Transformers are implemented

for multistep-ahead prediction. Besides modeling ODE sys-

tems, Transformers have recently emerged as a promising tool

for surrogate modeling of partial differential equations (PDEs)

(Li et al., 2023). Because of its good performance, Transform-

ers are widely adopted for different applications such as traffic

flow (Xu et al., 2020; Reza et al., 2022), fluid flow (Solera-

Rico et al., 2024; Hassanian et al., 2023), mechatronic systems

(Ayankoso and Olejnik, 2023), and etc.

5.1.3. Neural Ordinary Differential Equations (Neural ODEs)

One challenge with RNN is that as the trajectory length in-

creases, it requires propagating information over long horizons.

Thus, RNNs could lead to high computational cost and difficul-

ties in training. Chen et al. (2018a) introduce neural ODEs that

describe the system dynamics as ˙̂xi(t) = fθ(x̂i(t), ui(t)) in the

original continuous-time domain,

x̂i(t + 1) = x̂i(t) +

∫ t+1

τ=t

fθ(x̂i(t), ui(t))dτ , (67a)

ŷi(t) = hθ(x̂i(t), ui(t)) , (67b)

where fθ, hθ are commonly modeled via FNNs. We can view

Neural ODEs as introducing the structure of differential equa-

tion as a part of prior knowledge about the problem (a.k.a., in-

ductive bias in machine learning). Starting with x̂i(t) at time

t, the state at time t + 1 is obtained by integrating the neu-

ral network fθ over [t, t + 1]. The integral in (67a) has to be

solved numerically, and can be expensive since the dynamics

are modeled as neural networks. Follow-up works (Quaglino

et al., 2020; Kelly et al., 2020; Dupont et al., 2019; Biloš et al.,

2021) focus on retaining expressive dynamics at less computa-

tional cost. Zhu et al. (2021) proposes neural delay differential

equations, that can be used to learn dynamical systems with de-

lays. Chen et al. (2021a) proposes neural event functions to

include discrete events (e.g. switches) in the continuous-time

dynamics modeling. To understand the representation capabil-

ity of Neural ODE, Ruiz-Balet and Zuazua (2023) establishes

universal approximation guarantees for ODEs.

For applications, Quaglino et al. (2020) incorporates the

spectral element methods with Neural ODEs for fast and ac-

curate system identification, where the dynamics are interpreted

as truncated series of Legendre polynomials. To improve gener-

alization, physics-informed design is widely adopted in design

of Neural ODEs. For example, Zhong et al. (2019) incorpo-

rates the prior knowledge of Hamiltonian dynamics. Hochlehn-

ert et al. (2021) deploys a Central-Difference Lagrange inte-

grator structure for modeling contact dynamics using Neural

ODEs. More examples incorporating control-oriented proper-

ties are deferred to sections 5.3 and 5.4. Following the bench-

mark result of (Rahman et al., 2022), Neural ODEs have shown

good performance in system identification, and have been suc-

cessfully applied in structural identification (Lai et al., 2021),

power systems (Xiao et al., 2022), robotics (Huang et al., 2023;

Xiao et al., 2023) etc. Another interesting deep learning archi-

tecture sharing a similar structure as Neural ODE is the Deep

Equilibrium (DEQ) model, which finds a fixed point of a dy-

namical system corresponding to a neural network (Bai et al.,

2019). Winston and Kolter (2020) extends DEQ by restricting

the mapping to be monotone, which guarantees the existence of

a unique equilibrium point.

5.1.4. Recurrent Equilibrium Networks

A Recurrent Equilibrium Network (REN) (Revay et al.,

2023) is a flexible model structure that incorporates both a re-

current structure and an equilibrium network. It was introduced

to include many established models as special cases, such as
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Figure 7: Overview of the deep learning architectures and control-oriented architectures for system identification.

FNNs and RNNs. Specifically, REN is given in the following

form,

x̂k+1 = Ax̂k + B1wk + B2uk + bx ,

ŷk = C2 x̂k + D21wk + D22uk + by,
(68)

in which wk is the solution of an equilibrium network DEQ

wk = σ(D11wk +C1 x̂k + D12uk + bv),

A, B,C,D are matrices of appropriate dimension, bx ∈ R
n, by ∈

R
p, bv ∈ R

q are bias parameters, and σ is a nonlinear activation

function. REN models can also be represented as a feedback

interconnection of a linear system G (composed of matrices

A, B,C,D) and a memoryless nonlinear operator σ, as depicted

in Figure 7.

RENs can incorporate built-in guarantees of stability and ro-

bustness through either convex or direct parameterization to sat-

isfy sufficient conditions for contractive models and incremen-

tal dissipativity. Convex parameterization introduces multipli-

ers to add degrees of freedom, making the model parameters,

stability certificate, and multipliers jointly convex. Direct pa-

rameterization maps the convex region to a set of free parame-

ters, turning the problem into unconstrained optimization. The

resulting parameters are guaranteed to be well-posed, ensur-

ing the model generates unique state trajectories for any input

and initial condition. While RENs model discrete-time dynam-

ics, NodeRENs (Martinelli et al., 2023) extend the framework

to continuous-time systems by combining RENs with Neural

ODEs. Like RENs, NodeRENs are contractive and dissipative

by design and allow training via unconstrained optimization.

5.1.5. Incorporating Control-oriented Properties

As discussed in Section 5.4, there are three common ways

of incorporating structures into system identification: direct

parametrization, hard constraints, soft constraints. In the next

subsections, we will survey deep learning based system identi-

fication literature falling under each kind. We start from the di-

rect parametrization with three examples on Lagrangian Neural

Networks, Hamiltonian Neural Networks, and Monotone Neu-

ral Networks. We then survey ways of incorporating structure

as hard constraints and soft constraints, respectively. We end

the discussion by comparing hard and soft stability constraints

in a learning pendulum dynamics example.

5.2. Direct Parametrization

5.2.1. Lagrangian Neural Networks

Consider the Lagrangian dynamics of a rigid-body system

expressed as

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ , (69)

where q ∈ R
n represents generalized coordinates, M(q) is the

inertia matrix, C(q, q̇) is the Coriolis matrix, G(q) denotes con-

servative forces (e.g., gravity), and τ is the non-conservative

control input. To put the Lagrangian dynamics in the stan-

dard state-space representation, one could define the state vec-

tor x = (q, q̇) ∈ R2n, and rewrite the dynamics as

ẋ1 = x2 ,

ẋ2 = M−1(x1) (τ −C(x1, x2)x2 −G(x1)) ,

so that the overall system dynamics are represented as ẋ =

f (x, u), consistent with Eq. (3). The system output is modeled

as y = h(x, u), where y may represent partial observations such

as positions q, velocities q̇, or both.

Instead of directly parameterizing the system dynamics f

and output function h as neural network, Roehrl et al. (2020)

parametrizes the force term as a neural network τ(x, u; θ) with

inputs x = (q, q̇), control input u, and parameters θ. Given

a dataset of trajectories D = {(ui, yi)}
N
i=1

, a one-step 4th-order
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Runge-Kutta method is used to integrate the dynamics and gen-

erate predicted trajectories D̂ = {(ŷi)}
N
i=1

. The neural network

is trained by minimizing the discrepancy between the observed

and predicted outputs, i.e., yi and ŷi. Instead of modeling τ as a

neural network, Lutter et al. (2018) models M(q) = L(q)L(q)⊤

and G(q) as neural networks and represented C(q, q̇) in terms of

L(q). The approximated inverse dynamics is compared with τ

from the dataset to train the models. This approach avoids the

need of an ODE solver but requires q̈ in the dataset.

The Lagrangian neural networks in Cranmer et al. (2020) fur-

ther extend the above methods to general Lagrangian dynamics

beyond the rigid-body dynamics in (69). Cranmer et al. (2020)

also illustrates that the Lagrangian neural networks can han-

dle systems with disconnected coordinates such as graphs. In

terms of controller design based on learned Lagrangian dynam-

ics model, Lutter et al. (2019) designs an energy-based con-

troller for a class of simple under-actuated systems such as Fu-

ruta pendulums, cartpoles, and acrobots. In Gupta et al. (2019),

the learned Lagrangian dynamics model is used to plan a tra-

jectory using Direct Collocation trajectory Optimization and

design a time-varying linear quadratic regulator controller to

track the trajectory.

5.2.2. Hamiltonian Neural Networks

Consider the Hamiltonian dynamics of the form,

dq

dt
=
∂H

∂p
,

dp

dt
= −

∂H

∂q
, (70)

where q ∈ R
n and p ∈ R

n are the generalized coordinates

and momentum of a system. H denotes the total energy of the

system, and the Hamilton’s equations of motion (70) guaran-

tees that dH
dt
= 0, i.e. the total energy is conserved along the

trajectory. To express the Hamiltonian dynamics in the stan-

dard state-space form consistent with Eq. (3), one can define

the state vector x = (q, p) ∈ R
2n and write the dynamics as

ẋ = f (x) = J∇xH(x). With control inputs, the Hamiltonian

dynamics can be modified by an additional forcing term that

influences the state evolution by injecting or dissipating energy.

Hamiltonian Neural Networks (HNNs) (Greydanus et al.,

2019) parametrize the conserved energy function H(q, p; θ)

rather than directly learning the system dynamics f . By enforc-

ing the Hamiltonian structure, HNNs provide a principled way

to embed hard physical constraints such as energy conservation

into the learned model. The training loss of HNN follows

cHNN(θ) =

∥
∥
∥
∥
∥

dq

dt
−
∂Hθ

∂p

∥
∥
∥
∥
∥

2

+

∥
∥
∥
∥
∥

dp

dt
+
∂Hθ

∂q

∥
∥
∥
∥
∥

2

,

where θ are parameters of the HNN. Bertalan et al. (2019) ex-

tends the HNN approach to handle observations of the coordi-

nates q and momentum p from images. The Hamilton’s dy-

namics are modeled using a neural network on a latent space,

learned from the observations using an auto-encoder. The auto-

encoder and the Hamiltonian dynamics model are trained si-

multaneously to minimize loss function cHNN(θ).

Hamiltonian-based models require the second-order deriva-

tion of the coordinates q. Chen et al. (2019) explores the use of

a leapfrog integrator parameterized by a recurrent neural net-

work to get rid of the need of taking the second-order deriva-

tives. On the same vein, Zhong et al. (2019) uses neural ODEs

with Hamiltonian structure to approximate the unknown dy-

namics. Finzi et al. (2020) shows that it is better, in terms

of accuracy and data efficiency, to learn the Lagrangian and

Hamiltonian dynamics with Cartesian coordinates with explicit

manifold constraints instead of generalized coordinates.

In terms of controller design based on learned Hamilto-

nian dynamics model, Zhong et al. (2019) designs an energy-

shaping regulation controller for fully-actuated systems based

on the learned dynamics. Duong and Atanasov (2021) con-

siders first learning Hamiltonian dynamics on SE(3) manifold

(short for Special Euclidean group in three dimensions, describ-

ing rigid body transformations combining rotation and transla-

tion in 3D space) , that encodes Hamiltonian dynamics and the

SE(3) manifold constraints on a neural ODE network. This is

suitable for learning the dynamics of single-rigid-body robots

such as ground vehicles and quadrotors, where the orientation

is often described by a rotation matrix on the SO(3) manifold

(short for Special Orthogonal group in three dimensions, repre-

sents all 3×3 rotation matrices that describe rotations in three-

dimensional Euclidean space). An energy-based controller is

then designed for trajectory tracking tasks for both fully and

under-actuated systems such as quadrotors.

(a) An Intel NUC quadrotor. (b) Trajectory tracking with learned model.

Figure 8: Real experiments with S E(3) port-Hamiltonian neural ODE network

Duong et al. (2024b).

Example 5.1 (Quadrotor Dynamics Identification using

Port-Hamiltonian Neural ODE Network). To illustrate a

Hamiltonian neural network for system identification, we pro-

vide an example from Duong et al. (2024b) where both Hamilto-

nian structure and the state manifold constraints are encoded in

the neural network architecture. Consider a mobile robot, e.g.,

a quadrotor, with its generalized coordinate q = (z,R) ∈ SE(3)

consisting of its position z ∈ R
3 and orientation R ∈ SO(3).

Let ζ = (v, ω) ∈ R
6 be the generalized velocity, consisting of

the body-frame linear velocity v ∈ R
3 and the body-frame an-

gular velocity ω ∈ R
3. The generalized momentum is defined

as p =

[

pv

pω

]

= M(q)ζ ∈ R
6, where M(q) is the generalized

mass of the system, pv is the linear momentum, and pω is the

angular momentum. The Hamiltonian function is defined as the

total energy of the system H(q, p) = 1
2

p⊤M−1(q)p+V(q) where

T = 1
2

p⊤M−1(q)p is the kinetic energy and V(q) is the potential

energy.

The equations of motions on the SE(3) manifold are written
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in port-Hamiltonian form as:

ẋ = R
∂H(q, p)

∂pv

, (71a)

Ṙi = Ri ×
∂H(q, p)

∂pω
, i = 1, 2, 3 (71b)

ṗv = pv ×
∂H(q, p)

∂pω
− R⊤

∂H(q, p)

∂x
+ bv(q)u (71c)

ṗω = pω ×
∂H(q, p)

∂pω
+ pv ×

∂H(q, p)

∂pv

+ (71d)

3∑

i=1

Ri ×
∂H(q, p)

∂Ri

+ bω(q)u,

where the input matrix is B(q) =
[

bv(q)⊤ bω(q)⊤
]⊤

and the

notation × denotes the cross product of two vectors.

A data set D = {t
(i)

0:N
, q

(i)
n , ξ

(i)
n , u

(i)}D
i=1

is collected by applying

a constant control input u(i) to the system and sampling the state

at times t
(i)
n for n = 0, . . . ,N. Duong et al. (2024b) uses neural

networks with parameters θ to approximate the mass M−1
θ

(q),

the potential energy Vθ(q), the dissipation matrix Dθ(q, p), and

the input matrix Bθ(q), respectively. The model is trained by

minimizing a loss function combining errors in orientation, po-

sition, and generalized velocity. The orientation error is mea-

sured on SO(3) via the logarithmic map, while position and

velocity errors use standard Euclidean norms.

A Crazyflie quadrotor, shown in Fig. 9a, simulated in the

physics-based simulator PyBullet (Panerati et al., 2020) is used

to verify the approach. The control input u = [u′ τT ]T in-

cludes a thrust u′ ∈ R≥0 and a torque vector τ ∈ R
3 gener-

ated by the 4 rotors. The quadrotor is controlled from a ran-

dom starting point to 18 different desired poses using a PID

controller (Panerati et al., 2020), providing 18 2.5-second tra-

jectories. The trajectories were used to generate a dataset

D = {t
(i)

0:N
, q

(i)

0:N
, ζ

(i)

0:N
, u(i))}D

i=1
with N = 5 and D = 1080. The

S E(3) port-Hamiltonian ODE network (Duong et al., 2024b)

is trained for 500 iterations. The training and test results in

Fig. 9 show that the neural networks are able to approximate

to the ground-truth values. Fig. 9g and 9h verify that when

we roll out the learned dynamics for a long horizon, the law

of energy conservation is satisfied via the encoded Hamiltonian

structure, and the SO(3) constraint violation is negligible. The

SE(3) port-Hamiltonian neural ODE networks are also trained

with noisy real data collected from a quadrotor (Fig. 8a), and

tested with trajectory tracking task (Fig. 8b).

5.2.3. Monotone Neural Networks

Monotone systems have outputs that change in a consis-

tent direction in response to inputs. For a single-input-single-

output (SISO) system, there have been papers on SISO mono-

tone neural networks (Sill, 1997; Wehenkel and Louppe, 2019;

Liu et al., 2020; Daniels and Velikova, 2010; Sivaraman et al.,

2020; Zhang and Zhang, 1999) for learning the dynamical sys-

tem while preserving the order. For multi-input-multi-output

(MIMO) systems, monotonicity has been studied under a col-

lective manner, i.e., f (·) : R
n → R

n, for all x, x′ ∈ R
n,

(a) Crazyflie quadrotor.
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Figure 9: S E(3) port-Hamiltonian neural ODE network on a Crazyflie quadro-

tor in the PyBullet simulator (Panerati et al., 2020).

( f (x) − f (x′))⊤(x − x′) ≥ 0. In this case, Cui et al. (2024) is in-

spired by the fact that gradients of convex functions are mono-

tone, and constructs MIMO monotone neural networks (MNN)

using gradients of strictly convex neural networks (termed MNN1

in Figure 10). A strictly convex neural network is parameterized

as a L-layer FNN with additional residual connection layers that

directly pass the input to the hidden layers. With input l0 = x,

each layer li evolves as,

li+1 = σ
(

Wi+1li +W
(x)

i+1
x + bi+1

)

, i = 0, . . . , L − 1, (72)

where θ =
{

W1:L,W
(x)

1:L
, b1:L

}

are neural network weights and bi-

ases and σ is the non-linear activation function. In order for the

neural network output to be strictly convex with respect to the

input, all W2:L are required to be positive, W
(x)

1:L
could be either

positive or negative, and the activation function σ needs to be

strictly convex and increasing, such as the softplus activation

function Glorot et al. (2011). Such neural network architecture

is also known as the input convex neural network (ICNN) Amos

et al. (2017) in the literature. Gradient of the strictly convex

ICNN output with respect to the network input, i.e., ∂o
∂x

satisfies

the monotonicity condition. An illustration of this monotone

neural network design is presented in Figure 7.

24



Wang et al. (2024) introduces another MNN architecture of

the form f (x) = µx+m(x) where µ is a positive constant (termed

MNN2 in Figure 10). m(x) is a feed-through neural network,

with connections from each hidden layer to the input and out-

put variables. The feed-through neural network is parameter-

ized to guarantee monotonicity and bi-Lipschitzness via the in-

tegral quadratic constraint framework and the Carley transform.

MNNs have been applied to monotone system modeling, in-

cluding power system frequency control (Cui et al., 2024; Feng

et al., 2025), power system voltage control (Shi et al., 2022b;

Feng et al., 2023), where monotone controller policies are con-

structed to guarantee closed-loop stability by design.

Example 5.2 (Monotone Neural Network for Power System

Model Identification). To illustrate the idea of MNN and stan-

dard FNN for monotone system identification, we provide an

example for distribution power system identification from Feng

et al. (2023). The distribution power network can be repre-

sented by a graph G = (N ,E), where N := {1, 2, 3, ..., n} rep-

resents the node set and E is the edge set. Each node i ∈ N

is associated with an active power injection pi and a reactive

power injection qi. Let Vi be the complex voltage and vi = |Vi|
2

be the squared voltage magnitude. For any node j as a child

node of node i, the following equations represent the branch

flow model:

−p j = Pi j − ri jli j −
∑

k:( j,k)∈E

P jk,

−q j = Qi j − xi jli j −
∑

k:( j,k)∈E

Q jk,

v j = vi − 2(ri jPi j + xi jQi j) + (r2
i j + x2

i j)li j, (i, j) ∈ E,

where li j =
P2

i j
+Q2

i j

vi
is the squared current, Pi j and Qi j represent

the active power and reactive power flow on line (i, j), and ri j

and xi j are the line resistance and reactance. With slight vio-

lation of notations, we use notations p, q, and v to denote the

pi, qi, vi stacked into a vector. The system can be approximated

by the following linear equation by dropping high-order terms

v = Rp + Xq + v01 = Xq + venv,

where matrix R = [Ri j]n×n
, X = [Xi j]n×n

are given as follows,

Ri j := 2
∑

(h,k)∈Pi∩P j
rhk, Xi j := 2

∑

(h,k)∈Pi∩P j
xhk, and Pi ⊂ E

is the set of lines on the unique path from bus 0 to bus i. venv

is considered as a non-controllable constant. A fact is that for

radial distribution systems, R and X are positive definite ma-

trices. As a result, v is monotonically increasing with respect

to q following the linearized branch flow model. Similarly, the

nonlinear branch flow also exhibits local monotonicity.

All neural networks have two hidden layers, each layer has

100 hidden units. Both trained MNNs (MNN1 and MNN2) achieve

MSE values at the scale of e−7 (6.5e−7 and 3.6e−7), compa-

rable but slightly worse compared to the FNN’s performance

(2.8e−7). In addition, we observe that training monotone neu-

ral networks presents additional challenges relative to standard

FNN architecture. Such challenges in training monotone neu-

ral networks have also been observed in Mikulincer and Reich-

man (2022). More broadly, this example illustrates a common

Figure 10: Voltage trajectories of the ground truth using real-world load data,

the fit for standard MLP, FTN-based monotone neural network (MNN2), and

gradients of input convex neural networks (MNN1) for example 5.2.

tradeoff in control-oriented learning. Incorporating structure

into the learning process can provide valuable inductive bias,

improving model reliability and interpretability. However, it

also limits model expressiveness and can introduce additional

optimization challenges. We further discuss such tradeoffs in

Section 7.6.

5.3. Hard Constraints

One way to introduce hard constraints into learning-based

system identification is to first solve the unconstrained system

identification problem in (15) and project the solution to the

constraint set in (22). On this line, Kolter and Manek (2019)

proposes to jointly learn a dynamics model f and Lyapunov

function V , both as neural networks, where the dynamics are

inherently constrained to be stable. Whenever the learned f

does not meet the Lyapunov stability constraints, it is projected

to the following constraint set,

Proj
(

f̂ (x), { f : ∇V(x)⊤ f (x) ≤ −αV(x)})
)

:=

f̂ (x) − ∇V(x)
∇V(x)⊤ f̂ (x) + αV(x)

∥∇V(x)∥2
2

. (74)

Lawrence et al. (2020) extends Kolter and Manek (2019) to

learn discrete-time systems with disturbance xk+1 = f (xk,wk+1),

where wk ∈ R
d is a stochastic process. A Mixture density net-

works p(xk+1|xk) =
∑m

i=1 πi(xk)ϕi(xk+1|xk) is proposed to model

the dynamics, where each ϕi is a kernel function (usually Gaus-

sian), the mean µ̂i(xi) can be parameterized as FNNs and mixing

coefficients πi are also FNNs, which are nonnegative and sum to

one. The Lyapunov stability condition is posed to the mean pa-

rameters, i.e., V(µk+1) ≤ βV(µk) with µk+1 =
∑m

i=1 πi(xi)µ̂i(xk).

Takeishi and Kawahara (2021) generalizes Kolter and Manek

(2019) to learn dynamics models with stable invariant sets

rather than an equilibrium point, by modifying the projection

step to a set and ensuring invariance on the set. Schlaginhaufen

et al. (2021) jointly learn a stable system model (using neural

ODEs) and a Lyapunov function for partially observable sys-

tems with delays. Min et al. (2023) extends this method to a

system with control, by jointly learning the dynamical system,

Lyapunov function, and a feedback controller all by neural net-

works, where the closed-loop stability is guaranteed by projec-
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tion. Tang et al. (2024) further extends this approach to chaotic

systems and learning invariant set.

Dissipativity/passivity extend the concept of Lyapunov sta-

bility to input-output dynamical systems by considering “en-

ergy” (Brogliato et al., 2007). To incorporate dissipativity as a

hard constraint into learned dynamics, Zhong et al. (2020) in-

troduces a deep learning architecture, Dissipative SymODEN,

that is built on structured Port-Hamiltonian dynamics with en-

ergy dissipation matrix for constant inputs. It learns four neu-

ral nets, representing the inverse of mass matrix, potential

energy, the input matrix, and the dissipation matrix respec-

tively, through NeuralODE. Greydanus and Sosanya (2022), on

the other hand, extends Hamiltonian Neural Networks (HNN)

(Greydanus et al., 2019) to Dissipative Hamiltonian Neural Net-

works (D-HNN) by decomposing dynamic systems into dis-

sipative and conserved quantities so that it accommodates the

case where the total energy is not conserved. Drgoňa et al.

(2021) focuses on general dissipative discrete-time autonomous

dynamical systems and enforces dissipativity by formulating

a feed-forward neural network as a point-wise affine map and

constraining on the corresponding state-dependent affine coeffi-

cients. Xu and Sivaranjani (2023) proposes a method that learns

dissipative dynamical systems using neural models while pre-

serving input-output dissipativity by perturbing the weights of

neural networks. Okamoto and Kojima (2024) leverages the

Kalman-Yakubovich-Popov (KYP) lemma, which is a neces-

sary and sufficient condition for dissipativity to design a differ-

entiable projection that transforms any dynamics represented

by neural networks into dissipative ones and jointly learning

the transformed dynamics.

Example 5.3 (Learning Dissipative Dynamics as Hard Con-

straints). To demonstrate the idea of learning dissipative dy-

namics as a hard constraint, we consider a mass-spring-

damper system, whose nonlinear dynamics are as follows.

mẍ(t) + cẋ(t) + (kx(t) + αx(t)3) = u(t),

where m is the mass, c is the damping factor, k is the linear

stiffness coefficient, and α is a constant that introduces the non-

linearity in the spring. We take m = 1, c = 1, k = 1, α = 1 and

set state variables to be x1 = x and x2 = ẋ. The state-space

model is

[

ẋ1(t)

ẋ2(t)

]

=

[

x2(t)

−x2(t) − x1(t) − x1(t)3

]

+

[

0

u(t)

]

(75)

We collect step response data with initial point being [0.1, 0.1]

and introduce normal distributed noises with mean 0 and stan-

dard deviation 0.01. Following the method in Xu and Sivaran-

jani (2023), we first learn a baseline model, which is a two-

layer neural network with LeakyReLU activation function on

the hidden layer and with 16 neurons for the hidden layer, and

then perturb the weights to enforce dissipativity. At this stage,

we obtain a dissipative neural dynamical system with R = 0,

S = 1
2
I, and Q = 0, corresponding to the passive case. For the

weight perturbation, we have the results λ1 = 10, λ2 = 10, and

λ = 27.822. The distance (Frobenius norm) of weights being
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Figure 11: Trajectories of the ground truth, the fit for baseline model, model

after weights perturbation and final model for Example 5.3

moved is 3.2608 and 0.267 for the first and second layer respec-

tively (both weights have 64 entries in total). Then we retrain

biases and obtain the final model. We demonstrate the ground

truth, the fit for the baseline model, the model after weights per-

turbation, and the final model in Fig. 11 . We observe the final

model closely matches the ground truth and retains closeness

to the baseline model while guaranteeing incremental dissipa-

tivity.

5.4. Soft Constraints

Control-relevant properties can be incorporated into deep

learning based system ID approaches as a soft penalty. There

have been a large volume of literature on using soft penalty to

incorporate the above properties, such as stability, dissipativity,

passivity, physics and conservation laws.

A primary example in this category is the physics-informed

neural networks (PINNs). PINNs (Raissi et al., 2019) are deep

learning models that integrate physical principles into the neu-

ral network architecture. Consider we have some prior knowl-

edge about the dynamical system in the form of P(x, u, y) = 0.

PINNs use both a data-driven loss and a physics-informed loss

for learning the system model fθ and hθ. The data-driven loss

term is defined as in (22),

cdata(θ;W) =
∑

i

∫

t

∥yi(t) − ŷi∥
2

and the physics-based loss/regularization term is defined as,

cphysics(θ;W) =
∑

i

∫

t

P(x̂i(t), ui(t), yi(t))
2.

Combining the data-driven and physics-based loss terms forms

the total loss function c(θ;W) = cdata(θ;W)+ λ cphysics(θ;W),

where λ cphysics(θ;W) := r(θ) is the soft regularization term to

enforce the physics law. PINNs are trained to minimize c(θ;W)

with respect to parameters θ.

It is also useful to distinguish PINNs from physics-guided

neural networks (PGNNs). In many PINN formulations, physi-

cal laws are incorporated through residual terms in the training
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objective, and therefore fit naturally within the soft-constraint

viewpoint. In contrast, PGNNs typically combine a physics-

based model component with a trainable black-box neural com-

ponent. When this combination is designed so that a control-

relevant property holds by construction, PGNNs are closer in

spirit to the direct-parameterization viewpoint described in Sec-

tion . For example, Bolderman et al. (2024) propose a PGNN

architecture for feedforward control in which a physics-based

layer and a neural layer are combined to obtain input-to-state-

stability guarantees through Lipschitz-based conditions.

As soft constraints, PINNs can be incorporated into data-

driven system identification following two general frameworks:

i) By posing a certain structural prior about the system to be

identified, we can turn the system identification problem into a

parameter identification problem. A simple example is to as-

sume that the system to be identified follows the linear time-

invariant system ẋ = Ax+Bu and to identify A, B matrices from

the data. Richards et al. (2023) extends this idea to learn lin-

ear time-varying system models. ii) By posing certain physics

laws or/and conservation laws into system identification rather

than directly assuming the model parametric forms. A common

conservation law that can be used in dynamical system learn-

ing is the energy conservation law. A benchmark is available in

Zhong et al. (2021) for the design of energy-conserving PINNs

that include both Lagrangian neural networks and Hamiltonian

neural networks. Until now, PINN-based modeling algorithms

have been successfully incorporated in learning Lagrangian me-

chanics (Roehrl et al., 2020), robotics dynamics (Nicodemus

et al., 2022; Liu et al., 2024a), building dynamics (Gokhale

et al., 2022), rotor dynamics Liu et al. (2024b), power sys-

tem dynamics (Huang and Wang, 2023), etc.. PINNs also have

achieved great success in modeling dynamical systems gov-

erned by PDEs such as fluid mechanics (Mowlavi and Nabi,

2023), see a recent review by Faroughi et al. (2024).

Example 5.4 (PINNs for Building System Identification). To
illustrate the idea of PINNs for system identification, we pro-
vide an example of a dynamic identification building from Bian
et al. (2023). For PINN design, the physics knowledge is in-
corporated by directly posing a linear resistor-capacitor model
structure, where the heat transfer between zone i and zone j is
modeled as a resistor coefficient Ri j and the heat generation/ab-
sorbing within zone i is modeled as a capacitor coefficient Ci.
The thermal dynamics in each zone follows,

Ci ẋi =
xo(t) − xi(t)

Roi

+
∑

j∈Ni

x j(t) − xi(t)

R ji

+cpui(t)(xs(t)− xi(t))+ pi ,PINN

where xi(t), xo(t), xs(t) are the indoor temperature of zone i,

the outdoor temperature, and the temperature of supply air. Ni

is the set of rooms that are adjacent to room i, cp is the specific

heat capacity of the air, and pi is the internal heat gain. ui(t)

denotes the supply air flow rate, which is the control action.

Parameters {Ci, Roi, R ji, cp, pi} are to be identified from data

through the PINN training.

In comparison, a standard NN model, as defined in Sec 5.1.1,

without prior knowledge can be learned,

ẋi = fθi
(xi(t), ui(t), xNi

(t), xo(t), xs(t)) , NN

Figure 12: Temperature predictions for 15-minute (top) and 3-hour (bottom)

horizons, using one week data for training and the rest for testing.

where θi are the NN parameters to be learned for zone i.

It is also interesting to consider a combined approach that
combines a PINN and a NN,

Ci ẋi =
xo(t) − xi(t)

Roi

+
∑

j∈Ni

x j(t) − xi(t)

R ji

+ f ′θi
(xi(t), ui(t), xs(t)) ,PINN + NN

where the learnable parameters are the combination of the NN

parameters θi and PINN parameters {Ci, Roi, R ji}.

We train the three models to learn the thermal dynamics of

one building zone. Two forecasting horizons are considered: 15

minutes (short-term prediction) and 3 hours (long-term predic-

tion). The training data includes 7-day periods at a 15-minute

resolution. Prediction results are presented in Figure 12. For

the 15-minute horizon, all methods achieve high accuracy with

errors below 0.02 degrees Fahrenheit. For the 3-hour horizon,

incorporating physics priors enables the PINN and the com-

bined approach to outperform the standard FNN, with PINN

delivering the best test performance across both horizons.

We end this subsection by comparing incorporating control-

relevant properties via soft and hard constraints. We consider a

case study of learning a stable dynamical system with Lyapunov

stability constraint.

Example 5.5 (Soft v.s. Hard Constraints for Learning Stable

Pendulum Dynamics). Consider the following stable pendulum

dynamics from Kolter and Manek (2019), ẍ = −bẋ − g sin x

where x denotes the angular position, ẋ is the angular velocity,

and ẍ is the angular acceleration. b is the damping coefficient,

and g is the gravity constant.

For incorporating a stability constraint, two neural networks

are learned simultaneously: a two-layer NN model f for learn-

ing the dynamics, and a neural Lyapunov function V. The neu-

ral Lyapunov function is designed as V(x) = σ(g(x) − g(0)) +

ϵ∥x∥2
2
, where σ is a smoothed ReLU to make the Lyapunov func-

tion continuously differentiable, g(x) is parameterized as an in-

put convex neural network to avoid local optima, and the regu-

larization term ensures strict positive definiteness. To jointly

learn the neural dynamics f and the Lyapunov function V,

N = 104 data pairs (xi, ẋi) are generated using the true dynam-

ics. We compare two schemes for incorporating the stability

constraint.

i) Hard constraint: The loss function for jointly learning f ,V
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(a) Stability enforced by projection. (b) Stability incorporated by soft-penalty.

Figure 13: Comparison of hard projection and soft penalty approach for learn-

ing stable dynamics with neural dynamics and a neural Lyapunov function.

is defined as,

c1( f ,V) =
∑

i

∥ẋi − f̂ (xi)∥2,

where f̂ is defined by the projection in (74) to ensure hard con-

straint satisfaction of Lyapunov stability.

ii) Soft penalty: The loss function for jointly learning f ,V is

defined as,

c2( f ,V) =
∑

i

∑

i

∥ẋi − f (xi)∥2 +
∑

i

λmax (0,∆V(xi)),

where f (xi) is the estimated dynamics (without projection), λ

is a balancing coefficient, and ∆V(xi) = V( f (xi)) − V(xi) rep-

resents the difference of the Lyapunov energy decay. For sta-

ble systems, ∆V(xi) < 0. Otherwise, it would incur a penalty

to guide learning of V, f towards constraint satisfaction. We

show the trained Lyapunov function contour (after 2,000 train-

ing steps) and predicted trajectories in Figure 13. The back-

ground color represents the value of the learned Lyapunov func-

tion, with the true dynamics shown in gold and the predicted

trajectory in red. Both learned trajectories exhibit stable be-

havior, while the trajectory with stability enforced by projection

achieves higher accuracy. This might be due to the projection

provides a stronger prior compared to regulation terms, and the

soft penalty adds complexity to the optimization landscape.

5.5. Discussions

Despite the remarkable flexibility of deep learning models

for system identification, several fundamental challenges and

significant opportunities for future research remain.

One major difficulty lies in imposing hard constraints—such

as stability, passivity, or physics knowledge—during training,

as these constraints are often nonconvex and make the learning

process difficult. This calls for the development of advanced

optimization algorithms that can account for such constraints

and guide learning toward meaningful and feasible solutions.

In parallel, there is a growing need to design specialized neu-

ral network architectures to achieve a balance between struc-

tural constraints and model expressiveness. On the one hand,

incorporating structural priors or leveraging physics-inspired

parameterizations can help improve generalization and model

interpretability. However, as illustrated in Example 5.2, these

constraints may also limit model expressiveness and perfor-

mance, underscoring the trade-off between enforcing physical

properties and maintaining flexibility in function approxima-

tion. Finally, a promising direction lies in the data-driven dis-

covery of system properties. The learned models not only fit

the observed trajectories but also uncover underlying system

properties—such as conservation laws, stability, controllability,

and causal dependencies—that are often difficult to character-

ize without an exact system model. This aspects will be further

discussed in the next section on direct identification and verifi-

cation of control-relevant properties.

6. Direct Identification and Verification of Control-

Relevant Properties

A recently emerging area within control arises from behav-

ioral system theory (Markovsky and Dörfler, 2021), where a

representation-free perspective is adopted, and a dynamical sys-

tem is described through a collection of its input-output tra-

jectories, rather than a transfer function or state-space model.

Control-relevant properties like dissipativity can also be ex-

tended to this setting, which allows a verification of these prop-

erties directly from measured data; this problem has been stud-

ied under the broad umbrella of ‘data-driven system analysis’.

Motivated by these developments, the viewpoint in this sec-

tion is different compared to the previous sections: we are not

explicitly interested in identifying a transfer function or state

space model for the system. Instead, we aim to verify from a

behavioral systems perspective, that is based on measured sys-

tem trajectories, whether the underlying unknown system satis-

fies a certain control-theoretic property, or to check whether the

set of all systems that could generate the observed data satisfies

a control-relevant property like dissipativity. In particular, we

are interested in verification methods with rigorous guarantees

regarding the verified system property that can be translated to

closed-loop settings.

6.1. Control-relevant Properties in the Behavioral Framework

In this section, we review the direct verification of dissipativ-

ity (Maupong et al., 2017; Romer et al., 2019a) and more gen-

eral input-output properties (Koch et al., 2021) for LTI systems

from data based on Willems’ fundamental lemma (Willems

et al., 2005a) as described in Section 2.1. Since the fundamen-

tal lemma characterizes finite horizon trajectories of systems,

Maupong et al. (2017) introduce the notion of L-dissipativity.

Definition 6.1 (L-dissipativity). The discrete-time LTI system

(12) is L-dissipative with respect to the supply rate s(u, y) =
[

u

y

]⊤

Π

[

u

y

]

if

L−1∑

k=0

[

uk

yk

]⊤

Π

[

uk

yk

]

≥ 0, (76)

for all input-output trajectories {uk, yk}
L−1
k=0

of (12) with initial

condition x0 = 0.

Note that the dissipativity in Definition 6.1 is given in an

input-output setting and thus does not explicitly include a stor-

age function. Its connection to the classical dissipativity def-

inition in Section 2.3.2 can be understood as follows. In
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discrete time, classical dissipativity requires
∑L−1

k=0 s(uk, yk) ≥

V(xL) − V(x0) for a nonnegative storage function V . For tra-

jectories with x0 = 0 and V(0) = 0, this condition implies
∑L−1

k=0 s(uk, yk) ≥ 0, since V(xL) ≥ 0. Thus, (75) can be viewed

as a finite-horizon, zero-initial-state input-output counterpart

of the classical dissipativity inequality. The converse, namely

when such input-output inequalities imply the existence of an

appropriate storage function, requires additional conditions; for

a detailed treatment of this relationship between state-space and

input-output dissipativity notions, we refer the reader to Hill

and Moylan (1980).

The key idea to verify L-dissipativity from a single measured

trajectory is to parameterize all trajectories of length L of LTI

system (12) with x0 = 0, as required in condition (76), by the

fundamental lemma (14). By the resulting condition on the

parameter α together with the application of Finsler’s lemma,

Romer et al. (2019a, (Theorem 2)) provides a computationally

appealing linear matrix inequality (LMI) to check whether an

LTI system is L-dissipative based on a single measured trajec-

tory. Extensions of this result include data-driven dissipativity

verification for LPV systems (Verhoek et al., 2024) using the

fundamental lemma for LPV systems (Verhoek et al., 2021b).

Furthermore, for linear systems, Koch et al. (2021) investigates

the determination of optimal input-output properties character-

ized by time domain IQCs.

Inspired by the fundamental lemma, De Persis and Tesi

(2020) establishes a direct data-driven closed-loop character-

ization of an LTI system, which builds the basis for a data-

driven state-feedback design. Furthermore, this result has led

to direct data-driven state-feedback design for polynomial sys-

tems (Guo et al., 2022), for Lur’e-type systems (Luppi et al.,

2022), for LPV systems (Verhoek et al., 2022), and for non-

linear systems via LPV embedding (Verhoek et al., 2023a) and

via nonlinearity cancellation (De Persis et al., 2023). More-

over, the fundamental lemma is suitable for data-driven simu-

lation and output matching control (Markovsky and Rapisarda,

2008), data-driven predictive control with guarantees for LTI

systems (Coulson et al., 2019; Berberich et al., 2021), LPV

systems (Verhoek et al., 2021a), feedback linearizable systems

(Alsalti et al., 2022), bilinear systems (Yuan and Cortés, 2022),

nonlinear systems (Berberich et al., 2022a), and system level

synthesis (Xue and Matni, 2021).

We conclude that the application of Willems’ fundamental

lemma enables a simple and direct verification of dissipativity

and related system properties from a single input-output trajec-

tory. However, the analysis via the fundamental lemma calls

for noise-free measurements, is restricted to finite horizon, and

an extension to general nonlinear systems is unknown. Recent

work has begun to investigate nonlinear extensions of this view-

point; for example, Lazar (2025) uses a product Hilbert space

framework to develop a generalized Koopman operator and a

nonlinear analogue of the fundamental lemma.

6.2. Set-Membership Approaches

Set-membership approaches (Fogel, 1979) aim to determine

the set of all systems that could generate the observed data.

Since this feasible system set contains the underlying system,

analyzing all systems within this set yields guarantees for the

true system even if it cannot be identified due to, e.g., noisy

data. Set theoretic methods for control, set membership based

identification, and broadly, identification under uncertainty and

identification for robust control, have a long history (see books

such as Blanchini et al. (2008); Milanese et al. (2013); Chen

and Gu (2003) and surveys such as Mäkilä et al. (1995); Mi-

lanese and Vicino (1991)). Given the wide scope of set member-

ship approaches, we do not consider general set membership

based system identification and control here; rather, we focus

our attention on set membership approaches for direct identifi-

cation of control-relevant properties like dissipativity, stability,

and monotonicity.

For the ease of presentation, we focus on unknown LTI sys-

tems and refer afterwards to possible extensions in various di-

rections. Consider the discrete-time LTI system

xk+1 = A∗xk + B∗uk, (77)

with state xk ∈ R
nx and input uk ∈ R

nu . To infer on the un-

known system matrices A∗ and B∗, we assume input-state sam-

ples {xk, uk}
N−1
k=0

are given with xk+1 = A∗xk + B∗uk + dk, k =

0, . . . ,N − 2. The unknown disturbance vector dk can incor-

porate process noise, nonlinear dynamics, or effects from in-

exact state measurements. We suppose that the disturbance is

bounded ||dk ||2 ≤ ϵ, k = 0, . . . ,N − 2, with known bound ϵ > 0.

Note that the samples can also stem from multiple trajectories.

Under the given data and the pointwise-in-time noise charac-

terization, we can infer on the set of system matrices

Σ =

{
[

A B
]

:

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
xk+1 −

[

A B
]
[

xk

uk

] ∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
2

≤ ϵ, i = 0, . . . ,N − 2

}

(78)

consistent with the data. Note that the true matrices
[

A∗ B∗
]

are contained within Σ as they satisfy

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
xk+1−

[

A∗ B∗
]
[

xk

uk

] ∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
2

≤

ϵ, i = 0, . . . ,N−2. While the set membership (78) could directly

be exploited to verify dissipativity following Berberich et al.

(2022b) or Martin and Allgöwer (2021b), we will consider here

an ellipsoidal outer approximation of (78) given by

Σ̃ =






[

A B
]

:

[
I

[

A B
]

]⊤

∆

[
I

[

A B
]

]

⪯ 0





⊇ Σ, (79)

as proposed in Martin and Allgöwer (2022a, Proposition 1).

The computation of matrix∆ boils down to an SDP with an LMI

constraint because Σ corresponds to an intersection of N − 1

quadratic constraints (Boyd et al., 1994). Thereby, Σ̃ is de-

scribed by a single quadratic matrix inequality. However, this

adds an additional conservatism due to a non-tight description

of Σ. Since the set of feasible system matrices is characterized

by the quadratic uncertainty description (79), we can analyze

the set of linear systems with system matrices (A, B) where

xk+1 = Axk + Buk,
[

A B
]

∈ Σ̃, (80)

using modern robust control techniques. For that purpose,

we equivalently write (80) as a linear fractional representation
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(Scherer and Weiland, 2000)

[

xk+1

qk

]

=





0 0 I
[

I

0

] [

0

I

]

0









xk

uk

wk




(81)

with uncertainty wk =
[

A B
]

qk satisfying the quadratic con-

straint
[

qk

wk

]⊤

∆

[

qk

wk

]

⪯ 0.

Now, all systems of (80) are (Q, S ,R)-dissipative for the storage

function V(x) = x⊤Xx, X ⪰ 0, on X ×U = R
nx+nu if

w⊤Xw − x⊤Xx −

[

y

u

]⊤ [

Q S

S ⊤ R

] [

y

u

]

⪯ 0, ∀w :

[

q

w

]⊤

∆

[

q

w

]

⪯ 0.

(82)

The infinitely many constraints (82) are implied by

w⊤Xw − x⊤Xx −

[

y

u

]⊤ [

Q S

S ⊤ R

] [

y

u

]

− α

[

q

w

]⊤

∆

[

q

w

]

⪯ 0,

for any α ≥ 0. This technique is well-know in robust control

as the S-procedure (Boyd et al., 1994). With q =

[

x

u

]

and y =

Cx + Du, we can write equivalently





x

u

w





⊤

ϕ⊤





−X 0 0 0 0

0 X 0 0 0

0 0 −Q −S 0

0 0 −S T −R 0

0 0 0 0 −α∆





ϕ

︸                                           ︷︷                                           ︸

=Ω





x

u

w




⪯ 0, (83)

with

ϕ =





I 0 0

0 0 I

C D 0

0 I 0

I 0 0

0 I 0

0 0 I





.

Therefore, if there exist a matrix X ⪰ 0 and a scalar α ≥ 0 such

that Ω ⪯ 0, then all systems within the set membership (78),

including the true system (77), are dissipative. Note that Ω is

linear with respect to X and α. Thus, suitable values can be ef-

ficiently found by standard LMI solvers (Löfberg, 2004). Sim-

ilar results can be be found in Koch et al. (2022) exploiting the

LMI-based robust control framework of Scherer and Weiland

(2000). Moreover, van Waarde et al. (2022) exploits a matrix

S-lemma to verify dissipativity for the feasible system set (80).

In contrast to the behavioral approach in Section 6.1, the set-

membership approach enables dissipativity determination from

noisy data and over an arbitrary time horizon, as required for the

application of feedback laws (Khalil, 2002). Set membership

approaches have also been extended to various model classes

beyond LTI systems and control-relevant properties like stabil-

ity and monotonicity as discussed in the sequel.

Polynomial dynamics: For systems with polynomial dy-

namics, common in applications such as fluid mechanics

(Chernyshenko et al., 2014) and robotics (Majumdar et al.,

2013), the dynamics can be expressed as xk+1 = Fz(xk, uk) with

unknown coefficient matrix F and a known vector of mono-

mials z(xk, uk). Dissipativity can then be verified using sum-

of-squares relaxations, leading to an SDP formulation (Martin

and Allgöwer, 2021b). More generally, input-output properties

such as integral quadratic constraints (IQCs) can also be veri-

fied using this representation (Martin and Allgöwer, 2022a).

General nonlinear dynamics: While linear and polynomial

systems directly lead to a set membership suitable for an analy-

sis by SDPs, general nonlinear systems yield non-convex op-

timization problems, even in the model-based case. To cir-

cumvent the non-convexity and to provide guarantees for the

verification of system properties, the nonlinear system behav-

ior can be embedded into a system representation suitable for

an analysis using SDPs as summarized in the survey Martin

et al. (2023). For example, dissipativity has been verified using

Taylor-based approximations (Martin and Allgöwer, 2022b),

piecewise polynomial models (Martin and Allgöwer, 2021a),

or embedding into linear parameter-varying (LPV) representa-

tions (Miller and Sznaier, 2023; Verhoek et al., 2023a). General

control-relevant properties: Set-membership based identifica-

tion has also been extended to learn systems that are known

to satisfy control-relevant properties. For example, works such

as Cerone et al. (2011); Lauricella and Fagiano (2020); Lau-

ricella (2020); Tobenkin et al. (2013) develop set membership

approaches explicitly incorporating a priori information on sys-

tem stability in an error-in-variable (EIV) framework. Set-

membership based identification for monotone dynamical sys-

tems has also been considered in the literature (Makdesi et al.,

2023). In fact, exploiting a priori knowledge on monotonicity

or dissipativity of the system has also been shown to improve

the accuracy and data efficiency of set-membership approaches

(Ramdani et al., 2006; Berberich et al., 2022b).

Summarizing, the set-membership perspective combined

with modern robust control techniques establishes a flexible

framework for verifying system properties for linear and non-

linear systems from noisy data with guarantees. Related to this

approach, the data-informativity framework (Van Waarde et al.,

2023) provides conditions on when the collected samples are

informative to infer system properties as controllability or sta-

bilizability. We now present an example to demonstrate direct

data-driven verification of dissipativity from noisy data using

set-membership approaches.

Example 6.2. We consider a mass-spring-damper system

mÿ(t)+dẏ(t)+Ky(t) = u(t) with position of the mass y(t), exter-

nal force u(t), mass m = 1 kg, damping coefficient d = 1
kg

s
, and

stiffness K = 1
kg

s2 . The continuous-time system is discretized

in time with time step T = 0.5 s and the Euler method, which

yields the discrete-time state-space representation

xk+1 =

[

1 T

−KT
m
− dT

m
+ 1

]

xk +

[

0

T

]

uk, t ∈ N,

yk =
[

1 0
]

xk.
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Figure 14: Projected set membership (84) for ϵ = 0.005 and different data

length N (top) and (84) for N = 21 and different noise bounds ϵ (bottom). True

coefficients are depicted by a black dot.

We assume that the system order nx = 2 is known but the

system matrices are completely unknown. To infer on the

unknown system dynamics, the mass-spring-damper system is

simulated over N − 1 time steps for initial condition zero, input

uk = cos(0.05k), and randomly drawn process noise ||dk ||2 ≤ ϵ

with various but known ϵ > 0. Thereby, noisy state-input data

{xk, uk}
N−1
k=0

are available to derive the set membership (78).

Figure 14 illustrates the projected set membership

{

a21, a22 ∈ R :

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
xk+1 −

[

1 T

a21 a22

]

xk −

[

0

T

]

uk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
2

≤ ϵ,

k = 0, . . . ,N − 2

}

.

(84)

As expected, the true coefficients a∗
21
= −0.5 and a∗

22
= 0.5 are

always elements of the set membership. The top figure illus-

trates that (84) decreases for an increasing amount of samples

N. In particular, additional samples never increase the set, i.e.,

the set membership for N = 21 is a subset of the set member-

ship for N = 5 and N = 7. Based on Martin and Allgöwer

(2022a), (78) even converges to a singleton containing only the

true coefficient matrices for N → ∞ and persistently exciting

data. The bottom figure illustrates (84) when the simulated tra-

jectory is affected by differently large noise. Since the process

noise dk influences the trajectory, the set memberships are not

necessarily subsets of each other.

For dissipativity verification, we first apply Proposition 1 of

Martin and Allgöwer (2022a) to obtain ellipsoidal outer ap-
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Figure 15: Data-driven inference on the L2-gain.
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Figure 16: Data-driven inference on the input-feedforward passivity parameter.

proximations of (78) while minimizing the volume of the el-

lipses. Subsequently, we search for a matrix X ⪰ 0 and a scalar

α ≥ 0 such that Ω ⪯ 0 from (83). In this numerical example,

we examine on the one hand the L2-gain from the input u to

the position y. Thus, we consider (Q, S ,R)-dissipativity with

Q = −1, S = 0, and R = γ2, γ > 0, where γ corresponds to an

upper bound on the L2-gain. Hence, we additionally minimize

over γ > 0. Moreover, we investigate input-feedforward passiv-

ity, which corresponds to the maximal ρ such that the system is

(Q, S ,R)-dissipativity with Q = 0, S = 0.5, and R = ρ. The re-

sulting SDPs with LMI constraint are solved in MATLAB using

YALMIP (Löfberg, 2004) and the SDP solver MOSEK (MOSEK

ApS, 2025).

Figure 15 and Figure 16 compare the inference on the L2-

gain and input-feedforward passivity parameter, respectively,

obtained from the true system and from data for various data

lengths N and different large noise ϵ. Since the obtained

inferences are guaranteed system properties, we only obtain

larger values than the true L2-gain and smaller values than

the true input-feedforward passivity parameter. As expected,

the determined bounds are more accurate for a larger set of

data and smaller noise. Indeed, the data-driven inferences

correspond almost to the true L2-gain and passivity parame-

ter for very small noise and even for a small amount of sam-

ples. Furthermore, since the data-driven inferences do not

significantly improve from N = 7 compared to N = 21, we

can conclude that the data {xk, uk}
21
k=8

is not informative for the

(Q, S ,R)-dissipativity verification. To further improve the ob-

tained bounds, one could consider a more exiting input or ex-

periments with different initial conditions.

6.3. Online Schemes

The behavioral and the set-membership approach suppose

given trajectories, that is, both are offline methods according

to Hou and Wang (2013). In contrast, online methods strive to
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improve the data-driven inference by iteratively performing ex-

periments if the system or a simulation is available for further

experiments. Thus, online schemes provide in each iteration

an input trajectory that can be applied to refine the data-driven

inference on the system property.

For discrete-time LTI SISO systems with uk = yk = 0 for

k ≤ 0, a finite output sequence can be computed by





y1

y2

y3

...

yL





︸︷︷︸

=y

=





g0 0 0 · · · 0

g1 g0 0 · · · 0

g2 g1 g0 · · · 0
...

...
. . .

...

gL−1 gL−2 · · · g1 g0





︸                               ︷︷                               ︸

=G





u1

u2

u3

...

uL





︸︷︷︸

=u

,

with impulse response g0, . . . , gL−1. Thus, the L2-gain over a

finite time horizon L is given by

min
u∈RL\{0}

y⊤y

u⊤u
= min

u∈RL\{0}

u⊤G⊤Gu

u⊤u
= min

u∈RL\{0}
J(u). (85)

To solve this optimization problem for unknown G, Wahlberg

et al. (2010) shows that the gradient of J(u) can be obtained

by evaluating the system response for two specific input se-

quences. Thus, a power iteration can be applied to solve (85)

without knowledge of G. In Romer et al. (2021), this idea is

unified as a framework of iterative sampling schemes for deter-

mining the operator gain, passivity, and conic relations of LTI

systems. Such approaches have also been extended to finding

lower order surrogate models Martin et al. (2020) for linear sys-

tems while establishing finite horizon system properties. Works

such as Wu et al. (2013); Welikala et al. (2022); Tanemura and

Azuma (2019) further focus on estimating stability properties

such as L2 gain and various passivity indices (e.g., input feed-

forward and output feedback), and lower bounds on gain and

phase margins (Isoshima et al., 2023) from data. There are also

schemes to improve the efficiency, convergence speed, number

of required experiments, and the robustness of data-driven esti-

mation of properties such as passivity and dissipativity (Tane-

mura and Azuma, 2018; Iijima et al., 2020).

To handle noisy data and nonlinear systems, and to obtain fi-

nite data guarantees, Romer et al. (2019b) solves, among others,

theL2-gain optimization problem (85) by Gaussian process op-

timization. By modelling J(u) as Gaussian process, the worst-

case input with respect to the system property is identified and

subsequently applied to the system. Then the Gaussian pro-

cess model can be updated by the new input-output sample. To

achieve an iterative scheme for nonlinear systems, noisy data,

and deterministic guarantees, Martin and Allgöwer (2020) con-

siders the Lipschitz approximation of Calliess (2014) for the

input-output mapping of a dynamical system. This approxima-

tion can intrinsically be used to obtain an upper bound on the

L2-gain. Subsequently, the worst-case input can be identified

and applied in order to refine the model and the inference on

the L2-gain. Summarizing, the presented schemes provide an

iterative experiment design to refine data-driven inference of

control-relevant properties. However, only finite horizon guar-

antees can be provided and the number of samples for a mean-

ingful inference is larger than that required for the behavioral

and set-membership approach.

6.4. Input Design

We conclude this section by making some remarks on the

challenges associated with the input design within the behav-

ioral framework. In this setting, De Persis and Tesi (2021)

and Alsalti et al. (2023) present ideas for the design of inputs

to ensure persistently exciting input-output sequences for lo-

cally identifying nonlinear systems and for certain classes of

nonlinear systems, respectively. While these works determine

one experiment to identify the system, multiple experiments

are typically necessary for learning an uncertain nonlinear dy-

namics. In Section 6.3, we also reviewed schemes for verify-

ing control-relevant properties by iteratively performing exper-

iments. These schemes provide an input sequence in each iter-

ation step to refine the data-driven inference. However, these

iterations typically converge rather slowly, requiring a large

amount of experiments. Thus, the application of these iterative

schemes is time consuming and the suggested input sequences

may not obey any safety conditions, limiting their practical ap-

plication. To reduce the size of the set membership (78) by ad-

ditional experiments, one could consider state-input pairs which

generate informative constraints on (78). Here the challenge is

to identify these pairs and to steer the system safely to the cor-

responding state. Moreover, while this procedure would reduce

the conservatism of the set membership, it is not guaranteed

to refine the inference on the system property. While these

considerations are specific to behavioral and direct data-driven

representations, where the input sequence must not only excite

the system but also support finite-horizon trajectory represen-

tations or direct inference of input-output properties, we dis-

cuss broader experiment-design questions pertaining to control-

oriented identification in Section 7.4.

7. Future Directions

As we have outlined earlier, there is an impressive array of

work that has now appeared, and continues to be done, utilizing

the recent developments from learning to extend and comple-

ment classical system identification algorithms. Nevertheless,

there remain rich problems that are unsolved in this area. In

the following, rather than focusing on specific challenges on

the various directions surveyed in the paper, we outline some

major open directions that have not been explored much in the

literature so far, yet represent important problems of great prac-

tical and theoretical interest.

7.1. Networked System Identification

Another major open question is the identification of net-

worked systems, where imposing interconnection structure on

the learned system matrices in addition to control-oriented and

physics properties is a challenge. Many systems of practical in-

terest are networked sub-systems that are dynamically coupled.

Thus, for instance, it will be of interest when learning a model
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for a transportation network to preserve the structure of arterial

roads and traffic intersections. Similarly, for a chemical reac-

tion network, it may be of interest to learn the reaction rates

while preserving the structure of the reactants and products.

A simple model of these interconnections for a linear system

can be imposing certain elements of the system matrices A and

B to be zero. Unfortunately, even for simple linear systems,

identifying the system matrices typically yields a full matrix

with scant regard to the desired structure. It is not clear that

just setting the specified elements in the learned system matri-

ces to be zero is necessarily the best solution. There has been

some initial work Fattahi et al. (2019) on imposing a sparsity

pattern on the learned system matrices; however, that work re-

quires special assumptions on the matrices which may be diffi-

cult to check. Similarly, for special interconnection structures

(i.e., those satisfying the so-called partially nested information

pattern), some works Ye et al. (2022b,a) have shown that im-

posing sparsity constraints may not be important for learning

optimal control laws; however, once again, it is not clear how

generalizable these results are. The general problem of impos-

ing interconnection structure during networked system identifi-

cation remains open and an important avenue for future work.

Further, several networked systems like chemical reaction

networks, power grids, and traffic flow networks satisfy control-

relevant properties like monotonicity that can be exploited for

scalable control synthesis Sivaranjani et al. (2017). There have

been some recent developments in this direction in Revay et al.

(2021), where an identification for large-scale networked sys-

tems with monotonicity guarantees is proposed. However, net-

work identification preserving both the graph structure and var-

ious control-relevant properties is still an open problem.

7.2. Network Identification

A related problem is the identification of network structure

itself from the data. In other words, consider an interconnected

system as before, but now the interconnection structure is un-

known and needs to be estimated from the data along with the

parameters of the nodes describing the dynamical subsystems

and edges describing the interconnections. This problem natu-

rally arises in a variety of settings, with a concrete example be-

ing the identification of the structure of infrastructure systems

such as the distribution grid in power systems or transportation

network flows. There are classical fields such as network to-

mography (Vardi, 1996; Coates et al., 2002) that address such

a problem, although typically under simplifications such as ab-

sent or known node dynamics. From the domain of data sci-

ence, a powerful idea that has been used in fields such as iden-

tification of gene regulatory networks is that if the observations

from different nodes could be treated purely as a data series,

one could associate statistical closeness among the series (as

measured using quantities such as mutual information) with a

weighted edge between the nodes (Villaverde et al., 2014). Ex-

tensions such as considering directed mutual information have

been proposed to include directed edges that represent which

node affects the other one.

Recent developments in causal inference (Pearl, 2010) have

also aimed to consider similar problems of identifying causal

networks whereby random variables representing data series at

nodes affect each other causally. Granger causality (Granger,

2001) based methods have emerged as particularly powerful

when the nodes represent random processes, as in the general

framework considered in this paper. However, Granger causal-

ity based approaches necessitate presence of delays in the dy-

namic dependencies. New techniques have been proposed for

the case when the nodes represent linear time-invariant subsys-

tems (Veedu et al., 2023). However, it is fair to say that the gen-

eral problem when the node dynamics can be non-linear, edges

may have dynamics, and partial information about the network

structure may be available, remains largely open.

7.3. Switched and Time-varying Systems

Our discussion so far has assumed that both the node dy-

namics and the interconnection structure are time-invariant. For

the general case when these quantities can be arbitrarily time-

varying, it is difficult to collect enough data to perform any

identification. However, for the case when there is some ad-

ditional structure on the time-variation, it may be possible to

obtain useful identification algorithms. A popular and practi-

cally important case is when the node dynamics can be mod-

eled as switched (or more generally, hybrid) system. Switched

systems, where the system switches between a set of individ-

ual modes that may be linear or non-linear, have proven to be

immensely useful in modeling many situations of practical in-

terest such as power grid operation (Feng et al., 2025; Ochoa

et al., 2023), robotics (Tomlin et al., 2002; Grizzle et al., 2014),

etc.. There is a large theory for modeling, analysis, and con-

trol of such systems available, with further classification into

classes such as state-dependent or state-independent switching,

deterministic or stochastic switching, autonomous or controlled

switching, and so on.

The easiest extension of the methods we considered in this

paper to switched system identification is if the active mode is

known at any time and each mode is identified separately. Even

in this case, if there is some additional information available

about how the dynamics in each mode are related (e.g., the dy-

namics of temperature increase when a heater is on v/s decrease

when a heater is off have many common parameters), one may

envisage utilizing data from one mode to identify the dynamics

of other modes. More generally, if the mode is unknown, then

the identification problem is even more difficult since it involves

simultaneous identification of a discrete variable (i.e., which

mode is active) and the continuous dynamics. Relevant classi-

cal fields here include change point detection (Fu et al., 2024)

and hidden Markov models (Smyth, 1994) and many numeri-

cal algorithms have been proposed to identify the dynamics of

the switched systems (Lauer and Bloch, 2018). For the special

case of linear parameter-varying (LPV) systems, there is also

related work identifying models from demonstrations subject

to a common Lyapunov-function constraint to guarantee stabil-

ity, by formulating imitation learning as a system identification

problem (Figueroa and Billard, 2018; Billard et al., 2022).

In general, the fundamental difficulty of the optimization

problem here constrains the performance and analysis of these

algorithms except under some specific conditions. For instance,

33



if the switching signal is not being controlled, and some of the

modes of the system are unstable, the problem largely remains

open (Shi et al., 2022a). If additionally, as we argued in the

paper, we aim to preserve physics-relevant properties during

identification, an additional step that needs to be solved is to

define the properties of interest. As an example, extension of

properties such as dissipativity and passivity to switched sys-

tems requires care since the modes that are not active may gain

energy (Zhao and Hill, 2008). The core intuition is the same as

in classic results on stability of switched autonomous systems

– it is easy to construct examples where a system that switches

among individually stable modes is unstable. There is exist-

ing work on defining dissipativity to switched systems keeping

this subtlety in mind (Lavaei and Zamani, 2022; McCourt and

Antsaklis, 2012; Li et al., 2016; Zhao and Hill, 2007; Haddad

et al., 2006; Agarwal et al., 2016; Wang et al., 2013; Xia et al.,

2016; Sivaranjani et al., 2018; Zhao and Gupta, 2016). How-

ever, these works tend to require multiple storage functions and

become computationally complex. Given the generality and

importance of switched and time-varying systems in practical

applications, control-informed system identification for these

systems is an important direction for future work.

7.4. Experiment Design

Experiment design, broadly pertaining to the design of in-

put sequences, data filtering, and sampling approaches are cen-

tral to system identification. The design of input sequences for

identification is particularly critical. Ideally, the input sequence

must yield rich and meaningful data that excite all modes. On

the other hand, the collection of data samples for system iden-

tification may be expensive, especially in online settings. Typi-

cally, the goal is to balance these tradeoffs.

This problem has been extensively studied in classical system

identification, including closed-loop identification for control

(see works such as (Goodwin, 1977; Hjalmarsson, 2005; Gevers

and Ljung, 1986) for a survey of this area) and the persistent ex-

citation conditions (Narendra and Annaswamy, 1987; Willems

et al., 2005b; Markovsky et al., 2023). Input design for ML-

based system identification is especially critical, since learn-

ing algorithms (such as neural network training) often require

massive amounts of data, which is difficult to acquire in con-

trol applications. However, this area has received limited con-

sideration in learning-based identification. A key open ques-

tion is how to optimize input design while simultaneously en-

suring that the learned model satisfies control-relevant proper-

ties. Imposing such properties places nontrivial structural con-

straints on the feasible excitation signals, thus altering the un-

derlying geometry of the optimal experiment design problem.

Further, imposing control-theoretic constraints may require bal-

ancing information gain against performance degradation or vi-

olations of control-relevant properties during data collection.

Therefore, developing principled methods for experiment de-

sign while imposing control-relevant properties, particularly in

online or data-limited regimes, is a critical direction.

7.5. Machine Learning vs Data-driven System Representations

We discussed the emerging paradigm of data-driven repre-

sentations for control in Section 6, including approaches to pro-

vide guaranteed inferences on control-theoretic properties even

in presence of noise. However, the system representations for

nonlinear systems are tailored towards system analysis and con-

trol design using LMI techniques. Therefore, the nonlinearity

of the system can not precisely be incorporated into a data-

driven system representation, thus yielding conservative results

that may only hold locally. On the other hand, models from

machine learning are flexible and can explain complex nonlin-

ear phenomena. However, the obtained system representations

are usually strongly nonlinear, and are hence difficult to exploit

for system analysis and control. Thus, closing the gap between

data-driven system representations tailored for control and ma-

chine learning approximations can be an interesting direction

for future research. Thereby, the benefits of both worlds could

be fused into a new class of surrogate models. Initial works in

this direction include, for instance, Hu et al. (2023) and Fiedler

et al. (2021). Nonlinear extensions of behavioral represen-

tations, including recent connections to generalized Koopman

operators, provide another promising direction in this context

(Lazar, 2025). Related to merging these two worlds, it is impor-

tant to note that data-driven control lacks standardized datasets

and benchmarks as is common in the machine learning commu-

nity, which makes meaningful comparison of different frame-

works challenging. Developing such benchmarks and meaning-

ful control-relevant use cases will be important to enable rapid

advances in this area.

7.6. Tradeoffs in Control-Oriented System Identification

A central challenge in both classical and learning-based sys-

tem identification is the tradeoff between control-relevant con-

straints and model expressivity. On one hand, physics-based

priors and control-relevant constraints provide useful inductive

biases that can reduce sample complexity, yield tractable for-

mulations for learning-based identification, aid identifiability in

problems with scarce data, and enable safe and interpretable

closed-loop control. Physics-guided neural network archi-

tectures with built-in stability guarantees provide one example

of this tradeoff, since the imposed architectural structure can

certify properties such as input-to-state stability while restrict-

ing the admissible model class (Bolderman et al., 2024). On

the other hand, hard constraints or rigid model parameteriza-

tions can introduce model bias that limits the ability to capture

complex real-world dynamics and generalize to unseen data,

especially when the true system deviates from nominal oper-

ating conditions or exhibits non-ideal behavior, potentially un-

dermining the very advantages that make data-driven models

attractive in control applications. This merits a re-examination

of classical considerations such as the closely related bias-

variance tradeoff and the impact of structure and constraints

on generalizability in the context of learning-based and data-

driven models (Pillonetto et al., 2025). A key direction for fu-

ture research is to establish universal approximation theorems
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for structured model classes that satisfy control-theoretic con-

straints. Such results would formalize the representational ca-

pacity of control-relevant models and guide the design of mod-

els and architectures that are both expressive and guaranteed to

satisfy physics or control properties of interest.
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Hamiltonian systems in adaptive and learning control: A survey. IEEE

Transactions on Automatic Control 61, 1223–1238.

Narendra, K.S., Annaswamy, A.M., 1987. Persistent excitation in adaptive

systems. International Journal of Control 45, 127–160.
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Koopman-based feedback design with stability guarantees. IEEE Transac-

tions on Automatic Control 70, 355–370.

Takeishi, N., Kawahara, Y., 2021. Learning dynamics models with stable invari-

ant sets, in: Proceedings of the AAAI Conference on Artificial Intelligence,

pp. 9782–9790.

Tanemura, M., Azuma, S.i., 2018. Efficient data-driven estimation of passivity

properties. IEEE Control Systems Letters 3, 398–403.

Tanemura, M., Azuma, S.i., 2019. Closed-loop data-driven estimation on pas-

sivity property, in: 2019 IEEE Conference on Control Technology and Ap-

plications (CCTA), IEEE. pp. 630–634.

Tang, S., Sapsis, T., Azizan, N., 2024. Learning chaotic dynamics with embed-

ded dissipativity. arXiv preprint arXiv:2410.00976 .

Tobenkin, M.M., Manchester, I.R., Megretski, A., 2013. Stable nonlinear iden-

tification from noisy repeated experiments via convex optimization, in: 2013

American Control Conference, IEEE. pp. 3936–3941.

Tobenkin, M.M., Manchester, I.R., Wang, J., Megretski, A., Tedrake, R., 2010.

Convex optimization in identification of stable non-linear state space mod-

els, in: 49th IEEE Conference on Decision and Control (CDC), IEEE. pp.

7232–7237.

Tomlin, C., Pappas, G.J., Sastry, S., 2002. Conflict resolution for air traffic

management: A study in multiagent hybrid systems. IEEE Transactions on

automatic control 43, 509–521.

Umenberger, J., Manchester, I.R., 2018. Specialized interior-point algorithm

for stable nonlinear system identification. IEEE Transactions on Automatic

Control 64, 2442–2456.

Vaccaro, R.J., Vukina, T., 1993. A solution to the positivity problem in the state-

space approach to modeling vector-valued time series. Journal of Economic

Dynamics and Control 17, 401–421.

Van Der Schaft, A., Jeltsema, D., 2014a. Port-Hamiltonian systems theory: An

introductory overview. Foundations and Trends in Systems and Control .

Van Der Schaft, A., Jeltsema, D., 2014b. Port-Hamiltonian systems the-

ory: An introductory overview. volume 1. Emerald Publishing Limited

Boston—Delft.

Van Gestel, T., Suykens, J.A., Van Dooren, P., De Moor, B., 2001. Identification

of stable models in subspace identification by using regularization. IEEE

Transactions on Automatic control 46, 1416–1420.

Van Overschee, P., De Moor, B., 1996. Subspace identification for linear sys-

tems: Theory–Implementation–Applications. Springer.

Van Overschee, P., De Moor, B., 2012. Subspace identification for linear sys-

tems: Theory—Implementation—Applications. Springer Science & Busi-

ness Media.

Van Waarde, H.J., Eising, J., Camlibel, M.K., Trentelman, H.L., 2023. The

informativity approach: To data-driven analysis and control. IEEE Control

Systems Magazine 43, 32–66.

Vardi, Y., 1996. Network tomography: Estimating source-destination traffic

intensities from link data. Journal of the American statistical association 91,

365–377.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones, L., Gomez, A.N.,

Kaiser, Ł., Polosukhin, I., 2017. Attention is all you need. Advances in

neural information processing systems 30.

Veedu, M.S., Melbourne, J., Salapaka, M.V., 2023. Causal structure recov-

ery of linear dynamical systems: An fft based approach. arXiv preprint

arXiv:2309.02571 .

Verhaegen, M., Verdult, V., 2007. Filtering and system identification: a least

squares approach. Cambridge university press.

Verhoek, C., Abbas, H.S., Tóth, R., 2023a. Direct data-driven lpv control of

nonlinear systems: An experimental result. IFAC-PapersOnLine 56, 2263–

2268. 22nd IFAC World Congress.
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